Quantum/Classical Correspondence in the Light of Bell’s Inequalities

Leonid A. Khalfin^1 and Boris S. Tsirelson^2

Received November 26, 1990; revised October 31, 1991

Instead of the usual asymptotic passage from quantum mechanics to classical mechanics when a parameter tended to infinity, a sharp boundary is obtained for the domain of existence of classical reality. The last is treated as separable empirical reality following d’Espagnat, described by a mathematical superstructure over quantum dynamics for the universal wave function. Being empirical, this reality is constructed in terms of both fundamental notions and characteristics of observers. It is presupposed that considered observers perceive the world as a system of collective degrees of freedom that are inherently dissipative because of interaction with thermal degrees of freedom. Relevant problems of foundation of statistical physics are considered. A feasible example is given of a macroscopic system not admitting such classical reality.

The article contains a concise survey of some relevant domains: quantum and classical Bell-type inequalities; universal wave function; approaches to quantum description of macroscopic world, with emphasis on dissipation; spontaneous reduction models; experimental tests of the universal validity of the quantum theory.

Contents

Introduction 880 1 Kinematics and Dynamics of Correlations 883 2 Universal Wave Function 894 3 Reconstruction of the Classical World: Approaches to the Problem 900 4 Dissipative Dynamics of Correlations 911 5 In Search of Alternative Theories 923 6 Relationship to the Problem of the Foundations of Statistical Physics926

1Permanent address: Steklov Mathematical Institute, Russian Academy of Sciences, Leningrad Division, Fontanka 27, 191011 Leningrad, Russia.

2Permanent address: School of Mathematics, Tel Aviv University, Tel Aviv 69978, Israrel. 879

7 Experimental Tests of the Universal Validity of the Quantum Theory931 8 Conclusions 936

I do not believe in micro- and macrolaws, but only in (structural) laws of general validity.

A. Einstein^3

Introduction

Sixty years have gone by since N. Bohr read his historic Como lecture[29], where the Copenhagen interpretation of quantum theory was given, and fifty years since A. Einstein, B. Podolksy, and N. Rosen published their basic paper[70] where a fundamental inconsistency of quantum and classical ideas on correlations came to light and doubts were expressed as to the completeness of the quantum theory, whose signal success has since become overshadowed by “accursed questions” on the relation between quantum and classical descriptions. To construct a quantum theory of the macroworld was considered impossible. At the same time, one failed and still fails to find any definite limitations for the applicability of the first principles of quantum theory. Initially stated in the domain of atomic spectroscopy, those principles brilliantly passed the most varied tests made using rapidly progressing technical means[2, 246, 186]. Today the construction of a micro- and macroworld quantum theory is considered an important goal, increasingly attractive to theoretical and experimental physicists. In this context, intensive discussions and re-interpretations of quantum theory’s foundations are taking place[1, 186, 156, 92, 157, 120, 200, 63, 59].

Following the publication of [29, 70], the mutual opposition of various classical concepts (Newtonian particle dynamics, Maxwellian field dynamics, Einsteinian geometrodynamics) has moved into the background, while their joint opposition to quantum concepts has been put in the forefront. Corpuscles, waves, and even determinism are only details, the chief thing being a generalizing notion introduced in [70], namely, local elements of a physical reality. Einstein persistently strove for a universal theory which should be completely based on such elements, and considered the quantum theory as a tentative deviation from this concept—pointing out[71] that among the known facts none excluded, in principle, a return to it. Meanwhile, such a fact was predictable, not far from the thought experiment proposed in [70], and was discovered by J. Bell[22] in 1964 as a result of his deep revision of the classical concept which now began speaking not only in words but in formulas.

3Quoted in [87, p. 26].

The Copenhagen interpretation requires a combined application of two intrinsically alternative ways—classical and quantum—of describing the physical world. Accordingly, the world is represented as broken in two by a “conceptual gap,” so that stages of preparing and registering the quantum objects require classical (rather than quasi-classical) apparatuses. Bell expressed his attitude toward the situation [20, p. 177] by the words “the infamous boundary.” Progress in modern technology permits observation of some quantum effects for macro-objects (see reviews [167, 174]) which makes it necessary to discuss fundamental problems of quantum theory from a less academic standpoint. (It is interesting to recall some conference titles[186, 120], such as “The foundations of quantum mechanics in the light of new technology.”) The rehabilitation of a unified interpretation of the physical world and the solution of basic problems of quantum-theory foundations would be possible if, acknowledging this theory to be applicable to all objects of the physical world (“principle of presumption of a quantum description”), one could demonstrate that, given suitable conditions and objects, one obtains a classical (rather than quasi-classical) description within the quantum theory (a “reconstruction of the classical world”). In this case Bell’s inequalities could be used as a criterion for the applicability of the classical description. The present article is largely concerned with possible approaches toward such a solution of the fundamental problems of quantum theory. Within these approaches there exist real macroscopic quantum effects and we give an explicit indication as to the conditions (low temperatures in particular) where they occur. If verified, such effects will fundamentally change our picture of the macroscopic phenomena that surround us—which have so far been described only classically. It is difficult to overestimate the potential for quite new practical applications—and perhaps for explaining, within quantum theory, the biological phenomena which possess an essential wholeness peculiar also to quantum phenomena.

The point of this article is, above all, to join the following three ideas: (1) quantum theory is universally applicable, and classical reality may be reconstructed (reconstituted) from quantum dynamics; (2) the characteristic of classical reality is independent existence of objects, absence of quantum correlations between them, and fulfillment of classical Bell-type inequalities; (3) dissipation is the fundamental relationship between collective degrees of freedom, admitting the classical description, and thermal degrees of freedom constituting the environment.

The first result of this conjunction was unexpected. Instead of the usual asymptotic passage from quantum mechanics to classical mechanics when a parameter tended to infinity, a sharp transition was obtained at some value of the parameter. It seems that until now such a situation has occurred only in phase transition theory. The exact wording is given in Section 4. Here we outline only one of our final formulas with minimal explanation: the classical description is applicable when A ΓT ≤ 2 k_B h here A is the coefficient of elasticity, measuring a potential interaction of two bodies: U(q_1, q_2) =^1_2 A(q_1 − q_2)^2; Γ is the drag coefficient measuring a dissipative interaction of the body with its environment: F_{fric} = −Γq̇; T is the temperature of the environment; k_B is Boltzman’s constant, and h is Planck’s constant. Note the sign ≤ instead of the usual sign ≪.

Each of the three ideas above has its history, briefly dealt with in Sections 1–3. Section 1 surveys investigations of correlation functions related to Bell-type inequalities. A part of Section 3 is a survey of relevant investigations of dissipation. Special attention is paid to the idea of reconstructing classical reality (Sections 2 and 3). The fact is that for the last decade, discussions of the quantum/classical correspondence assumed a somewhat evasive character: authors keep developing formalisms, but evade explicitly accepting a certain interpretation. This is seemingly a response to developments in former decades, when the interpretation problem was repeatedly proclaimed solved, but nevertheless is still considered unsolved (see Section 3). Concerning the origin of this situation, we agree with D’Espagnat[58] that it is the indistinct status of the notion of “classical reality”: whether it is treated as absolute or relative (independent or empirical, in terms of [58]). In other words, whether “real” means “real in itself” or “real relative to a class of observers”. In order to reconstruct absolute (independent) reality, defining this notion in terms of fundamental notions only is necessary. However, this scheme seems to fail. A notion of relative (empirical) reality needs to be defined using both fundamental notions and characteristics of observers. We meet the challenge of D’Espagnat and think that the title of his article could fit ours as well (his question mark being replaced by an exclamation mark): Toward a separable empirical reality!

One can easily get a contradiction if one confuses concepts belonging to essentially dissimilar approaches. For instance, one can reject our reasoning, claiming that a quantum system does not became classical just because it satisfies Bell’s inequality in some specific situation. To avoid such misunderstandings, we consider it necessary to give an introduction to the “relative reality approach.” Starting with the most general subjects concerning the universal wave function (Section 2), we proceed gradually to concrete tasks (Section 3). Thereby we hope to convince the reader that our contribution to posing and solving these concrete tasks may be considered a contribution to general problems, as well. We hope also that the reader will not be alienated by the fact that our sections are quite different in style. Thus, in Sections 1, 4, and 6 the emphasis is on rigorous statements, using well-known formalisms. Sections “without formulas” (i.e., Sections 2, 5 and partly 3) are concerned with discussions of first principles. Section 4 mainly contains our new results. Other sections discuss works published earlier, from the classical to the contemporary.

Unfortunately, the wide scope, resulting from the combining nature of this work, forces the review sections to be concise. If the reader is not acquainted with the areas discussed, he will hardly became so by reading our review sections. They are intended for a reader familiar with some of the areas and interested in others. Such a reader should be able to use our review as a guide to the literature. To understanding the meaning of our new results (presented in Section 4) one needs only to come to grips with the essential ideas of each section, rather than studying each in detail. The details would hopefully be useful for further work in this area (which is as yet far from complete).

Some recent attempts to restore absolute (independent) reality by replacing unitary quantum dynamics with some hybrid quantum/classical ones are considered briefly in Section 5. In contrast, we are not intending to touch up unitary quantum dynamics. Accordingly, to avoid a circular proof, statistical physics used for describing dissipation needs a foundation without approximations which misrepresent quantum dynamics by transforming pure states into mixed ones. An approach free from such approximations is considered in Section 6. The last section, Section 7, is concerned both with experiments on verifying the classical Bell inequalities or their quantum analogs and with possible experiments on macroscopic quantum effects. Under very careful, but undoubtedly feasible isolation of the collective degrees of freedom from the thermal ones, quantum correlations can arise and be conserved for long periods of time, even in the mechanical motion of macroscopic bodies. The required degree of isolation may be calculated by the criterion given in Section 4.

1 Kinematics and Dynamics of Correlations

Before 1964, the investigations initiated by Einstein, Podolsky, and Rosen [70] were pursued only by “atypical theoreticians,” or those in “an atypical state” outside the quantum paradigm (see the review in [21]). After Bell’s pioneering work[22], the problem was dealt with by some experimentalists (see the reviews [112, 7], which contain also an elementary introduction). However, “typical theoreticians” took Bell’s work as a “calculus of chimeras,” as in a subjunctive mood: if there existed hidden variables, the integration over them would result in some (incorrect!) inequalities. Does it pay to master the art of estimating integrals over hidden variables which do not and cannot exist? In 1978 one of us (Tsirelson) reported on Bell’s inequalities to a seminar whose chairman, A. M. Vershik, asked him the question, “Are similarly general inequalities possible in the quantum theory?” This question was answered in [51], which contains quantum analogs of Bell’s inequalities (later rediscovered[227]) obtained by an operator technique that is far from a “chimera.” The classical Bell inequalities can be considered as those for commuting operators[51]. Another situation to which they apply within the quantum theory was known; namely, they are fulfilled for factorized states and their mixtures (the first indication of this fact known to us can be found in [216]; see also[228, 11]). Thus, after Bell’s inequalities had played a historic role in rejecting local hidden variables, they found a second life within the quantum theory as one of the “crystallization centers” of a quantum correlation theory (see [51, 227] and [228, 11, 235, 147, 160, 161, 162, 229, 230, 146, 158, 159, 93, 241]).

In this scantily explored field some selected problems are under study, while others await investigation. There are problems within the framework of general principles of quantum theory, that of the axiomatic local quantum field theory, and that of the free-field theory. There are, of course, other variants. Note especially two, namely one lying beyond the framework of the quantum theory, and one embedded in the classical theory; these will be dealt with below. Another important classification feature is presented by single-time and multiple-time problems. We relegate them to the kinematics and dynamics of correlations, respectively. The content of these particular branches of science, as we see it to date, is presented in this section. We will start with kinematics of correlations within the framework of the principles of general quantum theory.

Let commuting subalgebras A_i be singled out inside the algebra of quantum observables, and consider some observables A_{ij} from each A_i. So, A_{i1 j1} and A_{i2 j2} must commute when i_1 ≠ i_2 but must not if i_1 = i_2. Suppose for simplicity that each A_{ij} has a discrete spectrum. Denote its eigenvalues as a_{ijk} and spectral projections as P_{ijk} . Fixing some quantum state (here and below it is not explicitly indicated in many cases, but only implied in the notation ⟨. . .⟩ for mean value of an observable), one will obtain a probability distribution

P^{k1 k2 ...}

j_1 j_2... = ⟨P1j1 k1 P2j2 k2 . . .⟩ (1.1)

This many-indexed value is the probability of a coincidence of the following events: the measurement of the observable A_{1j1} has given the result k_1, that of the observable A_{2j2} the result k_2, etc. The problem is to determine all those general conditions which are fulfilled for any system which can be described in this way. This, of course, is an enormous task. In practice, much more restricted problems are studied.

Let each index i, j, k take on only two values. This is the simplest nontrivial case. It is convenient to assume that a_{ijk} = ±1, i.e., A^2_{ij} = 1. The set of 2^4 (=16) numbers obtained from (1.1) is easily reduced to one of eight numbers involving four mean values ⟨A_{ij} ⟩ and four correlations ⟨A_{1j1} A_{2j2} ⟩. Finding a complete system of inequalities for those numbers is equivalent to describing the proper geometrical figure in eight-dimensional space. Nobody has succeeded in obtaining its explicit equations. There is an implicit description (Theorems 2 and 3 in [51]) which is cumbersome, but at least is expressed by a finite number of scalar equations rather than operators of an indefinite kind in a Hilbert space. The inequalities for the general case turn out[51] to be indistinguishable from the case of correlated spin-^1_2 particles, which is well known to both theoreticians and experimentalists. To simplify the problem further, we shall look for the restrictions on correlations while regarding mean values as arbitrary (or assume mean values equal to zero; these two cases are equivalent[51]). In other words, we are required to find a four-dimensional figure which is a projection (or, which is the same in this case, a section) of the abovementioned eight-dimensional figure. An explicit solution of this problem, expressed in sixth-degree polynomials, was suggested by one of the authors[235]. Another explicit solution independently found by Lawrence Landau[158] takes a surprisingly simple form when the correlations are written as cosines of certain angles. If we take into account the geometrical interpretation of such angles indicated in [51, point 4 of Theorem 1], the question will reduce to a theorem of spherical geometry on the existence of a spherical quadrangle with sides of a given length.

The combination of four correlations considered in [48],

R = ⟨A_{11}A_{21}⟩ + ⟨A_{11}A_{22}⟩ + ⟨A_{12}A_{21}⟩ − ⟨A_{12}A_{22}⟩ (1.2)

merits attention for reasons which will be elucidated below. There is a known inequality [51], |R| ≤ 2 √ 2 (1.3)

which may be obtained from the general relations mentioned above. There are also several direct proofs which we shall list now. Suffice it to show that the spectrum of the operator C = A_{11}A_{21} +A_{11}A_{22} +A_{12}A_{21} −A_{12}A_{22} lies on the segment [−2 √ 2, 2 √ 2]. The first proof (close to that given in [51]) follows from the equality

2 √ 2 − C = 1 √ 2 (A^2_{11} + A^2_{12} + A^2_1 + A^2_2) − C = 1 √ 2 ( A_{11} −

A_{21} + A_{22} √ 2 )_2 + 1 √ 2 ( A_{12} −

A_{21} − A_{22} √ 2 )_2 (1.4)

The second proof[147, 160] is based on the equality

C^2 = 4 − [A_{11}, A_{12}] · [A_{21}, A_{22}] (1.5)

and the trivial bound‖A_{i1}A_{i2} − A_{i2}A_{i1}‖ ≤ 2. The third proof, recently found by Landau,^4 is based upon the equality C^2 + D^2 = 8, where

D = A_{11}A_{21} + A_{11}A_{22} − A_{12}A_{21} + A_{12}A_{22}. (1.6)

It is well known[48] that the equality R = 2 √ 2 is attained in a spincorrelation experiment following Bohm’s scheme [25, point 22.16]. Are there other cases of attaining the equality in relation (1.3)? Essentially, no. The situations unitarily equivalent to the situation above and their direct sums (with the possible addition of unimportant direct summands) exhaust all cases of obtaining the equality[235].

Returning to more general cases, let i and k assume two values as before, but let j run through any finite set of values (possibly depending on i). There are results on the correlations ⟨A_{1j1} A_{2j2} ⟩ with unspecified or, which is equivalent, zero mean values. The corresponding class of correlation matrices was described[51, 235] in terms of scalar products of unit vectors in Euclidean space (instead of operators in the Hilbert one). This class of matrices will not be affected if the observables A_{ij} are subjected to canonical anticommutation relations, i.e., if we require that all symmetrized products A_{ij1} ∘ A_{ij2} be scalar multiples of the unit operator. Thus, a proper generalization of Pauli spin matrices is given here by the Clifford algebras rather than the higher spins, as one might have thought. The result mentioned above, which defines the spin observables as the only (in principle) solution of the extremal quantum correlation problem, is also generalized to the Clifford algebras[235], the term “extremal” being understood in a more general sense.

For the case where i takes on three values, and j, k two values each,

4We are obliged to L. Landau for communicating this result to us.

there are only a few special results [235, 189, 231]. D. M. Palatnik[189] has considered the following analog of (1.2) for triple correlations^5:

R_3 = ⟨A_{11}A_{21}A_{32}⟩ + ⟨A_{11}A_{22}A_{31}⟩ + ⟨A_{12}A_{21}A_{31}⟩ − ⟨A_{12}A_{22}A_{32}⟩ (1.7)

having found that a proper choice of observables and state may give the equality R_3 = 4 [for pair correlations, this value is forbidden by inequality (1.3)]. This fact opens the way for “Bell’s theorem without inequalities”[93]. One of the several results obtained in [235, Sect. 5] is

R^2 ≤ 8 − 2(⟨A_{2j2} A_{3j3} ⟩)^2 (1.8)

for any j_2, j_3. This shows that an extremal correlation between two subsystems becomes impossible if at least one of them is correlated with a third subsystem.

The kinematics of correlations, as treated in the framework of axiomatic local quantum-field theory, was born in 1985 in the work of Summers and Werner[227], taking shape in 1987 by the works of the same authors[230] and Landau[160, 162]. The commuting algebra A_i we have used is that of local observables which correspond to spacelike separated regions in Minkowski spacetime. This in itself is not new[51, 227, 147] but the results of [51, 147] are independent of the notions and methods specific to field theory, such as Lorentz invariance, vacuum state, spectrality condition, mass gap, Reeh-Schlieder theorem, etc., and thus are related to the more general class we have already considered. The main results of [227], depending on field theory, are obtained for free fields, and are related to a more particular class which will be treated separately.

The Schlieder property (see, for example, [148, pp. 27, 64, 77, and 80] combined with equality (1.5) allows us to prove[160] the equality

‖C‖^2 = 4 + ‖[A_{11}, A_{12}]‖ · ‖[A_{21}, A_{22}]‖

The relation R = ‖C‖ can always be obtained by a proper choice of the state. Further, in any noncommutative C^∗ algebra, A_{11} and A_{12} can be selected[160] so that one has ‖[A_{11}, A_{12}]‖ = 2. In that manner, the proper choice of state and observables can give the equality R = 2 √ 2 (see also [22, Sect. 5]) whatever the sizes and shapes of the regions and their separation[160]. As to the vacuum state, taking into account its cluster properties, one will obtain[227] the inequality |R| ≤ 2+ε, where ε → 0 with the increased spacing of the regions. In the presence of the mass gap, ε is

5We are thankful to him for this communication.

exponentially small when the spacing is large compared to the Compton wavelength regardless of the choice of observables. When there is no mass gap, ε decreases as the inverse square of the separation, the coefficient being dependent on the choice of the observables. If, in contrast, we draw together the regions, it is natural to expect a reinforcement of some correlations in the vacuum (and, what is more, in any non-pathological) state. The case of complementary wedges (see, for example, [148, pp. 36, 227, and 241]) whose spacing is equal to zero (there are common boundary points) is examined in detail. In that case the presence of correlations is necessary (any factorized state is not normal; see [148, p. 75]). And now the equality R = 2 √ 2 can be obtained by a proper choice of the observables rather than of the state[230]. For regions separated by a positive spacing, one notes[230] that the “funnel property” (see [148, pp. 57, 74, and 266]) establishes the existence of factorized states—for which, of course, we have |R| ≤ 2. On the other hand, using the Reeh-Schlieder property (see, for example, [148, pp. 30 and 34]) one can prepare almost any state from the vacuum by means of the selection of some (rare) local events. Due to this, the relation R ≈ 2 √ 2 can be “simulated” in a vacuum too (and in any of a wide class of states), but now for conditional probabilities[162] (the condition itself may be very rare).

The kinematics of correlations embedded in the free-field theory is distinguished by the use of canonical commutation or anticommutation relations (CCR or CAR) for the field operators. Summers and Werner[227, 228, 229] have shown that R ≈ 2 √ 2 in the vacuum state if proper observables are selected from local algebras of free boson or fermion fields (massive or massless), and two regions in the spacetime are selected as mutually complementary wedges. It is obvious that this is a particular case of the result considered above from [230]. The vacuum state of the free boson field itself proved to be similar to the state considered by Einstein, Podolsky, and Rosen[70]. One can indeed select four observables[229], linear in the field operators, P_1, Q_1 localized in the first region, and P_2, Q_2 in the second one, such that

[Q_1, P_1] = i [Q_2, P_2] = i ⟨(P_1 + P_2)^2⟩⟨(Q_1 − Q_2)^2⟩ ≪ h^2

(these are mean values in the vacuum state). After that, one is able to construct[229] observables A_{ij} , giving R ≈ 2 √ 2. However, those observables are no longer linear in the field operators. They have neither a simple algebraic nature nor a simple operational sense. A trick of [229] employs a good state but poor observables. There is another trick

[147, p. 444] with good observables but a poor state. The application of the discontinuous sign function to the CCR operators P_i and Q_i gives ‖[sign(Q_i), sign(P_i)]‖ = 2, from which one deduces, through equality (1.5), that R = 2 √ 2 for a particular state. The latter is explicitly written in [147] but has no simple operational sense [as opposed to the observables sign(Q_i) and sign(P_i)]. But if good observables are employed (the operators obeying canonical commutation relations, and their spectral projections) combined with a good state—a Gaussian one, in particular a vacuum state, a coherent one (including “squeezed” ones), or a Gibbs state for the quadratic Hamiltonians—then one would have |R| ≤ 2 (see [18, 161]).

The kinematics of correlations lying beyond the scope of quantum theory was introduced in 1985 by the present authors[147] and Rastall[204] (see also [209]). Returning to (1.1), one can say that here the right-hand side, which depended on the pecularities of quantum theory, is dropped; the left-hand side is treated as before; and the question is raised of how we may express in these terms the causality principle forbidding fasterthan-light signals. Rastall[204] has confined himself to the case when each of the indices i, j, k, takes on only two values, indicating that the equality R = 4 can be satisfied without a causality violation. In the quantum theory this is forbidden by inequality (1.3) (but allowed for triple correlations [189, 93]). From (1.2) it is easy to see that R = 4 in only one case: i.e., when ⟨A_{ij} ⟩ = 0 and there are perfect correlations: A_{11} = A_{21}, A_{11} = A_{22}, A_{12} = A_{21}, A_{12} = −A_{22}. There is no inconsistency here because the observables A_{i1}, A_{i2} are complementary ones unlike A_{1j1} , A_{2j2} which are compatible (see [204] and Section 4 of [158]). Simultaneously with Rastall, R = 4 was examined by the present authors[147, p. 451] along with a number of examples which illustrate how we have axiomatized the causality principle covering any number of values of the indices i, j, k and more general situations. Summers and Werner[228] have treated pair correlations beyond the quantum scope from the angle of observable algebras more general than C^∗ algebras. If at least one of the two algebras is C^∗, then inequality (1.3) remains valid[228], and the conditions for its reducing to the equality are close to those obtained[235] in the quantum domain.

The kinematics of correlations treated as embedded in classical theory was introduced, of course, by Bell[22] in 1964. The bibliography on this question is vast. There are several reviews: Home and Selleri[112], De Baere[60], Spassky and Moskovsky[223], Grib[95], Clauser and Shimony[47], and others. We confine ourselves to remarks. In our view, the question is, as before, that posed near (1.1); however, now the observable algebra is assumed to be commutative. Mathematically this is a great simplification. In the quantum case, as we saw, a substantial task which we have formulated with reference to (1.1) is completely solvable only in the simplest situations. In the classical case this task is solvable, though not in the form of a general formula but in an algorithm giving a precise solution for a finite set of i, j, k values in a finite number of steps. This was recognized in l981 by Froissart[78], who has implemented the algorithm by computer for some situations (see also [84, 82, 173]). In the simplest situation, where i, j, k take on two values each, the solution is given by the inequality |R| ≤ 2 (obtained in [48] and known as CHSH or Bell- CHSH inequality), together with three similar inequalities obtained from it with the use of obvious symmetries. We see now how expression (1.2) is distinguished among all other linear combinations of four correlations. Geometrically, the equality R = 2 is the equation of a face of the corresponding polyhedron. Therefore, the use of the quantity R is reasonable in such classical or quasi-classical cases when |R| ≤ 2 or |R| ≤ 2+ε. In the quantum case, instead of a polyhedron there occurs a convex body, the equality R = 2 √ 2 being that of the plane tangential to this body at one of the points of its surface. From the quantum point of view, inequality (1.3) is only one of a continuum of linear inequalities. This fact is taken into account in [51, 235, 158], though the same cannot be said for [227, 228] and [160, 161, 162, 229, 230]. Note once more that in the classical case we have R_3 ≤ 2 [cf. (1.7)] [189]. Finally, there is a theorem on the comparison of quantum and classical correlations, obtained by one of us[235] for the case where i takes on two values, and j, k as many as one wants. If the matrix M is that of quantum correlations, then the matrix θM is that of classical correlations provided that the positive number θ satisfies the condition θK_G ≤ 1, where K_G is Grothendieck’s constant (the latter being an exact constant for the mentioned theorem). This constant has been studied by mathematicians since 1956, but as yet it is only known that K_G ≈ 1.68 ± 0.11. The role that Grothendieck’s constant plays in correlation matrices of any size is the same role that √ 2 plays in 2 × 2 correlation matrices. This surprizing physical meaning of K_G encourages mathematicians to search for an example where quantum correlations exceed classical ones by more than √ 2 times. It appears unexpectedly hard.

Fishburn and Reeds[77] found a matrix of size 20 × 20 giving the ratio 1.428 > √ 2 . Note that nothing like this is known for triple correlations.

To complete the review on kinematics of correlations, we want to emphasize that it utilizes several commuting algebras, which correspond to several spacelike separated regions in spacetime; we hope that this kinematics is just a prologue to a more substantive multiple-time theory, i.e., to the dynamics of correlations.

In this more general theory we have no initial formula so simple, general, and indisputable as is (1.1) for the kinematics of correlations. The latter can be confined to the interaction of a quantum system with observers who have to select what observables are measured but cannot affect the system. The inevitable influence of measurements on the quantum system is not caught by the kinematics of correlations, which does not take into account the state of the system upon making a complex of synchronous measurements. As an alternative to the picture of the system and observers guided by kinematics, dynamics pictures a system and experimenters whose interaction with the system is of a bilateral nature. In this case, both the system and the experimenters are distributed in spacetime and interact locally. One may speak of a collection of local experimenters or a series of local experiments. But this is always a terminological question. Of course, the experimenters are described classically. While the concept of observer is traditional in physical theory, the same cannot be said of an experimenter provided with free will.^6 This innovation of principle provoked serious discussions in the 1970s (republished as [23]), and has been discussed again more recently (see [161, Sect. 5.2] and [193, 187, 31]).

It is possible that (1.1) should be interpreted as dynamically guided if the measuring equipment is included in the system in question. (The permissibility of such an approach will be discussed in the next section). Let the local experimenter i be thought of as pressing key j_i on his control panel. After some time he will perceive that indicator lamp k_i has fired. Previously, one would have said that pressing the key had given rise to measuring a corresponding observable. Upon including the equipment in the system one would say otherwise: by pressing on the key, the experimenter has affected the system. By looking at the lamps, the experimenter has taken a measurement. The observable is the number of the lamp that fired; the index j disappears into the notation of the observable A_{ij} .

Now it is clear how the multiple-time generalization of the left-hand side of (1.1) can be given. The index i must run through a partially ordered set which is interpreted as a set of local chronologically ordered experiments. The index j_i sets the influence upon the system, exerted in the ith local experiment; the index k_i, the system’s response to this influence (and to others, as far as the causality principle allows), measured in the ith local experiment. However, the further the theory is developed, the more inconvenient the notation inherited from a simpler situation becomes. Let us go over to the notation proposed by us in [147]. In [147] there is in fact a much more general formalism permitting a continuous spectrum of

6Interestingly, N. Bohr, while a student, looked for a mathematical solution of the free-will problem [54, p. 13].

values for i, j, k, nonlocal (e.g., loop) observables, etc. But such a general formalism requires that the reader possess a previous familiarity with such elements of modern probability theory as flows of σ-algebras and regular conditional probabilities. Taking into account that physicists rarely make use of that language (excluding, perhaps, specialists in constructive quantum field theory), we will formulate less general definitions.

Let a finite set S of “world points” be given which is partially ordered by the relations s_1 < s_2, meaning that it is possible to send a signal from s_1 to s_2. Further, let two finite sets Ω_0(s) and Ω_1(s) be given for each s ∈ S. Ω_0(s) is interpreted as a set of possible local influences; Ω_1(s), that of possible local responses. The integral influence is the function ω_0 on S such that ω_0(s) ∈ Ω_0(s) for each s. Similarly, define the integral response ω_1. In addition, we will need a discrete analog of the spacelike surface dividing the future from the past. To this end, let us define an ideal as a subset t of the set S, having the following property: if s_1 < s_2 and s_2 ∈ t, then s_1 ∈ t. It is understood that t is interpreted as a region of the past. By restricting one’s attention to the points in t, one defines in an obvious way the notion of a “t-integral influence” and a “t-integral response” (denote them, respectively, as ω^t_0 and ω^t_1).

We define a stochastic behavior as a functional p(ω_0, ω_1) of the integral influence ω_0 and integral response ω_1 such that: (a) as a function of ω_1 at any fixed ω_0, it yields a probability distribution, i.e.,

p(ω_0, ω_1) ≥ 0; ∑ ω_1

p(ω_0, ω_1) = 1

(b) for any ideal t and any t-integral response ω^t_1, one has

p(ω_0, ω^t_1) = p(ω^t_0, ω^t_1)

Here p(ω_0, ω^t_1) = ∑ p(ω_0, ω_1) and the sum is performed over all integral responses ω_1 coinciding with ω^t_1 at the points from t; in other words, the summation is performed over the variables ω_1(s) for all s outside of t. The origin of condition (b) lies in the fact that the mentioned sum, regarded as a function of ω_0, is really independent of ω_0(s) for s outside of t.

Condition (b) expresses the principle of causality: the probabilities of the responses in the past do not depend on the influences in the future. In this manner, the definition of stochastic behavior gives an axiomatic foundation for formulating problems beyond the scope of quantum theory as well. The scope of a classical theory can be axiomatized as follows.

A deterministic behavior is a stochastic one which satisfies the “condition of determinism,” i.e., for any ω_0 and ω_1, the number p(ω_0, ω_1) is equal either to zero or one.

A hidden deterministic behavior is a convex combination of the deterministic behaviors

p(ω_0, ω_1) = ∑ c_kp_k(ω_0, ω_1)

each p_k being a deterministic behavior, and the coefficients c_k such that c_k ≥ 0, ∑ c_k = 1.

With regard to mathematics, the situation here is no more complicated than in the kinematics of correlations. Froissart’s considerations [78] remains valid. The set of all stochastic behaviors is a convex polyhedron in an appropriate finite-dimensional space. The equations of its faces are known; therefore, a finite number of algorithmic steps give its vertex points, which represent extremal stochastic behaviors. The set of all hidden deterministic behaviors is another convex polyhedron (lying inside the first one). Its vertices are known; therefore, a finite set of algorithmic steps gives the equations of its faces, which are nothing but multiple-time Bell inequalities. To return to the kinematics of correlations, it is necessary simply to take S with the trivial ordering when there is no one pair s_1, s_2 such that s_1 < s_2. If in so doing S consists of two points only, one will obtain |R| ≤ 4 once again for the stochastic behaviors, and |R| ≤ 2 for the hidden deterministic ones [R being defined by (1.2)]. It is natural to expect that |R| ≤ 2 √ 2 for the quantum behaviors if this notion is defined in the right way. One may give the definition of a projection-valued behavior P (ω_0, ω_1), which literally repeats that of the stochastic behavior with no other difference than that P (ω_0, ω_1), at the given ω_0, ω_1, is not a number but a Hermitian projection in the Hilbert space. Given a projection-valued behavior and a quantum state, one obtains a stochastic behavior,

p(ω_0, ω_1) = ⟨P (ω_0, ω_1)⟩ (1.9)

We can see that this formula, if we take into account the inclusion of the equipment in the quantum system, shows that quantum theory may describe only those stochastic behaviors p which permit representation (1.9) via some P and some state. In this respect, the presentation in the form (1.9) is a necessary quantum condition. Is it a sufficient one? We do not know. A detailed discussion of this question is given in [147]; see also [241]. In the kinematics of correlations, (1.9) turns into (1.1), the necessary condition proving to be sufficient. Note also that (1.9) does not leave the class of stochastic behaviors. Quantum theory does not permit faster-than-light signals. This has been shown many times. A number of references (and one more proof) can be found in [205]. However, an exhaustive analysis was given by Schlieder[213] in 1968 (see also [99, 105]).

The study of the dynamics of correlations in the framework of a general quantum theory was begun in [51] and continued in [147]. Two equivalent forms of the necessary quantum condition was given (one as above, another in terms similar to a scattering theory). A further analysis of various definitions of this kind is given in the work of Vershik and Tsirelson[241] intended for mathematicians. If a conjecture made in [241] is proved true, a way will have been opened toward “boson Bell-type inequalities” valid for any system of interacting Bose fields but violated by Fermi fields!

All of the above problem settings are expressed in terms of probabilities. If we refer directly to the Hilbert space without the mediation of probabilities, we can relate to the kinematics of correlations the application of the Schmidt canonical form ψ = ∑ k √ p_kϕ_k ⊗ Φ_k (1.10)

to express an arbitrary state vector ψ of a composite system via orthogonal sets of state vectors {ϕ_k}, {Φ_k} of two of its subsystems (see [242, Sect. 6.2] and [79, 243]). In contrast to the trivial expansion of the form ∑ λ_{kl}ϕ_k ⊗ Φ_l, in (1.10) the vector ψ determines uniquely the numbers p_0 ≥ p_1 ≥ · · · ≥ 0, and if all p_k are different, then ϕ_k, Φ_k are determined uniquely, as well. A connection with Bell inequalities is pointed out qualitatively by Home and Selleri[112, sect. 2.1.4] and quantitatively by Tsirelson[234]:

R ≥ 2p_0 + 2 √ 2(1 − p_0)

for some A_{kl} and some state [see (1.2)]. A change in ψ according to the Schrödinger equation gives rise to changes in ϕ_k, Φ_k, by the proper equations of motion found in Kubler and Zeh’s work[154], which thus may be related to the dynamics of correlations. One more branch of this discipline, i.e., a dissipative dynamics of correlations, is presented in Section 4.

2 Universal Wave Function

Historical successes of classical physics have called into being an assumption on the universal applicability of the most general features of the classical description. Subjected to the impact of quantum theory, this assumption has undergone a number of refinements now to be crystallized in the form of a hypothesis on hidden deterministic behavior (see Section 1) according to which only behavior of the type noted above can be observed by experience. Experimental results leave practically no doubt (see Section 7) that this hypothesis is false. The successes of quantum theory have given rise to a similar assumption that the quantum description principles possess universal applicability. Neither Bohr nor Heisenberg initially regarded quantum theory as a universal physical theory; however, it proved to be much more viable than they expected at the time, as Weizsacker writes [247, p. 285].

What does it mean to the experimenter? How does one test universal applicability of quantum theory? We know of two relevant trends (see Section 7): macroscopic quantum phenomena and quantum Bell-type inequalities.

A negative result of some test on macroscopic quantum coherence (that is, absence of such coherence when quantum theory predicts it) would reveal applicability of the classical theory in some domain, and apparently would result in establishing some hybrid quantum/classical theory, such as spontaneous measurement theories (see Section 5).

A negative result of some test on quantum Bell-type inequalities (that is, violation of such inequality when quantum theory predicts its fulfillment) would reveal a restriction on applicability of quantum theory, and likewise of any hybrid quantum/classical theory of the above-mentioned type (see Section 5).

Thus, in the first case the position of classical theory would become stronger at the expense of the position of quantum theory. In the second case, by contrast, the position of any possible “quantum/classical alliance” would became weaker, regardless of alignment of forces within the alliance.

The idea of universal applicability of quantum theory led to the concept of “universal wave function,” which describes all systems at a single level (without separating them into objects and instruments), and never undergoes reduction. Indeed, existence of this function may only be postulated; it fails to be well founded via the usual arguments concerning preparations, measurements, ensembles, probabilities, states, observables, and so on; see Woo [252]. However, neither can the usual “microscopic” wave function be well founded in this way. It is enough to have heuristic indications of an appropriate formalism and successful accounting for facts on the basis of this formalism. As long as no experiment violates a quantum Bell-type inequality, their universal validity may be considered as a fact calling for an explanation, and the universal wave function as a concept providing such an explanation. One may say that the universal wave function is not essential here, the usual “Copenhagen” one being enough. However, as Stapp [226] stresses, the Copenhagen interpretation allows one to apply quantum theory, strictly speaking, only under special conditions where some part of the universe is first separated from its surroundings, left (almost) isolated during some finite time, and then reunited with it. In chemistry, especially in biochemistry, there often appear situations where microscopic degrees of freedom are continuously included in long chains of (not too weak) interactions which eventually span the gap up to the macroscopic world.

If quantum theory is indeed applicable only to temporarily isolated systems, then, what theory should to be applied to other, nonisolated systems? If a reduction in isolation may indeed result in a deviation from quantum laws, then, in what direction? Possible answers follow: (1) toward an essentially new, yet unknown theory; (2) toward a hybrid quantum/classical theory; (3) no deviation; the quantum theory is always applicable, if formulated properly. Variant (1) will be applicable in the event of violation of a quantum Bell-type inequality in some “physico-chemical,” “physico-chemico-biological,” or other experiment. Variant (2) will apply in the event of a negative result of some test on macroscopic quantum coherence. As long as this is not the case, variant (3) is preferable provided there is a formulation of quantum theory not restricted to temporarily isolated systems. The hope of finding such a formulation stimulates a number of works, including Stapp’s and ours. Before discussing available proposals, let us answer one objection to the universal wave function.

Macroscopic systems, as a rule, fail to be isolated to the extent required for their quantum description. Upon including one macroscopic device into the universal wave function, one is forced to include in it the entire Universe. Specialists on quantum cosmology approve of this (see, e.g., [116, 256, 33, 102]), but the same cannot be said of other physicists. We think that to use the universal wave function it is necessary to use an astronomical rather than a cosmological scale. This conclusion is related to the speed of light. In the framework of the Copenhagen interpretation the spacetime domain “occupied” by a quantum system can be regarded as a cylinder. Preparation corresponds to the lower base, measurement to the upper base of this cylinder, and isolation from the environment to the lateral surface. Permitting curvilinear spacelike surfaces as bases, one can get rid of the lateral surface entirely, and thus the question of isolation itself! The possibility of such a description “curvilinear in time” is well known in quantum field theory.^7

Now we proceed to well-known interpretations of universal wave function.

First, in 1952, D. Bohm[26] set up an interpretation he named “objective” or “causal.” In the one-particle case it conforms to earlier ideas

7 Generally speaking, the initial state in the given spatial region is of course correlated with the state outside the region. This is, however, not a great obstacle. One must simply consider the dynamics of the relative state inside the region when fixing a state outside it.

of de Broglie on the so-called pilot wave. There is, however, substantial interest in the many-particle closed system, possibly including in itself macroscopic instruments. Dynamics is described by two mathematical objects: the wave function (obeying a conventional Schrödinger equation) and the “classical state,” i.e., a set of coordinates and velocities of all particles (deterministic equations of motion are postulated for them which are dependent on the wave function via a non-local “quantum potential”). This interpretation can be rebuilt for the field theory instead of mechanics. Its present-day state is presented in [17, 27, 210].

Second, in 1957 Everett[74], supported by Wheeler[249], set up a “relative state” interpretation (see also [63, 258, 4, 61, 255, 257]). The state of a closed system (including the macroscopic apparatus itself) is described by a wave function obeying the conventional Schrödinger equation (or, maybe, its geometrodynamical generalization). It is of major interest for this interpretation to consider the case when the system contains subsystems capable of storing information. In that case the wave function is dynamically decomposed into orthogonal summands which evolve independently of each other; phase relations between them do not manifest themselves. The relative state interpretation is not the same as the “many worlds” interpretation (see, e.g., [63, 250]). Ideas close to the relative state concept have been expressed [185, 79] much earlier than in 1957 and much later than Everett [150].

Finally, in 1967, Pearle[192] pointed out that the Everett-Wheeler approach rests upon two theses which may be used separately. The first thesis: instruments must (not only may) always be included in a state vector; this enables the reduction to be eliminated from dynamics. The second thesis is adopted from the Copenhagen interpretation: a state vector describes an individual physical system completely. An alternative thesis was supported by Einstein[72], Mandelstam[178], and others: a state vector describes an ensemble of identically prepared systems. Uniting this with the first thesis, Pearle obtained a “statistical interpretation.” For its further development see Ballentine[13, 12]. For various treatments of the notion “ensemble,” see [28, 6].

It is of no particular importance to us whether the wave function describes an individual system or an ensemble, since we do not know how to discriminate between these two principles by a feasible experiment (now or in the foreseeable future), if both principles are properly applied to the universal wave function. Note common features of the above interpretations:

(a) quantum dynamics is accepted as it is, without any man-made deviation toward classical dynamics (see Section 5 about such deviations);

(b) there are no classically described physical systems, but there is a classical reality.

Let us consider the relationship between quantum dynamics and classical reality from a formal point of view. In the relative state interpretation, classical reality arises from classical events. Each of these events consists of decomposing the state vector into a sum of some “fragment” vectors which are not only orthogonal but “hereditarily orthogonal,” in the sense that a further evolution of various summands (with a further decomposition into smaller fragments) takes place in various subspaces orthogonal to each other. It is convenient to regard a set of fragments as a phase space of a Markov process. When the fragment is decomposed further, a random point jumps to one of the “offspring fragments,” and the probabilities are, naturally, set to be the squared vector length. The path of such a random process is interpreted as the classical history. The latter is discrete in time (from event to event); this fact results from the assumed discreteness of information storing systems, and is not a matter of principle. It is rather a matter of principle that the very existence of classical reality and its character depends on existence and properties of these storage systems.

The “objective” interpretation uses, at first sight, quite another mathematics. However, just now, in passing from mechanics to field theory, it loses its initial obviousness, the abstract “skeleton” of the applied constructions becoming clearer in return (and the arbitrariness contained in them becomes more noticeable). At each instant the state vector is presented in the proper way in the form of a sum of orthogonal summands, i.e. expanded in the eigenvectors of a singled-out complete system of commuting operators. There is a probability distribution on the set of these summands. Then, based upon the constructed single-time distributions, one selects a way of constructing the many-time distributions. This leads to a random process. Finally, one randomly given path of that random process is proclaimed to give an objective description for the evolution of the physical world.

The resemblance to the Everett interpretation is evident in such a description. The difference is, first of all, the absence of a hereditary orthogonality. Fragments are not only “decomposed” but “recombined,” and rather intensively. A deeper difference follows. In the Everett interpretation classical reality rests on dynamic properties of the quantum system (its capability of receiving and retaining information, no matter in what form and in what medium). The “objective” interpretation rests on kinematic structures. Namely, it has postulated for mechanics an exclusive role of coordinate observables, and for field theory an exclusive role of infinitesimally localized observables. The contrast is striking for the vacuum state. According to the Everett interpretation, no classical events occur in vacuum (as there is no accumulation of information). The “objective” interpretation ascribes to vacuum a rich-in-contents classical reality (“hard boiling”). We cannot make exact statement about this, since the field version of this interpretation is weakly developed, and the “usual” quantum field theory is far from being rigorous. However, it is clear that observables, localized in infinitesimal domains, certainly have infinitely large fluctuations resulting, at best, in very complicated classical configurations. The “objective” interpretation takes as a basis a structure rather than a function (“anatomy rather than physiology”), namely the spatial arrangement of (“bare”) elementary particles. This makes it possible to introduce “classical reality” with enviable clearness, but at the cost of imagining the unobservable microscopic classical reality. We do not follow this trend.

There is a school of opinion that Everett simply introduced a bizarre terminology, calling reality what was formerly called the collection of possibilities. On the other hand, his interpretation is often called “many worlds,” with the understanding that the coexistence of many worlds is in the same sense as when one says that subsystems of one physical system coexist. We have to emphasize that the construction of the universal wave function is expressed, by Everett, in terms of two mathematical operations: tensor multiplication and superposition (addition with complex coefficients). The meaning of the tensor multiplication is rather clear: it describes the coexistence of subsystems. The meaning of the superposition which joins alternatives (“worlds”) is quite different and substantially nonclassical. It approaches the classical idea on “possibilities” insofar as the interference between the alternatives can be neglected.

Everett’s work[74], as was rightly noted by the author himself, is a meta-theory rather than a physical theory. It is no more (however, no less) than a research program intended for building a new interpretation. The scenario of state vector decomposition into “fragments” has been obtained on an a priori assumption that quantum theory is actually capable of describing, in such a way, the physical world together with macroscopic instruments and even observers. We appreciate Everett’s work as a call for reconstructing the classical world from quantum dynamics, on the basis of an analysis of dynamic characteristics of big quantum systems. A number of works on this trend, from Everett until today, will be discussed in Section 3.

All interpretations of the universal wave function correlate the classical description with the quantum one in a quite new manner against the Copenhagen interpretation. The last requires for each case to divide the relevant physical systems into those described as quantum and those described (for this case) as classical. A joint application of both description modes to one system is senseless in the Copenhagen framework. By contrast, the universal wave function is always used for a joint quantum/classical description (not to be confused with a hybrid dynamics in the sense of Section 5), the quantum description being primary, and dynamically independent of the classical one, the latter being now a superstructure over the former. There is no point in opposing them in the spirit of Copenhagen. To explain what we mean by “superstructure”, let us list several other examples of it (see also Clarke[46]). (a) A representation of a group or an algebra in a Hilbert space is a superstructure over this Hilbert space. When someone says that a system is described by a representation of the commutation relation P Q − QP = −ih, no one objects that only one thing may by fundamental, either the Hilbert space, or the abstract algebra generated by P, Q. (b) A Riemannian metric is a superstructure over a smooth manifold, that turns it into a Riemann space. Also the smooth manifold is a topological space with an overstructure, namely, the smooth structure. And the topological space, in its turn, is a set provided with a topology. When someone says that space-time is described with a Riemann space, no one treats it as several competing fundamental descriptions.

So, we strive to reconstruct the classical world as a superstructure over quantum dynamics.

3 Reconstruction of the Classical World: Approaches to the Problem

Is there a criterion for applying the classical description within the quantum theory? If so, then one can reconstruct a classically described macroscopic world embedded in a more fundamental quantum description, thereby supporting the idea of the universal wave function. If not, the departure point of the Copenhagen interpretation remains valid: quantum theory must be constructed on a preliminary classical theory not only historically but logically.

The Copenhagen interpretation takes classical physics as a given, but limits its use to situations where all representative quantities having the dimensions of action are large compared to Planck’s constant. It is interesting that as early as half a century ago Teller questioned Bohr as to why the accepted classical concepts could not be replaced by others. Developing this idea, Teller assumed that irreversibility is the sole property of the macroscopic apparatus important for quantum theory. Bohr, however, did not believe it was correct to make first principles dependent on a “particular theory such as thermodynamics.” We have discovered this from the paper of Weizsacker[248], who supported Teller on this point. It looks as if Teller anticipated two ideas which have become indispensable for the universal wave function to be interpreted. First, the meaning of the term “classical description” considered in the context of the quantum theory foundations can differ from that of the same term used in the history of physics. Second, the most important element of the classical description for a quantum viewpoint is that of thermodynamic irreversibility.^8 “Can the quantum theory stand on its own feet?” It is in these terms that the problem often appears in the discussions which have go on for decades, and whose participants included the great physicists, and makers of quantum theory (Einstein, Bohr, Schrödinger, de Broglie). This problem is resurfacing with new strength at present. The quantum description of macroscopic systems which are used as instruments attracts great attention from the “optimists,” who have made a number of important observations and stated more than once that a positive solution of the problem has been found. However, all the suggested solutions were met with criticism from the “pessimists,” who emphasize a failure in resolving the problem so posed. We enumerate some ideas of this kind.

Wakita[244] pointed out that a macroscopic collective degree of freedom, as a rule, strongly influences the numerous microscopic degrees of freedom coupled to it; this causes a fast propagation of quantum correlations, that is, an “entanglement of the wave function.” Dynamical “disentanglement” is prevented by thermodynamical irreversibility. At the same time, the macroscopic interactions are described by the observables which are decomposed into sums of summands each of which depends on few degrees of freedom. It is therefore very difficult to distinguish between a strongly “entangled” wave function and a mixture. The macroscopic information can be said to exist in many “copies,” some small part being transferred usually by the macroscopic interaction.

Daneri, Loinger, and Prosperi[52, 53] have analyzed a number of typical ways of taking quantum measurements to demonstrate that in each case the device transits from a metastable state to a stable one—the parameters of the latter containing the measured result. The macroscopic interaction of the device with its surroundings is described by observables that do not mix together various stable states; otherwise the regular thermodynamic behavior of the device would be violated. Jauch, Wigner, and Yanase[115] objected that the limitation of the class of observables for a device does not result from the first principles of quantum theory (see also [114, 208, 34, 175]). Both in [53] and [115] it is noted that the use of the master equations is a promising way to describe the quan-

8The problem of irreversible statistical physics (and thermodynamics) foundation in the scope of quantum theory is discussed in Section 6.

tum/classical correspondence (see also [20, p. 177]). The simplest pattern of ideal measurement[242] was generalized by the notion of “operation” (see Haag and Kastler[99], Schlieder[213], Hellwig and Kraus[106, 105], and Kraus[151]); for the continuous case, both in time and in the spectrum of measurement outcomes, see Davies[56] and Davies and Lewis[57]; for further investigations we refer the reader to the survey [35]; see also [42] and [172].^9

Hepp[107] has demonstrated the applicability of the classical description in the situation where the information from the readings of the instruments is propagated without limit in the environment, while the macroscopic interaction of instruments with other (secondary) ones is described by local observables. Bell[19] objected that this limitation for the class of observables does not result from first principles, all the more so because information can propagate only a finite distance in a finite time.

The “delocalization” of quantum correlations is undoubtedly important for quantum theory, throwing light on a number of questions. Why are molecules of ammonia usually observed in states of definite parity and those of sugar in states of a definite chirality? Why are microscopic oscillators usually observed in states of definite energy and macroscopic ones in states more like coherent states? Why does one of the two correlated particles in the EPR thought experiment contain information of both a coordinate and momentum of the other particle while the instrument, upon interacting with the object, possesses the information only on one definite observable? Why are macroscopic bodies usually observed in states having a slight dispersion of coordinate and momentum, in spite of the fact that a non-well-integrable dynamics, as a rule, increases this dispersion exponentially? Why do the coordinates and momenta of macroscopic bodies obey the classical equations of motion which are often treated as asymptotic consequences of the Schrödinger equation, while the Schrödinger equation itself cannot be satisfied by such objects even by a crude approximation, due to the strong (on a quantum scale) interaction with the environment? How do these facts affect the limiting process h → 0? Finally, why is the spacetime metric observed as classically definite and obeying the classical Einstein equation? These and related questions are considered in [259, 116, 117, 146], and [260, 15, 266, 265, 118, 119, 263, 262].

Let us interrupt the enumeration of ideas in order to analyze the origin of the discord between “optimists” and “pessimists”. To begin

9 “The problem is that we are implicitly trying to apply the quantum measurement nostrums developed in the 20’s and 30’s . . . to experiments of a type only feasible in the 90’s (if then!) where we seriously wonder about the effects of quantum mechanics on macroscopic bodies”[172].

with, note that the quantitative difference between the microworld and the macroworld is great but finite. There are quite a few opportunities for reconstructing a classical world from a quantum one through a limiting procedure, when a parameter of a quantum system tends to infinity [244, 107, 177]; thereby, effectively classical degrees of freedom (or events) emerge. It can be said that classical systems are infinite (in a special sense) quantum systems. Thus, finite systems are described via their relation to imaginary infinite systems. Such a description is considered to give a satisfactory approximation for the relation of small (microscopic) systems to large (macroscopic) ones.

A serious flaw in the above approach lies in the fact that the limiting procedure makes the picture qualitatively more scanty, sometimes leading away from essential points. Thus, classical dynamics transform a point of the phase space to a point, and it may be treated as the simplest asymptotics for the movement of a localized wave packet. However, usually trajectories diverge exponentially, and the considered time interval exceeds the time of diverging. In the case the above asymptotics needs the unrealistic assumption that parameters of the system are not only large, but also exponentially large in comparison to Planck’s constant. A realistic analysis of large finite systems has led to the realization of the principal role of delocalization of quantum correlations. Macroscopic bodies are not only large, but also essentially coupled with their environment. The present criticism concerns also the Copenhagen interpretation describing finite quantum systems via their relation to classical ones. One may object that classically described macroscopic bodies are not considered infinitely massive; their coordinates and momenta are acknowledged to be defined up to small uncertainties obeying Heisenberg’s relation. However the point is that these uncertainties are assumed necessarily small just by virtue of the classical nature of the body, and thereby the problem of wave packet spreading is abandoned a priori.

So we consider it unsatisfactory to substitute infinite (or necessarily classical) systems for macroscopic ones. In this regard we agree with the “pessimists.” Even so we do not reject the arguments of the “optimists.” Let us explain how it is possible, starting with a digression.

In olden times the question “where are we in the Universe?” admitted a short, exact, and clear answer: at the center of the Universe, that is, at the point, around which the Universe rotates. Nowadays, the answer is necessarily lengthy and vague; it involves a lot of details about specific galaxies, etc. If someone considered this situation a great loss, he would readily find a few opportunities to embroider the picture of reality (the world view). For example: let all the Universe be stitched with coordinate lines (woven from ether) that are unobservable to us, but for nature itself they perform important duties: they fix the positions of all (classical) bodies! (This is a parody on the “objective” interpretation). Another example: let Newton’s equations of motion be supplemented by a new term describing a “spontaneous movement,” always directed at a certain point (the center of the Universe), but too slow to be detected in our time. (This is a parody on “spontaneous measurement” theories; see Section 5).

It is easy to speak ironically of concepts given up long ago. It is hard to adopt the idea that our classical reality is singled out not by nature in itself, but by our specific position within nature. However, it is this idea that seems to be the next step away from our anthropocentrism. We acknowledge that another observer may disagree with us not only on the meaning of “up” and “down”, but even on the meaning of “classical reality”.^{10} One may object that such a different observer would necessarily be beyond the reach of our communication, so it is pointless to consider him an observer. We answer: but an observer within a black hole is out of reach of our communication, as well.

So, we agree with D’Espagnat[58] that the origin of the disagreement between the “optimists” and the “pessimists” is the fact that the “optimists” investigate the emergence of classical reality relative to a class of observers, whereas the “pessimists” acknowledge only absolute (independent) classical reality.

As far as we know, the first “optimist” was Teller, who proposed thermodynamically irreversible systems for the role of the observers, and the first “pessimist” was Bohr, who objected that the notion of classical reality is more fundamental than thermodynamics. We consider works of the “optimists” as progress rather than a collection of mistakes and misunderstandings, and perceive nothing reprehensible in using statistical physics for the foundations of quantum theory, as well as for other areas, bearing in mind that, thereby, these foundations became dependent on problems of the foundation of statistical physics. Also, we perceive, in principle, nothing reprehensible in taking account of the observer’s size, lifetime and so on, provided that it is really essential.

In classical theory an exact description of the observed object goes together well with an extremely idealized one of the observer, owing to the concept of an undisturbing measurement. Acknowledging the influence of the observer on the object to be inevitable, quantum theory has made itself responsible for describing a real (nonideal) observer. In practice,

10 This is not a modern idea. Remember the Wigner friend paradox [251]. Moreover, the Schrödinger cat [212] is a candidate for the role of another observer. Otherwise why did Schrödinger use such an eccentric example of a macroscopic device as a cat?. . . For a modern discussion see [257, 256, 94].

the quantum observer is of course idealized as well.^{11} And this leads to some errors in describing the object and to a “gap” between a “working” quantum theory and its foundations and to the appearance of “accursed questions.”

The classical observer is capable of directly perceiving the spacetime relations. This capability is simply postulated along with an unlimited resolving power, as well as an unlimited memory capacity and reliability. This leads to a classical picture of reality. In the quantum domain it is impossible to provide the observer with a high resolving power together with a good memory without the dynamics of the object being distorted beyond recognition. The Copenhagen interpretation attributes to the observer an ideal memory but a low resolving power (he sees only macroscopic bodies). The “objective” interpretation, on the contrary, imputes to the ideal observer an infinitely high resolving power but absolutely no memory for the storing of past observations. This, of course, is not true of real observers. They are treated as some complicated material systems to be described in the scope of the picture of reality given by an ideal observer. The relativestate interpretation was originally formulated[74] for an observer having ideal memory, permitting us to weaken this requirement[258, 154].

To describe a real observer in quantum theory, various alternatives and combinations of several interrelated concepts have been used: decomposition of the physical Universe into subsystems and of the Hilbert space into a tensor product[74, 244, 258, 266, 265], singling-out of collective degrees of freedom[244, 266, 265] or thermodynamic parameters[52]; propagation of the quantum correlations at a distance exceeding the characteristic sizes of an observer[244, 260, 15, 107]; “duplication” of macroscopic information[244, 266, 265]; and so on (it is difficult to single out independent components in these entangled concepts). When discussing merits and demerits of such ideas, it is important to keep in mind that an absolutely exact formulation is surely unattainable; there is an obstacle of fundamental, almost epistemological level. That is, on the one hand, the physical theory is in need of the concept of a generalized observer deprived of individual features, and on the other hand, idealizing the real observer in quantum theory inevitably misrepresents the dynamics of an observed object!

Until recently, the processing of information was believed to be necessarily dissipative. Now the possibility in principle of creating a nondissipative computer is admitted[76, 62, 194, 179]. Can such a computer be

11The Copenhagen interpretation prescribes the “reduction of the state vector.” But at the same time it reserves the possibility of decreasing errors by means of shifting the quantum/classical boundary.

regarded as an observer?^{12} If so, must its physical picture of reality be the same as ours? We scarcely know how we ourselves process information; nevertheless our sense organs, as well as our means of intercourse, are obviously dissipative—opaque to quantum coherence. In this regard we are dissipative observers. By fixing this point in the first principles of the theory, we shall discriminate against some observers. At the expense of this, the accuracy (or rather the fundamental boundary of attainable accuracy^{13}) of our theory will be increased. “Macroscopic systems are inherently dissipative”—by these words from the paper of Caldeira and Leggett[36] is our approach to the problems of the quantum/classical correspondence determined.

Dissipation, considered on the quantum level, of course, is not a result of attempts to quantize the friction force point-blank (see [224]). Instead it is a manifestation of the delocalization of quantum correlations. The most obvious example is a photon radiated or reflected by a macroscopic body and flying away to infinity. It is, however, useful to keep in mind, for instance, that the friction between a solid black body and the thermal radiation filling up the surrounding space influences the quantum-mechanical motion of this body in roughly the same way as does the friction between this body and the thermal radiation locked up in its internal cavity (if any). In particular, in both cases the equations of the next section are applicable. The “propagation” of correlations and “locality” of observables must be understood in a thermodynamical rather than geometrical sense. Zurek[266] emphasizes this by the term “built-in environment.” The Poincaré time for a finite system consisting of a macroscopically large number of particles far exceeds the duration of any feasible experiment. In this respect, it can be said that there exists an essentially irreversible propagation of correlations in a spatially bounded system. On the other hand, no quantum-mechanical system can be regarded as isolated from outer fields for such long times[265]; this returns us to the ideas of spatial infinity, continuous spectrum, and “true” irreversibility.

The problem of the foundations of stat-physical (and thereby thermodynamical) irreversible descriptions in the scope of quantum theory is discussed in Section 6. The thermal radiation locked in (or rather, nearly locked in) the internal cavity is a buffer capable of readily “absorbing”

12This question was discussed in [4, 195]. For such an observer the concept of reduction caused by the digitization of information by the observer, would be in order[117]. The continuous reduction presented in the next section is more natural for us.

13Many investigators regard some inaccuracy in setting an observer or his environment’s state and hence the Universe as a whole to be basically necessary[196, 202]. An opposite point of view is characteristic of the objective interpretation.

the quantum correlations so as to then progressively “radiate” them away to infinity. The thermodynamical delocalization of correlations is always eventually related to a spatial one, but can occur much faster than the latter. On the other hand, the spatial delocalization of correlations can be partially reversible, and thereby become many times larger than the thermodynamical delocalization, as was pointed out by Joos[118] (see also [168, 169]). We can attribute to the reversible delocalization of correlations the elastic deformation of the environment induced by a gravitating body, the reversible polarization of the environment by an electrically charged body (see also [238, Sect. 6A]), the dressing of bare particles, etc. The criteria for the applicability of the classical description within quantum theory must rest only upon irreversible processes. Unfortunately, some works[260, 154, 116, 117] do not always give due consideration to separating the elastic and dissipative processes; as a consequence the results of some definite estimates, when uncritically interpreted, can lead to a grossly exaggerated picture of the rate of thermodynamical delocalization of correlations. There is now a solid foundation for calculating this rate.

The fluctuation-dissipation relations (FDR) were obtained in a pioneering Callen and Welton 1951 work [40] generalizing the Nyquist formula for voltage noise in electrical circuits. They are applicable to a wide class of physical systems near thermal equilibrium, such as the motion of a solid body in a liquid, that of an electrically charged particle in a thermal electromagnetic field, and others. Attention was chiefly given to the environment (liquid, field) described at the quantum level. The mechanical system served only as a “probe particle” to be described classically. Senitzky[218] put more emphasis on the mechanical system and gave a quantum description of its motion in the presence of a slight interaction with the environment. He has shown that for the approximation used, the environment can always be described by means of the canonical commutation relations (CCR), regarding its Hamiltonian as quadratic and the interaction Hamiltonian as linear in the environment variables.

Thus, mechanical systems with friction came within the reach of the quantum description, though a number of more delicate points were made more precise later (see, in particular, [155, 101, 207, 238]), and some of them are still poorly understood. It can be said that the environment affects the body via a sum of two forces. One, fluctuational, is random and has zero mean value and a definite covariance function; another, dissipative, is integrally dependent on the preceding body pathway, the kernel of the integral (Green function) being related to the covariance function of fluctuations through FDR. Both functions are localized on the time scale characteristic of microscopic processes in the environment. Usually the motion of the mechanical system is relatively slow. This allows us to return to a Langevin equation local in time. Agarval[3] found out that in such a situation the quantum dynamics is formally identical to the classical one, when written in the form of the Markov master equation for the Wigner distribution function. It is a partial differential equation of the Fokker-Planck type (see the next section). A closed derivation of the equations of quantum dynamics (non-Markovian to begin with, and then Markovian ones) for a system of collective degrees of freedom slightly interacting with thermal ones is contained^{14} in our work [146]. Our treatment is for a rather general case, with an explicit analysis of initial assumptions but without seeking full mathematical rigor (see also [80, 81]). The environment-induced non-Hamiltonian effects, dissipation and fluctuation, exist against a background of (usually larger-magnitude) Hamiltonian effects (renormalization of the mass and other mechanical parameters). This is nothing but the above-discussed difference between the reversible and irreversible delocalization of correlations.

Collisions of heavy ions[108, 109, 261] have become a remarkable testing ground for this theory. The objects here are small enough to require the quantum description, and at the same time large enough to entail dissipation and fluctuations. In [108] the description which is local in time is given by a system of differential equations the order of which is dependent on properties of the environment. It is noted[108, 109, 261] that usually the environment also possesses low-frequency collective modes which cause an essential delay. Some effects are discussed which are usually negligible in macroscopic situations: the influence of mechanical motion on the environment temperature, a nonadiabatic reaction of the environment on the mechanical motion, and so on. For FDR in mesoscopic domain see [85].

A new wave of interest in the quantum description of dissipative processes had already arisen in the early 80’s in connection with the problems of the quantum/classical correspondence[168, 36, 167, 174, 119, 263, 146] and [37, 38, 245, 211, 68, 65, 184]. There is some hope of realizing experimentally the quantum behavior of a macroscopic degree of freedom, e.g., the magnetic flux in a SQUID or a phase order parameter in a Josephson junction[149, 5]; the corresponding experiments will be discussed in Section 7. Such systems are of value not only because of their small dissipation, but also because of the availability of microscopically small details of the potential pattern, that is, wells and barriers. The quantum motion

14 Unfortunately, in [146] there is some inconsistency in the notation. The following corrections should be made: a factor of h/2 before the function g, and before the three indexed value C in Section 4.7 and 4.8. In addition. the third integral in (8) is taken over t_1 > t_2 rather than t_2 > t_1. We regret the inconvenience.

in such a potential can be quite different from the above-mentioned quasiclassical motion with dissipation and fluctuations, because the former includes tunnel transitions. It is, however, also different from that described by the WKB method, for the latter does not allow us to take into account dissipative effects. New methods, predicting new phenomena, have been developed[214, 44, 96, 167]. We will not dwell on these interesting questions, as we are not sure one should call “macroscopic” a degree of freedom whose potential pattern has microscopically minute details essentially affecting the motion. More important for our purposes is to conclude that the description of the environment using CCR (in other words, with the use of harmonic oscillators) is widely applicable[215, 36, 97]. In nonlinear optics the possibility of creating and detecting superpositions of macroscopically different states has recently been recognized[254, 232, 121].

The lack of manifestations of quantum coherence in the macro-world can thus be understood as the result of the delocalization of quantum correlations due to interactions with the environment, and this interaction can usually be calculated with FDR. Does this mean that a certain dimensionless “quantalness coefficient” for a given macroscopic process can be calculated? What would serve as such a coefficient? In 1979 Wotters and Zurek[253] quantitatively analyzed the double-slit interference experiment where, going back to Einstein, a particle and its environment interacted rather weakly so that the fringe pattern was not too spoiled. They have shown that such an interaction can be sufficient for an indirect measurement of the coordinate, giving incomplete but considerable information on which slit the particle has gone through. The influence of the environment may be estimated by the destructive effect which it has on one or another manifestation of quantum coherence. While the interference pattern was chosen in [253], in our 1985 work[147] the violation of Bell’s inequalities was chosen for that purpose. Assuming that the environment introduces into the coordinate and momentum of a particle fluctuations which are independent, normally distributed random variables with standard deviations Δq, Δp, we have shown that the highest possible value of a violation of Bell’s inequalities is small when ΔpΔq ≫ h. In this case Bell’s inequalities are considered for quite arbitrary two-valued observables. The interaction with the environment is assumed linear in the coordinates and momenta; however, later, when the measurements are made, the linear functions in the coordinates and momenta are not singled-out among the nonlinear ones. The expression “the highest possible violation of Bell’s inequalities” implies an optimization (finding a maximum) both in initial states and measured observables. This requires more general mathematical methods than those necessary to calculate a particular effect, e.g., an interference pattern.

Dissipation has taken its place in investigations since 1985[38, 119, 245, 211, 263]. Caldeira and Leggett[38] have considered the harmonic oscillator whose initial state is assumed to be the superposition of two strongly different coherent states, ground (fixed) and shifted (oscillating). Each time the oscillating wave packet comes close to a zero point, the probability distribution for the coordinate develops fringes due to interference. The destructive influence of a dissipative environment on this interference is studied quantitatively with the use of FDR, as a function of six parameters: the environment (reservoir) temperature T , the friction coefficient Γ, the oscillator frequency, its mass m, the initial shift of the oscillating wave packet, and the upper frequency of the reservoir. The presence of four dimensionless parameters changing within wide limits makes investigation [38] rich in content, but its results difficult to perceive and utilize. In the works of Joos and Zeh[119], Walls and Milburn[245], Savage and Walls[211], and Zurek[263] the number of parameters is reduced to four (two are dimensionless) at the cost of the substitution of an oscillator by a free particle and the utilization of a Markov approximation adequate at not-so-low temperatures. The delocalization rate of quantum correlations is characterized by the quantity Λ = h^{−2}k_B T Γ, of dimensions [l^{−2}t^{−1}] (for details, see the end of next section). The parts of a wave packet which are spaced Δx apart lose their coherence after a time of the order Λ^{−1}(Δx)^{−2}. This is some reply to the question used by Zurek as a title of [263], “Reduction of the wavepacket: how long does it take?” In our 1987 work[146] the same question was answered differently, with no Δx parameter: the coherence vanishes within a time of order √ hm/(k_B T Γ). The difference in the results is accounted for by different ways of formulating the problem. The absence of extra parameters like Δx in our approach, which is based on Bell’s inequalities, is concerned with the already-mentioned optimization in the observables and states. The time given by us serves not only coordinate observables but momentum ones as well, or any functions of coordinates and momenta.

No matter how the “quantalness coefficient” is defined, it is natural to expect it to tend to zero when the fluctuational influence of the environment tends to infinity. Quasi-classical methods have trained us to think that the quantum corrections to the classical predictions happen to be small but not zero. It is from this position that we discussed in [147] the quantum corrections to Bell’s inequalities. Here, a welcome surprise awaited us! These corrections proved[146] to vanish exactly, when ΔqΔp ≥ h. This means that the characteristic time of destroying the coherence can be understood not only as the time for the essential weakening of the quantum effects but rather as that of their utter vanishing. At this length of time the environment engenders a change in the quantum state that is equivalent to the absorption and reemission of the given quantum system by some classical apparatus. In other words, it is equivalent to a sequence “measuring/preparing,” which transforms quantum states into quantum ones, as contrasted with the usual sequence “preparing/measuring,” which transforms classical states into classical ones. An exact definition of this notion of “classical factorization” was given in [146] and will be discussed in the next section. Such a process completely destroys any quantum correlations of the given system with other systems (of course, not including in itself the environment having caused the factorization); this leads to Bell’s inequalities being satisfied.

Thus, in some situations the quantum corrections utterly vanish. Does this mean that the system in such situations can be described classically in the sense explained in Section 2 (admitting a classical superstructure over quantum dynamics)? Yes, there is such a possibility, as was indicated in 1987 by Diosi[68] and by us[146]. Our approach[146] is as follows: the evolution of the system during a time longer than that of classical factorization can be presented as a sequence of alternating acts of measuring and preparing. The measurement outcomes form a “dotted-in-time” classical description. There is no classical determinacy, but also no quantum interference. In [146] we indicated a way to estimate the time of classical factorization of various particular models. As a rule, it is close to the above-mentioned value √ hm/k_B T Γ (see Sections 4 and 7). As for the approach of Diosi[68, 65] see the next section, which shows that its unification with the approach of our work[146] is not only possible but fruitful.

4 Dissipative Dynamics of Correlations

The previous section pointed to the necessity of considering the quantum dynamics of a macroscopic system by taking into account the fluctuation forces acting on it from the environment and obeying the fluctuationdissipation relations. Let us stress that the classically looking fluctuation force results from a quantum interaction with a quantum environment (see Section 3). Below we shall consider how the influence of the fluctuation forces is manifested in the investigation of the problem of reconstructing the classical world within the quantum description, using a method which develops the approach of Diosi[68, 65] and ours [146]. (See also works of Barchielli, Lanz, Prosperi, and Lupieri cited in [65, 35, 203], and Section 3 of Ghirardi, Rimini, and Weber’s work[88] and [245, 211].)

Let us begin with the simplest case. Let there be one collective degree of freedom, namely, the coordinate q and the momentum p of a body of mass m. The body is affected by the environment through a fluctuation force F_{fluc} proportional to a white noise,

⟨F_{fluc}(s)F_{fluc}(t)⟩ = λ^2δ(s − t) (4.1)

The fluctuation-noise intensity, dependent on the environment temperature and the friction coefficient (see the end of this section), can be described by the constant λ or by the following value having the dimensions of time:

τ_{fluc} = √ hm λ (4.2)

Other forces are assumed to be absent. The classical equations of motion, ṗ = F_{fluc}, q̇ = p/m can be written in the form of stochastic differential equations (about this notion see, for example, [176])

dp = λ db dq = (1/m)p dt

(4.3)

where b(t) is the Wiener random process whose derivative is the white noise: ⟨ḃ(s)ḃ(t)⟩ = δ(s−t). The proper evolution equation for the classical probability density w(p, q, t) in phase space is well known: ( ∂ ∂t − λ^2 2 ∂^2 ∂p^2 + 1 m p ∂ ∂q ) w(p, q, t) = 0 (4.4)

The same equation describes the dynamics of the quantum density matrix if w(p, q, t) denotes a Wigner distribution function (in other words, a Weyl symbol of the density matrix); see, e.g., [24]. Thus, Eq. (4.4) determines the quantum dynamics of a macroscopic body in the presence of fluctuation forces.

Let the distribution w be Gaussian (i.e., the exponent of a seconddegree polynomial of in p and q) at some moment; it will then remain Gaussian at all later moments. Pure Gaussian quantum states are also known as coherent states, and mixed ones as Gibbs states for the quadratic Hamiltonians. The Gaussian distribution (and hence the Gaussian quantum state) is unambiguously determined by the first and second moments ⟨p⟩, ⟨q⟩, ⟨p^2⟩, ⟨pq⟩, ⟨q^2⟩. The central second moments ⟨p^2_0⟩, ⟨p_0q_0⟩, ⟨q^2_0 ⟩ are more convenient to consider than the original second moments ⟨p^2⟩, ⟨pq⟩, ⟨q^2⟩. Here and below, p_0 ≡ p − ⟨p⟩ q_0 ≡ q − ⟨q⟩

The dynamics of the moments, corresponding to Eq. (4.4), is more conveniently calculated from (4.3)—but keeping in mind the rules of the Ito stochastic differential calculus: (db)^2 = dt, dbdt = 0, (dt)^2 = 0, and also ⟨fdb⟩ = 0 for any nonanticipating functional f of b (see, e.g., [176].) We obtain d dt ⟨p⟩ = 0 d dt ⟨q⟩ = 1 m ⟨p⟩ d dt ⟨p^2_0⟩ = λ^2 d dt ⟨p_0q_0⟩ = 1 m ⟨p^2_0⟩ d dt ⟨q^2_0 ⟩ = 2 m ⟨p_0q_0⟩

(4.5)

All quantum states obey a known inequality for the discriminant

⟨p^2_0⟩⟨q^2_0 ⟩ − ⟨p_0q_0⟩^2 ≥ h^2 4 (4.6)

This is, of course, one of the forms of the uncertainty relation (see, e.g., [110]). Equality is attained for pure Gaussian states. The dynamics (4.4) transforms pure states into mixed ones and enlarges the discriminant. Thus, it follows from (4.5) that d dt ( ⟨p^2_0⟩⟨q^2_0 ⟩ − ⟨p_0q_0⟩^2 ) = λ^2⟨q^2_0 ⟩

It is convenient to represent each Gaussian state by an ellipse on a phase plane— known in probability theory as a concentration ellipse. The point (p_1, q_1) belongs to this ellipse if |ap_1 +bq_1 +c| ≤ 1 for any a, b, c such that ⟨ap+bq+c⟩ = 0 and ⟨(ap+bq+c)^2⟩ ≤ 1. The area of the concentration ellipse is proportional to the square root of the discriminant. For a pure state, it is equal to πh/2. A mixed Gaussian state can be presented as a mixture of pure Gaussian ones by the formula

w_1(p, q) = ∫ w_0(p − p^′, q − q^′)γ(p^′, q^′)dp^′dq^′ (4.7) where γ is an appropriate Gaussian distribution, ⟨p⟩_1 = ⟨p⟩_0+⟨p⟩_γ , ⟨p^2_0⟩_1 = ⟨p^2_0⟩_0+⟨p^2_0⟩_γ , and similar relations hold for q, p_0q_0, and q^2_0 . Expansion (4.7) with the given w_0, w_1 exists if the concentration ellipse for w_0 lies inside that for w_1. It is clear that for a given w_1 there is a great arbitrariness in the choice of w_0.

We shall realize an idea suggested in the 1987 work of Diosi[68] which, using the notation introduced above, can be formulated as follows. Take as w_1 the mixed Gaussian state obtained from the given pure Gaussian one w_0 by the use of evolution (4.4) for an infinitesimal time dt. Now decomposition (4.7) shows that the evolution of a quantum state is reduced^{15} to its shift on the phase plane by a Gaussian random vector (p^′, q^′) with the parameters

⟨p^′⟩_γ = d⟨p⟩

⟨q^′⟩_γ = d⟨q⟩

⟨p^{′2}_0 ⟩_γ = d⟨p^2_0⟩

⟨p^′_0q^′_0⟩_γ = d⟨p_0q_0⟩

⟨q^{′2}_0 ⟩_γ = d⟨q^2_0 ⟩

(4.8)

which according to (4.5) are equal to

⟨p^′⟩_γ = 0

⟨q^′⟩_γ = 1 m ⟨p⟩dt

⟨p^{′2}_0 ⟩_γ = λ^2dt

⟨p^′_0q^′_0⟩_γ = 1 m ⟨p^2_0⟩dt

⟨q^{′2}_0 ⟩_γ = 2 m ⟨p_0q_0⟩dt

(4.9)

Integrating these differentials we obtain for the evolution of the quantum state a description which will be called a diffusional-coherent one:

w(p, q, t) = E w_0(p − p_{cl}(t), q − q_{cl}(t)) (4.10)

15Of course, a mixed state can be decomposed into a mixture of pure states in various ways. We shall limit ourselves to the Gaussian states. For other possibilities, see [66].

Here E denotes averaging over the classical random process p_{cl}(t), q_{cl}(t) on the phase plane— a diffusion process with the parameters obtained as follows from (4.9): E dp_{cl} = 0

E dq_{cl} = 1 m p_{cl} dt

(dp_{cl})^2 = λ^2 dt

(dp_{cl})(dq_{cl}) = 1 m ⟨p^2_0⟩ dt

(dq_{cl})^2 = 2 m ⟨p_0q_0⟩ dt

(4.11)

where the averages on the right-hand sides are taken over the pure Gaussian state w_0 used in (4.10).

Not all pure Gaussian states can be used for the diffusional-coherent description, but only those for which, for all a and b, d dt | | |_{t=0} ⟨(ap^0 + bq^0)^2⟩ ≥ 0. (4.12)

In other words, a change of the distribution w_0 (or its concentration ellipse) following (4.4) must be an expansion in all directions. Condition (4.12) is fulfilled if, and only if, d dt | | | |_{t=0} ⟨p^20⟩ ≥ 0 d dt | | | |_{t=0} ⟨q^20 ⟩ ≥ 0 ( d dt | | |_{t=0} ⟨p^0q^0⟩

)_2 ≤ ( d dt | | |_{t=0} ⟨p^20⟩ ) ( d dt | | |_{t=0} ⟨q^20 ⟩ ) (4.13)

Using (4.5), we obtain the condition ⟨p^2_0⟩ ≤ 2mλ^2⟨p_0q_0⟩ (4.14)

What does the dynamics of correlations have to do with the above? The answer becomes clear as soon as the diffusional-coherent description is applied to a system possessing several degrees of freedom. The point is that a state of the form

w(p_1, q_1, p_2, q_2, t) = E w^{(1)}_0 (p_1 − p^{cl}_1 (t), q_1 − q^{cl}_1 (t))

×w^{(2)}_0 (p_2 − p^{cl}_2 (t), q_2 − q^{cl}_2 (t)) (4.15) belongs to a class of decomposable states (the term is taken from [11]), i.e., to that of factorized states and their mixtures. But for such quantum states, as mentioned in Section 1, the classical Bell inequalities are valid. Formula (4.15) is obtained by an obvious generalization of the diffusionalcoherent description to systems with several degrees of freedom, provided that a supplementary condition is fulfilled, namely that the coherent state of all the system w_0 is factorized, that is, equal to the tensor product of two states, w^{(1)}_0 and w^{(2)}_0 , each related to one degree of freedom. Any diffusional-coherent description satisfying this condition (whose feasibility will be analyzed below) will be called a diffusional-coherent decomposition.

We emphasize that state (4.15) is not at all factorizable. There are correlations between the two subsystems, but classical rather than quantum ones, in the sense that they can be reduced to the correlations between classical random processes (p^{cl}_1 (t), q^{cl}_1 (t)) and (p^{cl}_2 (t), q^{cl}_2 (t)). For macroscopic low-dissipation systems, this correlation is in many cases so strong that it becomes close (at the classical level) to a functional dependence between (p^{cl}_1 (t), q^{cl}_1 (t)) and (p^{cl}_2 (t), q^{cl}_2 (t)). But, however strong, the classical correlation cannot lead to any violation of Bell’s inequalities even by the slightest amount. This explains our interest in diffusional-coherent decompositions, an interest that is not diminished by an arbitrariness existing in the choice of decomposition parameters; because in the Bell inequalities the arbitrariness no longer exists.

The conclusion on missing quantum correlations is of interest when there is an interaction. Consider a Hamiltonian of the form

H(p_1, q_1, p_2, q_2) = 1 2m_1 p^2_1 + 1 2m_2 p^2 + 1 2 k_1q^2_1 + 1 2 k_2q^2 + k_{12}q_1q_2 (4.16)

Adding the fluctuations and assuming for simplicity that the fluctuation forces which affect different degrees of freedom do not correlate with each other, we obtain instead of (4.3) the following equations of motion:

dp_1 = −k_1q_1dt − k_{12}q_2 dt + λ_1 db_1 dq_1 = (1/m_1)p_1 dt dp_2 = −k_2q_2 dt − k_{12}q_1 dt + λ_2 db_2 dq_2 = (1/m_2)p_2 dt

(4.17)

Calculating d/dt |_{t=0} ⟨(a_1p_1 + b_1q_1 + a_2p_2 + b_2q_2)^2⟩ and holding, for simplicity, the first-order moments to be equal to zero, we obtain a condition of fitness of a factorized state for the diffusional-coherent decomposition;

namely, for all a_1, b_1, a_2, b_2,

(λ^2_1 − 2k_1⟨p_1q_1⟩)a^2_1 + (λ^2 − 2k_2⟨p_2q_2⟩)a^2 + 2 ( 1 m_1

⟨p^2_1⟩ − k_1⟨q^2_1 ⟩ ) a_1b_1 + 2 ( 1 m_2

⟨p^2⟩ − k_2⟨q^2 ⟩ ) a_2b_2

+ 2 m_1

⟨p_1q_1⟩b^2_1 + 2 m_2

⟨p_2q_2⟩b^2

− 2k_{12}(⟨p_1q_1⟩ + ⟨p_2q_2⟩)a_1a_2 − 2k_{12}⟨q^2_1 ⟩b_1a_2

− 2k_{12}⟨q^2 ⟩a_1b_2 ≥ 0 (4.18)

Simultaneously, the “uncertainty relations”

⟨p^2_1⟩⟨q^2_1 ⟩ − ⟨p_1q_1⟩^2 = h^2 4 ⟨p^2⟩⟨q^2 ⟩ − ⟨p_2q_2⟩^2 = h^2 4 (4.19)

must be fulfilled. It would be surprising if the nonnegativity of the fourvariable quadratic form (4.18) were as simply expressed as in (4.12)–(4.14). Nevertheless, the issue of the existence of the diffusional-coherent decomposition is finally settled by the following

Theorem 1. The inequality

|k_{12}| ≤ 1 h λ_1λ_2 (4.20)

is a necessary and sufficient condition imposed on m_1, m_2, λ_1, λ_2, k_1, k_2, k_{12} for the existence of moments ⟨p^2_1⟩, ⟨p_1q_1⟩, ⟨q^2_1 ⟩, ⟨p^2⟩, ⟨p_2q_2⟩, ⟨q^2 ⟩ that satisfy equalities (4.19) and ensure a nonnegative form (4.18).

The proof will be published [234]. In the “extreme” case where (4.20) becomes an equality, the unknown moments obey the equations

⟨p_nq_n⟩ ⟨q^2_n⟩^2 = m_nλ^2_n h^2 h 2⟨q_np_n⟩ − 2⟨q_np_n⟩ h = 2hk_n λ^2_n

(4.21) which, in conjunction with (4.19), unambigously determine these moments. The state determined by equalities (4.19) and (4.21) ensures the diffusional-coherent decomposition over all our range (4.20) for k_{12}. Outside this range condition (4.18) cannot be satisfied for factorized quantum states, whether pure or mixed. It is noteworthy that (4.20) does not contain k_1, k_2.

Now, the dynamics (4.16)–(4.17) permits a decomposition of the form (4.15), provided that condition (4.20) is fulfilled. This follows from the above, provided, however, that the initial state of the system can be presented as a mixture of proper-form coherent states. And what if the initial state is arbitrary? The diffusional-coherent decomposition is applicable in this case as well, but from a definite later moment on, rather than from the initial moment. The fact is that the dynamics considered transforms an arbitrary quantum state to a mixture of coherent states in a finite time. We will discuss this in more detail.

The transformation of a quantum state at finite time t according to the dynamics (4.4) may be decomposed into the product of two transformations: the first is the unitary operator which corresponds to the linear canonical transformation (deduced from (4.4) if λ is substituted by zero); the second, in the language of Wigner distributions, has the form of convolution [as in (4.7)] with a definite Gaussian measure γ_t, whose parameters satisfy Eqs. (4.5) with zero initial (t = 0) conditions. The first (unitary) transformation transforms the arbitrary initial state into another one which is also arbitrary. The important thing is that the second transformation (which, obviously, transforms pure states into mixed ones) takes place. Its properties depend on the parameters of the measure γ_t. All of this remains valid in a more general situation such as (4.17), provided of course, that Eqs. (4.5) are appropriately generalized. The measure γ_t coincides with the probability distribution for the state of the classical counterpart of the given quantum system.

Consider the case of one degree of freedom in the presence of a quadratic potential:

dp = −kq · dt + λ · db

dq = 1 m p · dt

(4.22)

Solving the corresponding equations for moments

(d/dt)⟨p^2_0⟩ = −2k⟨p_0q_0⟩ + λ^2 (d/dt)⟨p_0q_0⟩ = (1/m)⟨p^2_0⟩ − k⟨q^2_0 ⟩

(d/dt)⟨q^2_0 ⟩ = (2/m)⟨p_0q_0⟩

(4.23)

under zero initial conditions, we find the parameters of the measure γ_t.

For k > 0, we obtain

⟨p^2_0⟩ = λ^2t 2 ( 1 + τ_{mech} 2t sin 2t τ_{mech} )

⟨p_0q_0⟩ = λ^2t^2 2m ( τ_{mech} t sin t τ_{mech}

)_2

⟨q^2_0 ⟩ = λ^2t 2m^2 τ^2_{mech} ( 1 − τ_{mech} 2t sin 2t τ_{mech} ) (4.24)

where τ_{mech} = √ m/k. When k < 0, the formulas are similar, with the sines being hyperbolic. This latter case, known as an “upside down” oscillator, has recently attracted a great deal of attention [98, 91, 100, 238, 262]. Understood literally, it corresponds to an energy spectrum unbounded from below. However, it is useful for the approximation near the potentialenergy maximum. Indeed, the approximating Hamiltonian H(p, q) = (1/2m)p^2 +^1_2 kq^2 with k < 0 differs from a true Hamiltonian H_{true}(p, q) = (1/2m)p^2 + U(q), inf U(q) > −∞, by an unbounded difference in potentials U(q) −^1_2 kq^2. Doubts may be raised that the approximation is adequate. So let us show how the error can be estimated for the non-stationary problem when the approximating wave packet remains mainly in the region where U(q) ≈^1_2 kq^2. The estimations below hold for any k ∈ (−∞, +∞). Let ih(d/dt)ψ_{true}(t) = H_{true}(t)ψ_{true}(t), ih(d/dt)ψ(t) = H(t)ψ(t) (timedependent Hamiltonians include the potential of the fluctuation force); then ih(d/dt)(ψ_{true}(t) − ψ(t)) = H_{true}(t)(ψ_{true}(t) − ψ(t)) + (H_{true}(t) − H(t))ψ(t). The inequality for norm follows: h d dt |ψ_{true}(t) − ψ(t)| ≤ |(H_{true}(t) − H(t))ψ(t)|

The operator H_{true}(t) − H(t) is a function of the coordinate operator, the function U(q) −^1_2 kq^2 being O(q^2) for large q and o(q^2) for small q. The distribution of the observable q for the state ψ(t) coincides with the distribution of a linear combination of p, q for the initial state ψ_0 = ψ(0) = ψ_{true}(0) due to the quadratic nature of H(t). Now it is easy to find conditions for ψ_0 (in terms of distributions of p, q ) ensuring that |ψ_{true}(t) − ψ(t)| ≪ 1 for moderate t [namely for t ≤ τ_f ; see (4.29) below]. We restrict ourselves again to quadratic Hamiltonians.

Theorem 2. If the Gaussian measure γ satisfies the inequality for the discriminant

⟨p^2_0⟩_γ ⟨q^2_0 ⟩_γ − ⟨p_0q_0⟩^2_γ ≥ h^2 4 (4.25) then the transformation of the convolution with the measure γ transforms any Wigner distribution function into a non-negative function.

The proof given by us in [146] shows that this theorem is essentially a reformulation of the known relation between Weyl and Wick symbols (see, e.g., [24]).

Theorem 3. Let w_0 be a Wigner distribution function of a pure Gaussian state and let γ be a Gaussian measure satisfying the inequalities

⟨p^2_0⟩_γ ≥ ⟨p^2_0⟩_{w0}

⟨q^2_0 ⟩_γ ≥ ⟨q^2_0 ⟩_{w0} (4.26)

(⟨p^2_0⟩_γ − ⟨p^2_0⟩_{w0} )(⟨q^2_0 ⟩_γ − ⟨q^2_0 ⟩_{w0} ) − (⟨p_0q_0⟩_γ − ⟨p_0q_0⟩_{w0} )^2 ≥ h^2/4

Then the transformation of convolution with the measure γ transforms any Wigner distribution function w into a function of the form

w_1(p, q) = ∫ w_0(p − p^′, q − q^′) · f(p^′, q^′)dp^′dq^′ (4.27)

with a non-negative function f.

Proof. Represent γ as a convolution of w_0 and Gaussian measure γ_0; take for f the convolution of w with γ_0; note that non-negativity of this function is assured by Theorem 2.

If we do not want to fix a priori w_0, but seek a representation in the form (4.27) with some w_0 and f, then the condition

⟨p^2_0⟩_γ ⟨q^2_0 ⟩_γ − ⟨p_0q_0⟩^2_γ ≥ h^2 (4.28)

can be utilized instead of (4.26). The second moments for γ are twice as large as those for w_0, i.e., γ_0 = w_0. This is a particular case (for one degree of freedom) of Theorem 3.4 from [146].

The transformation of a quantum state which is expressed in Wigner distribution language as a convolution with a Gaussian measure satisfying condition (4.28) belongs to the class of classically factorizable operations, which we have introduced in [146], and which was discussed in the previous section. Such a transformation transforms any quantum state into a decomposable one, and this implements the classical Bell inequalities. The time during which dissipative dynamics leads to such a result is that of the classical factorization τ_f . See [146] for some precise definitions and theorems.

Substituting (4.24) into (4.28), one can estimate the order of magnitude of τ_f for the dynamics (4.22):

τ_f ∼ τ_{fluc} when τ_{fluc} ≪ τ_{mech}

τ_f ∼ τ^2_{fluc} τ_{mech} when τ_{fluc} ≫ τ_{mech} and k > 0

τ_f ∼ τ_{mech} log τ_{fluc} τ_{mech} when τ_{fluc} ≫ τ_{mech} and k < 0

(4.29)

However, it is desirable to obtain the mixture of such states as are determined by relations (4.21), (4.19), rather than of some coherent states. We limit ourselves to a “symmetrical” case:

m_1 = m_2, λ_1 = λ_2, k_1 = k_2

Then the normal modes

q_± = (q_1 ± q_2)/ √ 2 p_± = (p_1 ± p_2)/ √ 2 evolve independently of each other, and the dynamics of each mode has the form (4.22) with the same m and λ as for the initial degrees of freedom but with a different k, that is, k_± = k∓k_{12}. It remains to substitute (4.24) into (4.26), defining w_0 through (4.21). At first sight, one has no doubts that when t is large enough the required inequalities are satisfied independently of the properties of w_0, because the right-hand sides of (4.24) increase without bound as t → ∞. There is, however, an “obstacle.” Consider the concentration ellipse corresponding to (4.24). As t → ∞, this ellipse expands without bound in all directions (though nonuniformly), and therefore sooner or later covers the concentration ellipse for w_0, whatever the properties of the latter. However, the limit of the concentration ellipse at k < 0 is a band of finite width[238, 262] rather than the entire plane. Indeed, from the hyperbolic analog of (4.24) there follows the equality

⟨((−km)^{−1/4}p_0 − (−km)^{1/4}q_0)^2⟩ = λ^2 −2k ( 1 − exp ( −2t τ_{mech} )) (4.30)

In this case the criterion for fulfilling inequalities (4.26) at large t has the form ⟨((−km)^{−1/4}p_0 − (−km)^{1/4}q_0)^2⟩_{w0} < − λ^2 2k (4.31)

Theorem 4. Let k < 0 , |k_{12}| ≤ λ^2/h, and let the pure Gaussian state w_0 have the second central moments determined by the equalities

⟨p_0q_0⟩ ⟨q^2_0 ⟩^2 = mλ^2 h^2 h 2⟨p_0q_0⟩ − 2⟨p_0q_0⟩ h = 2h(k + k_{12}) λ^2

Then the state w_0 satisfies inequality (4.31).

The proof will be published elsewhere. Theorem 4 guarantees that in the “symmetrical” two degree of freedom case the arbitrary initial state goes at finite time into a coherent-state mixture which permits applying the diffusional-coherent decomposition. It can be shown that the required time again has the order of magnitude expressed in (4.29). Note that, unlike (4.20), expression (4.29) essentially depends on k (through τ_{mech}).

To conclude this section, consider the fluctuation-dissipation relation relating the intensity of fluctuation-noise λ to the friction coefficient Γ and the environment temperature T ,

λ^2 = 2Γk_BT (4.32)

where k_B is Boltzmann’s constant. The criterion

|k_{12}| ΓT ≤ 2 k_B h (4.33)

results from (4.20) and (4.32) when Γ_1 = Γ_2 and T_1 = T_2. This criterion was announced in the Introduction (with k_{12} denoting by A and assumed positive). It may also be written as

τ_{fluc} ≤ τ_{mech} (4.34)

with τ_{fluc} = √ hm/λ [see (4.2)] and τ_{mech} = √ m/|k_{12}|. Note that, using four quantities h, m, Γ, k_BT , one can form one dimensionless combination ε = hΓ mk_B T

and any three of these four values allow us to form one and only one combination of any desired dimension. Good examples are the thermal de Broglie wavelength λ_{therm} = h/ √ 2πmk_B T used in [119, 263], the wave-packet length ( h^3 2mλ^2

)^{1/4} = √ πλ_{therm}ε^{−1/4}

obtained with (4.21) at k = 0, the relaxation time

τ_{fric} = m Γ the characteristic period of thermal oscillations

τ_{therm} = h k_B T

and the time τ_{fluc} introduced by (4.2). Due to relation (4.32), we obtain

2τ^2_{fluc} = τ_{therm} · τ_{fric}

(see formula (21) from [146]). Other examples are the classical diffusion coefficient D_{class} = k_B T/Γ (Einstein equation) and the quantum diffusion coefficient D_{quant} = h/m deduced from (4.11) when ⟨p_0q_0⟩ = h/2. The dimensionless combination ε = τ_{therm}/τ_{fric} = D_{quant}/ D_{class} is small in the thermal (high-temperature) case and large in the quantum (lowtemperature) one. The Markovian approximation used in this section [cf. (4.1)] is applicable in the thermal case only. In this (the usual) case, the destruction (delocalization) of quantum correlations occurs far faster than the energy dissipation [38, 263, 146]; that is why we have omitted the frictional force in the equations of motion (4.3), (4.4). Here, Λ in [119] becomes λ^2/2h^2; αλh^2 from [88] becomes 2λ^2 for us. The quantity D from [41] becomes h^2/2λ^2, and π in [263], and γ from [262] is denoted here by Γ/m.

5 In Search of Alternative Theories

The tenacious problems of the foundation of quantum theory could be very easily and naturally solved if quantum dynamics enabled one to transform pure states into mixed ones. Hamiltonian dynamics alone, of course, cannot do it. Is Hamiltonian dynamics only an approximation to reality? There is no experimental evidence indicating that, but one finds a hint of the missing Hamiltonian features already in the existence of the classically described macroworld. Hypothetical non-Hamiltonian features corresponding to quantum dynamics are limited by the experimental facts.

Corrections keeping within these limitations can be quite sufficient to prevent the penetration of quantum coherence into the macroworld. The freedom to construct such theories as an alternative to the conventional Hamiltonian theory will exist until all kinds of experiments on macroscopic quantum coherence become available. Usual macroscopic degrees of freedom are presently within the range only of observations for which the interaction with thermal degrees of freedom which introduces fluctuations is sufficient for the quantum coherence to be suppressed (see Sections 3 and 7). The perturbations which follow the usual macroscopic measurements in virtue of the uncertainty principle are imperceptible against the background of thermal fluctuations. And hence there remains a full range for hypotheses on “spontaneous measurements” as yet unknown, which take place permanently and quite independently of human activity. In this case, more or less physical reality can be attributed to “instruments” making these spontaneous measurements; they can be treated as a mathematical abstraction; or, alternatively, they can be identified with the observable classical macroworld as unique reality, interpreting the quantum state as a mathematical abstraction. We know of three such hypotheses.

First, in 1986 Ghirardi, Rimini and Weber[88, 87] advanced a hypothesis on a “spontaneous localization” of particles, i.e. spontaneous measurements of the particle coordinates occurring with a finite accuracy at definite moments to be selected randomly. The results of these spontaneous measurements, “centers of spontaneous localization,” form a discrete set of spacetime points which is nothing but a “history” of the classical world. For a single particle, the spontaneous localizations occur astronomically rarely (and hence usually escape observation); however, the path of a macroscopic body is recorded by dense clusters (“galactic,” as expressed by Bell[16]) of spontaneous localization centers, which form its classical determinacy. This approach is mathematically worked out on the level of “effects” and “operations,” that is a well-known way of a formal description of the quantum/classical relationship [35]. A relativistic field modification, “continuous spontaneous localization,” is investigated[86, 64]. For a solid body intensity of momentum fluctuations which are caused by the “spontaneous localizations” of its particles is connected by a definite universal relation with the intensity of angular-momentum fluctuations of this body (caused by the same point); see [67]. This relation is not satisfied for the thermal fluctuations due to the body’s interactions with the environment.

Secondly, in 1987 Diosi[69] suggested solving the problem of a quantum measurement in common with that of gravitational-field measurability. The question of the limits of the gravitational-field’s measurability and of whether it must in principle be quantized has been discussed for many decades (see, e.g., [32, 206, 197, 233]), but now seems debatable. Diosi maintained that the gravitational field is, in principle, not subject to quantizing, and its interaction with quantized matter affects the state of matter as noise whose intensity corresponds (in the order of magnitude) to the limits of gravitational-field measurability, which can be estimated by thought experiments. Here there is still no study on the level of “effects” and “operations.” Furthermore, only the nonrelativistic mechanics of massive particles has been considered, the order of magnitude of the predicted effects being expressed through the combination of gravitational and Planck constants. In this quantitative determinacy the given hypothesis is advantageously distinguished from that on spontaneous localization introducing new physical constants, yet beyond an experimental determination. Note that Diosi’s fluctuations are qualitatively distinguished from the thermal fluctuations caused by the interaction of a massive particle with the gravitational finite-temperature field.

The third hypothesis historically preceeds the two mentioned above, but was recently rejected as erroneous. The quantum “evaporation” of black holes predicted by Hawking in 1975 leads to the assertion that at finite time some degrees of freedom lose forever any relationship with the world on this side of the event horizon. Thus, our entire world proves to be a nonclosed system, and a pure initial state goes into a mixed final one. Developing the ideas of quantum gravity, Hawking has arrived at the notion of the virtual process of creating and “evaporating” black holes on the Planck spacetime scale. On a not so minute scale this gives rise, according to [102], to non-Hamiltonian dynamics for the quantum fields. This question was discussed, in particular, in [73, 14, 104, 164]. However, one has good reason to reject the conclusion on non-Hamiltonian dynamics, as obtained by an illicit combination of quantum and classical ideas[49, 89, 103] (however, see [237] for an opposing opinion).

It is interesting that the hypothesis on spontaneous localization predicts gas self-heating [88]. This self-heating occurs at a rate ∼ 10^{−22}K/sec for those parameters which were selected by the authors of [88]. Diosi’s gravitational fluctuations also give rise to heating of a body, its rate being ∼ hGk^{−1}_B ρ, where ρ is the density of the body. For instance, when ρ ∼ 10^3kg/m^3, one obtains a rate 10^{−18}K/sec. The corresponding thermal fluctuations are sufficient to suppress the quantum coherence in the macroscopic motion of the body. It is, however, clear that it is extremely difficult to detect so slight a heat release. It is possible that the scattering of starlight on the noncoherent gravitational Diosi’s fluctuations might be a more valuable source of observational limitations.

Will the results presented in Section 1 remain valid if the mentioned hypotheses give rise to some non-Hamiltonian quantum theory, which, say, replace the traditional one? The question is one of the kinematics and dynamics of correlations within the scope of the general principles of quantum theory. A positive answer seems evident for kinematics, since only dynamics is affected by the probable change. However, the formulation of the question in operator terms as in Section 1 is believed to be inadequate for a theory with “spontaneous measurements.” The question must be one of probabilities of “objective events,” and hence of correlations between the results of “spontaneous” (rather than “external”) measurements, and this is concerned with dynamics.

We believe that the answer is positive both in kinematics and dynamics, i.e. that the “spontaneous fluctuation” theories cannot go beyond the scope of the class of behaviors determined by (1.9), and hence do not enable the quantum analogs of Bell’s inequalities to be violated. Indeed: first, each quantum measurement given in the form of “effects” and “operations” can be represented as an indirect one by means of expanding the Hilbert state space by a new tensor factor describing the device (considered here only as mathematical abstraction), as was shown by Kraus[151]. The device initially was in the prescribed pure state. Its interaction with the object is described by the unitary operator in the tensor product. Further, the prescribed ideal measurement is performed on the device. Second, there is the possibility of localizing the mentioned construction by assuming that each small region of spacetime is associated with its own device which is connected in some way to “our” spacetime, interacts with the known fields within a proper small region, and afterwards is disconnected. We do not know a well-developed theory of such a kind, but in [106, 236] some results were obtained. Local devices which attach to, and then detach from, our Universe resemble Hawking’s process (semiclassical rather than virtual). Apparently any spontaneous measurement (or spontaneous fluctuations) theory permits representation via the universal wave function in a definite expanded spacetime, which can have “poor” metric and topological properties. However, as is the conventional Minkowski spacetime, this expanded spacetime is still partially ordered by the chronological relation “earlier/later.” Such a theory cannot go beyond the scope of the class of quantum behaviors.

6 Relationship to the Problem of the Foundations of Statistical Physics

Prominent in the method of obtaining the classical behavior within quantum theory, presented in Sections 4 and 5, was a stat-physical description of the environment of a macroscopic quantum system. It is natural that the question of deducing the stat-physical (“secondary”) description from the purely dynamical (“primary”) one leads to a fundamental problem of theoretical physics, i.e., that of the foundations of statistical physics. Since it is not possible to go into this problem here, we shall limit ourselves to essential results and comments, referring the reader to the literature for more details[191, 152, 239, 240, 201, 141, 137, 138, 135, 133, 129, 125].

Though this problem is often discussed in the context of classical mechanics,^{16} we, judging by the principle of “quantum description presumption,” discuss this problem as embedded in the quantum theory.^{17} This approach originates from a pioneering work of Pauli[191], with further developments particularly in the works of Krylov[152], Van Hove[239, 240], Prigogine et al. (see bibliography in [201]), and one of us (Khalfin)[141, 137, 138, 135, 133, 129, 125]. Specifically, the problem of statistical physics arises among the general problems of the quantum theory is as follows.

Let H be a Hamiltonian operator of a closed conservative dynamical system independent in time. Consider the following nonstationary Cauchy problem:

H|ψ(t)⟩ = ih

∂|ψ(t)⟩ ∂t |ψ_0⟩ = |ψ_{t=0}⟩ ⟨ψ_0|ψ_0⟩ = 1

(6.1)

where the only dependence on time is isolated in the state vector[153]. Let A be the Hermitian operator which defines the problem of the statistical physics of interest, that is, the associated statistical collective (ensemble):

A|ξ_k ⟩ = a_k|ξ_k⟩, ⟨ξ_k|ξ_n⟩ = δ^n_k (6.2)

For simplicity, we will, without loss of generality, consider the operator A with a discrete spectrum. The goal of statistical physics is the description of the set of probabilities {P_k(t)}:

P_k (t) = |p_k(t)|^2

p_k(t) = ⟨ξ_k|ψ(t)⟩ = ⟨ξ_k|e^{−iHt/h}|ψ_0⟩

(6.3)

If the set {P_k(t)} is known, all usual questions of statistical physics can be answered; in particular, {P_k(t → ∞)} will determine an equilibrium distribution. If one could succeed in showing, by solving the corresponding

16The most advanced results for classical billiard systems were obtained in the work of Sinai[221].

17In the context of quantum theory, the primary probability structure of statistical physics does not resemble the hidden deterministic behavior (see Section 1) which is assumed in discussing the problem of the foundations of statistical physics in classical theory.

Cauchy problem (6.1), that the P_k(t) obeyed the balance equations (“master equations,” Chapman-Kolmogorov equations) of a Markov chain

dP_k(t) dt = ∑ n [P_n(t)W_{nk} − P_k (t)W_{kn}] (6.4)

where W_{nk} (W_{kn}) are the probabilities of the transitions n → k, (k → n) in unit time, which satisfy the condition of dynamical reversibility W_{nk} = W_{kn} and are positive, the problem of the foundation of statistical physics would be solved once and for all. As proven in probability theory[45], all basic predictions of axiomatic statistical physics are valid for such Markovian chains (processes) (irreversible entropy-increasing tending to the equilibrium state at t → ∞, ergodicity, intermixing, exponential decreasing of correlations at t → ∞, the standard description of the equilibrium distributions, and so on). A positive solution of the problem of the foundations of statistical physics would be an important contribution, in that statistical physics correctly describes an immense number of different physical phenomena—from thermodynamics and hydrodynamics to the kinetics of chemical reactions, processes of self-organization, and so on. Such a solution can only take place with definite limitations on the operators H, A and the initial vector |ψ_0⟩. At first sight, the problem of obtaining irreversible behavior from the quantum time-reversible theory appears to be a basic impediment to obtaining the predictions of statistical physics. However, we recall that methods are already available to describe the time-irreversible decay of unstable states (elementary particles, nuclei, atoms and so on) in the scope of time-reversible quantum theory.

This analogy with the quantum decay theory underlies the approach to the problem of foundations of statistical physics in the works of one of us (Khalfin)[141, 137, 138, 135, 133, 129, 125]. The fact is that there exist solutions behaving irreversibly among the nonstationary solutions of the Cauchy problem for a time-reversible Schrödinger equation (6.1), i.e., there is a possible spontaneous violation of reversibility (t-invariance) in quantum theory. We have

p(t) = ⟨ψ_0|ψ(t)⟩ = ⟨ψ_0|e^{−iHt/h}|ψ_0⟩ = ∑ k |c_k|^2e^{−iEk t/h} + ∫ Spec(H)

|c(E)|^2e^{−iEt/h} dE

H|ϕ_k⟩ = E_k|ϕ_k ⟩, ⟨ϕ_k|ϕ_i⟩ = δ^i_k H|ϕ_E ⟩ = E|ϕ_E ⟩, ⟨ϕ_E′ |ϕ_E ⟩ = δ(E^′ − E) |c_k| = |⟨ϕ_k |ψ_0⟩| = |⟨ϕ_k |ψ(t)⟩| |c(E)| = ⟨ϕ_E |ψ_0⟩| = |⟨ϕ_E |ψ(t)⟩|

(6.5) on the basis of the fundamental Fock-Krylov Theorem[153]. In order to have solutions |ψ(t)⟩ that behave irreversibly, i.e., such that lim_{t→∞} |p(t)| = lim_{t→∞} |⟨ψ_0|ψ(t)⟩| = 0 (6.6)

it is necessary and sufficient[153], as follows from (6.5), that: (a) the operator H should have an absolutely continuous spectrum, and (b) the initial vector |ψ_0⟩ (and hence |ψ(t)⟩) should have no weight (c_k = 0 for all k) on the discrete spectrum. In this case, it follows from (6.5) that

p(t) = ∫ Spec(H)

|c(E)|^2e^{−iEt/h} dE (6.7)

where ω(E) ≡ |c(E)|^2 is the density of the energy distribution (invariant of the motion) for the nonstationary quantum system considered. But if some c_k ≠ 0, then there follows at once from (6.5) a quantum analog of Poincaré’s recurrence theorem. If, as is usually done, a quantummechanical system of a finite number of particles interacting through some potential in a finite volume is considered as a physical system of statistical physics, then condition (a) above is evidently violated, and there exist no solutions that behave irreversibly because of the quantum analog of the Poincaré’s recurrence theorem. However, such a quantum mechanical potential model is obviously approximate from the point of view of quantum field theory, and there exist solutions behaving irreversibly if we give up this approximation. The operator A can be used for a finite number of particles in a finite volume, which particles determine a statistical mechanical ensemble. However, the interactions of particles with each other and with the walls of the volume V are given through the interaction of the fields given in a infinite space, the quanta of which are not introduced into the description of the operator A, but which are important for the operator H. If we take into account the quantum field which gives an absolutely continuous spectrum to the operator H, we obtain, according to (6.6), the irreversibly behaving solutions which solve the problem of irreversibility. However, to choose such irreversible solutions which correspond to the problems of statistical physics, one must select definite initial vectors in accord with the operators H and A. The subsequent presentation is essentially concerned with taking into account the spectral principle of the quantum theory, i.e., the assumption of the boundedness from below of the spectrum. Taking, without loss of generality, the vacuum state energy to be zero, one obtains

p(t) =

∫_∞ 0 ω(E)e^{−iEt} dE

p_k(t) =

∫_∞ 0 c^∗(E)α_k (E)e^{−iEt} dE

α_k(E) = ⟨ϕ(E)|ξ_k ⟩

(6.8)

As shown in [141, 144, 142], the condition of spectrality leads to analytical properties of the amplitudes p(t), p_k(t) in the complex-t half-plane, from which follows a violation of the Markovian property, because p(t), p_k(t) have nonexponential terms[141, 144, 143, 142] which are irremovable for any initial vector |ψ_0⟩. This implies the nonexistence of transition probabilities per unit time which are independent of time, i.e., it implies a nonhomogeneity in time. Nonexponential terms, as shown in [141, 144, 143, 142], are analytic functions in the complex-t right half-plane Re(t) > 0. Therefore, they are nonzero in any time interval. However, they are important (larger than the exponential Markovian type terms) only for very small or very large times, and are unimportant for “intermediate” times. For example, let we choose definite interrelated choice^{18} of H, A such that[141, 129]

⟨ϕ_E′ |Aϕ_E ⟩ = b(E^′)δ(E^′ − E) + g(E^′, E)

c(E) ≈ (E − E_0 − iΓ)^{−1}

(6.9)

where b(E^′), g(E^′, E) are sufficiently smooth functions of their arguments. For such a choice, the main (exponential) term in p_k(t) gives rise to the Markovian features, and hence to the description according to the axioms of statistical physics, so that Eqs. (6.4) are satisfied. At the same time, the nonexponential terms (principally irremovable) lead to differences, in the domain of quantum theory, from the predictions of the usual axiomatic statistical physics: violation of Markovian properties, “infinite” memory, violation of ergodicity, intermixing, nonexponential decrease of the correlation functions, deviation of the equilibrium distributions from the standard ones (the dependence on the relaxation time), and so on. In this case, the influence of the nonexponential terms proves to be non-uniform for various effects.

Now, the problem of the foundations of statistical physics in the domain of quantum theory received, contrary to widespread expectations, a negative solution. Generally speaking, the predictions of the usual axiomatic statistical physics do not follow from the quantum theory. However, for conventional physical systems, the basic predictions of the usual axiomatic statistical physics give a very good approximation for the “intermediate” times usually considered. Thus, the nonexponential (nonstatistical-physical) terms have the order o(N^{−2}) (where N is the num-

18The conditions thus formulated in the spectral language do not explicitly depend on the number of particles, which makes difficult their testing for real systems. On the other hand, these conditions can be fulfilled for some systems having a small number of particles which behave for moderate times in accordance with the usual axioms of the statistical physics.

ber of particles) for a sufficiently weak interaction responsible for the nonequilibrium properties (instability). Therefore, for systems with a sufficiently great number of particles, the basic predictions of statistical physics are fulfilled to a tremendous—practically infinite—accuracy. At the same time, the difference between the predictions of the quantum theory and those of statistical physics can be important for some “delicate,” “deep” problems. These differences have already been observed experimentally[75]; for example, the corresponding velocity correlation functions decrease nonexponentially in spite of a perfectly well fulfilled diffusion law (Einstein law for a Brownian particle).

The well-known works of Van Hove, Prigogine, and others dealt with the quantum-mechanical potential model, so that the irreversibility was accomplished at the expense of taking the thermodynamic limit

N → ∞, V → ∞, N /V = const,

and the equations of Markovian type (6.4) were deduced by selecting definite U, H = H_0 + U, A = H_0, [H_0, U] ≠ 0 and |ψ_0⟩ in the additional two-dimensional limit

λ → 0, t → ∞, λ^2t = const

This additional limit makes H = H_0 +λU explicitly depend on time (since λ = λ(t)), which is unsatisfactory from the point of view of first principles. It was shown (in [141, 137, 138, 135, 133, 129, 125]) that all nonexponential (“nonstatistical-physical”) terms in this limit vanish, which explains how one obtains the Markovian “master equation” in [239, 240, 201].

7 Experimental Tests of the Universal Validity of the Quantum Theory

It was shown in the preceding sections that the classical Bell inequalities and their quantum analogs permit the immediate comparison of various physical theories, or to be precise, of the fundamental principles of these theories. This makes it possible to compare such qualitatively different concepts as the classical (including a hidden deterministic one in terms of Section 1) and the quantum concepts of the physical world.

The classical Bell inequalities, as is well known, evolved from discussions of thought experiments (now real experiments[47, 8, 9, 10, 198]) on observing quantum correlations at macroscopic distances, originally presented in the famous Einstein, Podolsky, and Rosen (EPR) paper[70]. In the EPR work, coordinate-momentum observables^{19} (with continuous spectrum) were used for the correlation experiments. On the other hand, Bell’s inequalities in Bell’s pioneering work[22] are related to the spin (with discrete spectrum) version of the EPR experiment, which was proposed by Bohm[25, item 22.16]. Recall that the spin experiment enables us to select the correlation functions in such a way[47] that the quantum theory predicts the extremal value equal to 2 √ 2. This makes the experiment a distinguished one insofar as the difference in the predictions of the classical and the quantum theories cannot be larger in any other correlation experiment. As shown in Section 1, the quantum analogs of Bell’s inequalities are limited by the same extremal value 2 √ 2; therefore, the spin experiment can be also regarded as testing the quantum analogs of Bell’s inequalities. Among the real experiments for testing Bell’s inequalities (for more information on these experiments see [8, 9, 10]) the most accurate are equivalent to “Bohm spin” experiments using the polarized photons in the cascade decay of excited atomic levels. Of course the real experiments are accompanied by some technical (less than 100% efficiency of the photodetectors, and so on) and non-technical problems (see [7, 112], and [180, 181, 83, 182, 111, 190]). For those reasons, such experiments are not quite “pure” from the theoretical point of view. In any case, the undoubted violation of the classical Bell inequalities (or Bell-CHSH inequalities) and the confirmation of the quantum mechanical predictions in the experiments[8, 9, 10, 188, 219], in spite of their nonideality, can be considered as the unconditional death of all admissible alternatives (the local theories with a hidden parameters) which Einstein had sought.

The quantum analogs of Bell’s inequalities, which were first derived in [51], are model-independent predictions from the first principles of the quantum theory, of the same generality as the classical Bell inequalities for the classical theory. Therefore, the experimental testing of the quantum analogs of Bell’s inequalities is as necessary in the new area of higher energies and for new classes of physical objects (and not only for new elementary particles) as the experimental testing of other fundamental

19The correlation experiments are discussed from the point of view of the corresponding Bell inequalities with the use of the original EPR formulation through the coordinate-momentum observables in recent works[147, 113, 43, 18, 93].

predictions of the theory, such as the famous conservation laws. It is important to note that the quantum analogs of Bell’s inequalities are nontrivial, because, as was shown in Section 1, these inequalities (and all the more so the classical Bell inequalities) can be violated for the class of the stochastic behavior.

As mentioned above, it follows that the experimental testing of the classical Bell inequalities for the extremal spin version will be also tested at the same time as the quantum analogs of Bell’s inequalities. But real experiments with polarized photons in the decay cascade of atomic levels [8, 9, 10], and also experiments like [188, 219], are unlikely to be of interest from this point of view. It is difficult to believe that the validity of the quantum concept would be violated in investigations of low-energy photons in the decay of the exciting atomic levels.

Experiments with K^∘-K̄^∘, D^∘-D̄^∘, and B^∘-B̄^∘ mesons, and with their possible future analogs for the extremal energies of existing accelerators and for higher energies in the future (like the SSC accelerator) are of evident interest. From this point of view, experiments with these mesons for testing classical Bell inequalities were discussed in [165, 222, 217, 134, 55]. In [134], such experiments were discussed from the point of view of the quantum analogs of Bell’s inequalities. Specifically, the experiments with storage rings like e^+e^− → ϕ → K^0K̄^0, e^+e^− → ψ(3700) → D^0D̄^0, e^−e^+ → γ(4s) → B^0B̄^0 in the meson factories were discussed. For the description of the time evolution of K^0-K̄^0, D^0-D̄^0, B^0-B̄^0 mesons, in order to take into account the CP-violation it is necessary to use a theory[140, 139, 136, 132, 130, 126, 127, 123] beyond the Weisskopf-Wigner approximation, as in the usual theoretical consideration[166].

The experimental investigations of macroscopic quantum effects were induced by theoretical works of Leggett et al.[36, 37, 38, 170, 171], in which were discussed both the possible experiments on macroscopic quantum tunneling (MQT) and macroscopic quantum coherence (MQC). MQT effects for the macroscopic degree of freedom—the phase-order parameter in the Josephson transition—were experimentally investigated (see [183, 90] and other works mentioned in [90]). The results of these experiments for sufficiently low temperatures are well explained by the corresponding MQT effects. But, as was noticed by the authors of those works, such experimental results are not unconditional proof of the existence of MQT effects, because it is possible, in principle, to find another explanation due to some other effects, which are not taken into account in the usual theoretical consideration. One such possibility was discussed in recent work[225]. In connection with this, it will be very interesting to repeat the experiments of [90] (and the analogous experiments of other works mentioned in [90]) but with the new high-temperature superconductors.

In fact, if the results of the experiments of the type of [90], but with high-temperature superconductors, are the same as for the ordinary (lowtemperature) superconductors, it will strongly suggest that the previously observed effects[90] are not real macroscopic quantum effects (MQT), but are some new specific effects of the type investigated in [225]. This statement follows from the fact that real macroscopic quantum effects are possible only for sufficiently low temperature and cannot exist for the high temperatures which characterize modern high-temperature superconductivity. At the same time, if these effects are not observed, it will mean that the previously observed effects are real macroscopic quantum effects (MQT).

It is also necessary to mention that theoretical results which were derived in [36, 37, 38, 170, 171] and in many subsequent studies (cf. [170]) and which describe MQT effects, are based on using the Euclidean approach (Langer-Polyakov-Coleman instanton method[163, 199, 39, 50]) in the evaluation of the corresponding path integrals. But as was recently proven ([131, 128, 124]) by one of us (Khalfin), unfortunately this method is in the best case without proof, and for some of the more interesting cases (like the asymmetrical potential with two walls) false.

Real experiments on MQC up to now have not been performed. Now we discuss possible experiments connected with macroscopic quantum effects which follow from the theoretical considerations in Sections 3 and 4 and which do not have the defects mentioned in connection with other macroscopic effects (see above). If the time of the classical factorization τ_f is sufficiently small, then the commonly investigated “intermediate” times t are bigger than τ_f —and for this reason the exact classical description of the dynamics of the corresponding physical systems will be true. But if τ_f is sufficiently large then the usual “intermediate” times will be less than τ_f , and this gives the possibility of seeing macroscopic quantum effects in the time evolution of the corresponding physical systems. It is essential that the time of the classical factorization was defined not only by the parameters of the considered physical system but also by the parameters of the environment (temperature, friction force, pressure of the gas, and so on). By choosing various values of these environment parameters for the same physical system, it will be possible to arrange that the corresponding time of the classical factorization will be small so that the dynamics will be exactly classical and macroscopic quantum effects cannot be present under these conditions. For a different set of environmental parameters the time of classical factorization will be large and then macroscopic quantum effects will be observable in the dynamics. We shall give only one concrete example, without going into technical details (see [146]).

Let us investigate a solid body with linear dimension l, immersed in a rarefied gas at temperature T and in thermal electromagnetic radiation with the same temperature. The intensity of the fluctuation noise for the translational degrees of freedom can be estimated by the formula

λ^2 ∼ l^2[ρm^{− 12}_0 (k_B T )^{3/2} + ch^2l^{−9}_{therm} min(l^4, l^4_{therm})] (7.1)

where ρ is the density of the gas, m_0 the mass of the gas molecules, l_{therm} ∼ ch/k_B T the characteristic wavelength of the thermal radiation, and λ the value which was introduced in (4.1). Formula (7.1) is derivable by direct calculation[119] and also via the fluctuation-dissipation relations[146]. If we know λ, it is possible to define τ_{fluc} [see (4.2)], which is closely connected with τ_f [see (4.29)]. For a body of size ∼1 cm and mass ∼1 g, within a rarefied gas with density ∼ 10^{−26} kg/m^3 and temperature ∼1 K and thermal radiation at the same temperature as was derived in [146], the estimate τ_{fluc} ∼ 10^6 sec clearly gives a macroscopic time! For the rotational degrees of freedom the dissipation can be even smaller. But the translation degrees of freedom, in contrast to the rotational degrees of freedom, are easy to use for the construction of nontrivial dynamical systems with small dissipation by using the Coulomb interaction. In this case new sources of dissipation play a role: variable deformations lead to nonuniform heating, thermal exchange, and so on. The estimates of these effects, which were derived by us[146] for a sapphire crystal starting from experimental data[30], gave τ_{fluc} ∼ 10^5 sec when the Hamiltonian dynamics associated with Coulomb interaction was characterized by the time τ_{mech} ∼ 1 sec. In light of the results of Section 4 [see (4.34)], this presents the possibility of a dynamical origin of quantum correlations between crystals. In [146] we do not estimate the Ohmic dissipation which follows from the nonzero sapphire conductivity. In reality these losses are as important as the corresponding electromagnetic forces of Nyquist noise, which cause fluctuations of the electromagnetic field in the near zone around a crystal. However, these losses could be isolated by a thin metal casing (cover) around each crystal.

Thus, if we are very careful, so as to practically realize the isolation of collective degrees of freedom from the thermal ones, quantum correlations can appear dynamically due to the mechanical motion of macroscopic bodies and as a result of macroscopic interactions, and they can exist for a macroscopically long time. In this way macroscopic quantum effects become possible. An experimental observation of these effects would allow us to disprove alternative variants of the quantum theory that have been considered in Section 5.

The experimental observations of macroscopic quantum effects could essentially change and add to our notion (and understanding) of the surrounding macroscopical phenomena, which up to now we have described (and understood) as purely classical phenomena. Likewise, modern biology (biochemistry, biophysics) and computer logic have been based on classical ideas (even quantum computers of the type of [76] entirely realize a classical logic). The results of quantum theory are used there only in an auxiliary role, that is, for calculation of the corresponding classical parameters. The observation of real macroscopic quantum effects could make possible quite new applications (for example, a new logic of pure quantum computers), and also the understanding, within the quantum theory, of the strange problems of biology, for which wholeness (indivisibility) is so typical—as well as for specific quantum phenomena. Moreover, such macroscopic quantum effects may be the consequences of very deep microscopic quantum phenomena, which are connected with the physics of elementary particles.

8 Conclusions

We have made the next attempt of reconstructing classical reality as a superstructure over quantum dynamics. The difference from early works [185, 74, 244, 52, 107] is the use of dissipation, which is typical of works of the last decade [168, 36, 263, 245, 65]. The newness of our way of posing the question is the use of ideas originating in Bell’s inequality. The newness of our results is a sharp boundary for the domain of existence of classical reality. Besides this, we endeavor to give forerunners their due, and stimulate further investigations by way of elucidating the context.

It would be worth achieving a better understanding of what collective and thermal degrees of freedom are, and what dissipation is. Usually one begins with two individual systems, one (mechanical) having few degrees of freedom, the other being a reservoir (heat bath), and then introduce an interaction between them, resulting in dissipation. In so doing, some degrees of freedom of the reservoir “dress” the given “bare” mechanical degrees of freedom, forming collective ones. It would be worthwhile to be able to find collective degrees of freedom in a given whole system. Note that in reality each collective degree of freedom involves all fields (including gravitation). In this respect the “collective approach” is opposed to the “electromagnetic approach” [226] as well as the “gravitation approach” [69].

Why we do not expect the notion of classical reality to admit the only true, short, exact and clear definition, even in principle, was explained in Section 3. It may well be true for the notion of collective degrees of freedom, as well.

Though we proclaim, in principle, that the quantum dynamics is taken as it is, without any approximation, in practice, we apply an approximation, taking the relaxation time of the thermal environment as infinitesimal, and hence the evolution of the mechanical system as Markovian. Of course, this is a drawback. We think that it will be possible to generalize our approach to a non-Markovian case, but the proposed mathematical technique will need a re-making.

Acknowledgments

We are very much obliged to Bell, Ghirardi, Hawking, Joos, Landau, Margolus, Peres, Rimini, Stapp, Weber, Wheeler, Zeh, and Zurek for sending their papers before publication. Some results included in this article were reported, on Ya. B. Zeldovich’s invitation, at a seminar of the theoretical department of the Physical Problems Institute in Fall 1987. We are very thankful to the seminar members for their careful and interesting discussions. The attention and support of Ya. B. Zeldovich were very important, and we acknowledge Ya. B. Zeldovich and L. P. Pitaevsky for actively supporting the idea of writing this article. We are also grateful to M. F. Bryzhina for translating the initial version of the paper from Russian.

One of us (Khalfin) would like to express thanks to J. A. Wheeler and W. H. Zurek for the invitation to the workshop “Complexity, Entropy, and the Physics of Information” (Santa Fe, New Mexico, May 29–June 3, 1989) where some results of our work were presented[122]; to T. Toffoli for the invitation to MIT, where this work was prepared in its preprint version[145]; and to his student, M. Biafore, for proofreading the English version and typesetting the mathematics in the LATEX typesetting language.

This work was supported in part by the National Science Foundation (Grant 8214312-IST).

References

[1] “Invited papers dedicated to John Stewart Bell,” Found. Phys. 20:10 (1990)–

21:3 (1991).

[2] “Josephson Junction, Macroscopic Quantum Tunneling, Network,” Japan J.

Appl. Phys. 26, Suppl. 3 (1987), 1378–1429.

[3] Agarval, G. S., “Brownian motion of a quantum oscillator,” Phys. Rev. A 4:2 (1971), 739–747.

[4] Albert, David, “On quantum-mechanical automata,” Phys. Lett. A 98:5,6 (1983), 249–252.

[5] Ambegaokar, Vinay, Ulrich Eckern, and Gerd Schon, “Quantum dynamics of tunneling between superconductors,” Phys. Rev. Lett. 48:25 (1982), 1745–1748.

938 Khalfin and Tsirelson

[6] Araki, Huzihiro, “A remark on Machida-Namiki theory of measurement,” Prog.

Theor. Phys. 64:3 (Sept. 1980), 719–730.

[7] Aspect, Alain, “Experimental tests of Bell’s inequalities in atomic physics,” Atomic Physics (ed. I. Lindgren et al.), 8 (1983), Plenum Press, 103–128.

[8] Aspect, Alain, Phillipe Grangier, and Gerard Roger, “Experimental tests of realistic local theories via Bell’s theorem,” Phys. Rev. Lett. 47:7 (1981), 460–463; “Experimental realization of Einstein-Podolsky-Rosen-Bohm Gedankenexperiment: A new violation of Bell’s inequalities,” 49:2 (July 1982), 91–94.

[9] Aspect, Alain, J. Dalibard, and G. Roger, “Experimental test of Bell’s inequalities using time-varying analysers,” Phys. Rev. Lett. 49:25 (Dec. 1982), 1804– 1807.

[10] Aspect, Alain, and P. Grangier, “About resonant scattering and the other hypothetical effects in the Orsay atomic-cascade experiment tests of Bell inequalities: A discussion and some new experimental data,” Lett. Nuovo Cimento 43:8 (Aug. 1985), 345–348.

[11] Baez, John, “Bell’s inequality for C^∗-algebras,” Lett. Math. Phys. 13:2 (1987), 135–136.

[12] Ballentine, L., “Limitations of the projection postulate,” Found. Phys. 20:11 (1990), 1329–1343.

[13] Ballentine, L., “The statistical interpretation of quantum mechanics,” Rev. Mod.

Phys. 42:4 (Oct. 1970), 358–381.

[14] Banks, Thomas, Leonard Susskind, and Michael Peskin, “Difficulties for the evolution of pure states into mixed states,” Nucl. Phys. B 244:1 (1984), 125– 134.

[15] Baumann, K., “Quantenmechanik und Objektivierbarkeit,” Z. Naturforsch. A 25 (1970), 1954–1956.

[16] Bell, John, “Are there quantum jumps?” in Speakable and Unspeakable in Quantum Mechanics, Cambridge Univ. Press (1987), 201–212.

[17] Bell, John, “Introductory Remarks,” Phys. Rep. 137:1 (1986), 7–9. “Quantum field theory without observers,” Phys. Rep. 137:1 (1986), 49–54.

[18] Bell, John, “EPR correlations and EPW distributions,” [92, p. 263–266]. [19] Bell, John, “On wave packet reduction in the Coleman-Hepp model,” Helv.

Phys. Acta 48:1 (1975),93–98.

[20] Bell, John, “Introduction to the hidden-variable question,” [59, p. 171–181]. [21] Bell, John, “On the problem of hidden variables in quantum mechanics,” Rev.

Mod. Phys. 38:3 (July 1966), 447–452.

[22] Bell, John, “On the Einstein-Podolsky-Rosen paradox,” Physics 1:3 (1964), 195–200.

[23] Bell, John, A. Shimony, M. Horne, and J. Clauser, “An exchange on local beables,” Dialectica 39:2 (1985), 85–110.

[24] Berezin, F., and M. Shubin, The Schrödinger equation, Moscow University Publ.

(1983) (in Russian).

[25] Bohm, David, Quantum theory, Prentice-Hall (1952).

[26] Bohm, David, “A suggested interpretation of the quantum theory in terms of “hidden” variables. I.,” Phys. Rev. 85:2(1952), 166–179; and “A suggested interpretation of the quantum theory in terms of “hidden” variables. II.,” Phys. Rev. 85:2(1952), 180–193.

[27] Bohm, David, B. Hiley, and P. Kaloyerou, “An ontological basis for the quantum theory,” Phys. Rep. 144:6 (Jan. 1987), 321–375.

[28] Bohm, David, and J. Bub, “A proposed solution of the measurement problem in quantum mechanics by a hidden variable theory,” Rev. Mod. Phys. 38:3 (July 1966), 453–469.

[29] Bohr, Niels, “The quantum postulate and the recent developement of atomic theory,” Nature (London) 121 (Apr. 1928), 580–590.

Quantum and Classical Bell-Type Inequalities 939

[30] Braginsky, V., V. Mitrofanov, and V. Panov, Systems with small dissipation, Nauka (1981) (in Russian).

[31] Brans, C., “Bell’s theorem does not eleminate fully casual hidden variables”, Int. J. Theor. Phys. 27:2 (1988), 219–226.

[32] Bronstein, M., “Quantization of gravitational waves,” Zh. Eksp. Teor. Fiz. 6:3 (1936), 195–236 (in Russian) [33] Brout, R., G. Horwitz, and D. Weil, “On the onset of time and temperature in cosmology,” Phys. Lett. B 192:3,4 (July 1987), 318–322.

[34] Bub, J., “The Daneri-Loinger-Prosperi quantum theory of measurement,” Nuovo Cimento B 57:2 (1968), 503–520.

[35] Busch, Paul, Marian Grabowski, and Pekka Lahti, “Some remarks on effects, operations, and unsharp measurements,” Found. Phys. 2:4 (1989), 331–345.

[36] Caldeira, A., and A. Leggett, “Quantum tunneling in a dissipative system,” Ann. Phys.(NY) 149:2 (1983), 374–456.

[37] Caldeira, A., and A. Leggett, “Influence of dissipation on quantum tunneling in macroscopic systems,” Phys. Rev. Lett. 46:4 (Jan. 1981), 211–214.

[38] Caldeira, A., and A. Leggett, “Influence of damping on quantum interference:

An exactly soluble model,” Phys. Rev. A 31:2 (Feb. 1985), 1059–1066. [39] Callan, Curtis, and Sidney Coleman, “Fate of the false vacuum. II. First quantum corrections,” Phys. Rev. D 16:6(1977), 1762–1768.

[40] Callen, Herbert, and Theodore Welton, “Irreversibility and generalized noise,” Phys. Rev. 83:1 (July 1951), 34–40.

[41] Caves, Carlton, and G. J. Milburn, “Quantum mechanical model for continuous position measurements,” Phys. Rev. A 36:12 (Dec. 1987), 5543–5555.

[42] Caves, Carlton, “Quantum mechanics of measurements distributed in time. II.

Connections among formulations,” Phys. Rev. D 35:6 (Mar. 1987), 1815–1830. [43] Cetto, A., L. de la Pena, and E. Santos, “A Bell inequality involving position, momemtum, and energy,” Phys. Lett. A 113:6 (1985), 304–306.

[44] Chakravarty, Sudip, and Anthony Leggett, “Dynamics of the two-state system with Ohmic dissipation,” Phys. Rev. Lett. 52:1 (Jan. 1984), 5–8.

[45] Chung, Kai Lai, Markov chains with stationary transition probabilities, Springer-Verlag (1967).

[46] Clarke, Christopher, “Uncertain cosmology,” [200, p. 51–60]. [47] Clauser, John F., and Abner Shimony, “Bell’s theorem: experimental tests and implications,” Rep. Prog. Phys. 41:12 (1978), 1881–1927.

[48] Clauser, J., M. Horne, A. Shimony, and R. Holt, “Proposed experiment to test local hidden-variable theories,” Phys. Rev. Lett. 23:15 (1969), 880–884.

[49] Coleman, Sidney, “Black holes as red herrings: topological fluctuations and the loss of quantum coherence,” Nucl. Phys. B 307 (1988), 867–882.

[50] Coleman, Sidney, “The use of instantons question,” The Whys of Subnuclear Physics (ed. A. Zichichi), Plenum Press (1979), 805–916.

[51] Cirel’son, B. S., “Quantum generalizations of Bell’s inequality,” Lett. Math.

Phys. 4:2 (1980), 93–100.

[52] Daneri, A., A. Loinger, and G. Prosperi, “Quantum theory of measurement and ergodicity conditions,” Nucl. Phys. 33 (1962), 297–319.

[53] Daneri, A., A. Loinger, and G. Prosperi, “Further remarks on the relations between statistical mechanics and quantum theory of measurement,” Nuovo Cimento B 44:1 (1966), 119–128.

[54] Danin, D., Probabilistic world, Znanie, Moscow (1981) (in Russian). [55] Datta, Amitava and Dipankar Home, “Quantum nonseparability versus local realism: a new test using B^0B̄^0 system,” Phys. Lett. A 119:1 (Nov. 1986), 3–6.

[56] Davies, E., “Quantum stochastic processes,” Commun. Math. Phys. 15:4 (1969), 277–304; “Quantum stochastic processes. II,” 19:2 (1970), 83–105; and “Quantum stochastic processes. III,” 22:1 (1971), 51–70.

940 Khalfin and Tsirelson

[57] Davies, E., and J. Lewis, “An operational approach to quantum probability,” Commun. Math. Phys. 17:3 (1970), 239–260.

[58] D’Espagnat, Bernard, “Towards a separable ‘empirical reality’ ?” Found. Phys.

20:10 (1990), 1147–1172.

[59] D’Espagnat, Bernard (ed.), “Foundations of quantum mechanics,” Proc. Int.

School of Phys. Enrico Fermi, Course 49, Academic Press (1971). [60] De Baere, W., “Einstein-Podolsky-Rosen paradox and Bell’s inequalities,” Adv.

Electronics and Electron Phys. 68 (1986), 245–336.

[61] Deutsch, David, “Quantum theory as a universal physical theory,” Int. J. Theor.

Phys., 24:1 (1985), 1–41.

[62] Deutsch, D., “Quantum theory, the Church-Turing principle and the universal quantum computer,” Proc. R. Soc. Lond. A 400 (1985), 97–117.

[63] DeWitt, Bryce, et al. (ed.), The many-worlds interpretation of quantum mechanics, Princeton Univ. Press (1973).

[64] Diosi, Lajos, “Relativistic theory for continuous measurement of quantum field,” Phys. Rev. A 42:9 (1990), 5086–5092.

[65] Diosi, Lajos, “Continuous quantum measurement and Ito formalism,” Phys.

Lett. A 129:8,9 (June 1988), 419–423.

[66] Diosi, Lajos, “Quantum stochastic processes as models for the state vector reduction,” J. Phys. A. 21:13 (1988), 2885–2898.

[67] Diosi, Lajos, “On the motion of solids in modified quantum mechanics,” Europhys. Lett. 6:4 (June 1988), 285–290.

[68] Diosi, Lajos, “Exact solution for particle trajectories in modified quantum mechanics,” Phys. Lett. A 122:5 (June 1987), 221–225.

[69] Diosi, Lajos, “A universal master equation for the gravitational violation of quantum mechanics,” Phys. Lett. A 120:8 (Mar. 1987), 377–381.

[70] Einstein, Albert, Boris Podolsky, and Nathan Rosen, “Can quantum-mechanical description of physical reality be considered complete?” Phys. Rev. 47 (May 1935), 777–780.

[71] Einstein, Albert, “Quanten-Mechanik und Wirklichkeit,” Dialectica, 2 (1948), 320–323.

[72] Einstein, Albert, “Remarks concerning the essays brought together in this cooperative volume,” Albert Einstein, philosopher-scientist (ed. P. A. Schillp), Harper and Row 7 (1949), 665–688.

[73] Ellis, J., J. Hagelin, D. Nanopoulos, and M. Srednicki, “Search for violations of quantum mechanics,” Nucl. Phys. B 241:2 (1984), 381–405.

[74] Everett, Hugh, “ ‘Relative state’ formulation of quantum mechanics,” Rev. Mod.

Phys. 29:3 (July 1957), 454–462.

[75] Fedele, Paul, and Yong Kim, “Direct measurement of the velocity autocorrelation function for a Brownian test particle,” Phys. Rev. Lett. 44:11 (1980), 691–694.

[76] Feynman, Richard, “Quantum mechanical computers,” Found. Phys. 16 (1986), 507–531.

[77] Fishburn, P. C., and J. A. Reeds, “Bell inequalities, Grothendieck’s constant and root two,” to appear (1991).

[78] Froissart, M., “Constructive generalization of Bell’s inequalities,” Nuovo Cimento B 64:2 (Aug. 1981), 241–251.

[79] Furry, W., “Note on the quantum-mechanical theory of measurement,” Phys.

Rev. 49:5 (Mar. 1936), 393–399.

[80] Gardiner, C., and M. Collett, “Input and output in damped quantum systems:

Quantum stochastic differential equations and the master equation,” Phys. Rev. A 31:6 (June 1985), 3761–3774.

[81] Gardiner, C., A. Parkins, and M. Collett “Input and output in damped quantum systems. II. Methods in non-white-noise situations and application to inhibition of atomic phase decays,” [246, p. 1683–1699].

Quantum and Classical Bell-Type Inequalities 941

[82] Garg, Anupam, and N. David Mermin, “Farkas’s lemma and the nature of reality: statistical implications of quantum correlations,” Found. Phys. 14:1 (1984), 1–39.

[83] Garuccio, A., and F. Selleri, “Enhanced photon detection in EPR type experiments,” Phys. Lett. A 103:3 (1984), 99–103.

[84] Garuccio, A., and F. Selleri, “Systematic derivation of all the inequalities of Einstein locality,” Found. Phys. 10:3/4 (1980), 209–216.

[85] Gefen, Yuval, and Ora Entin-Wohlman, “Noise spectrum and the fluctuationdissipation theorem in mesoscopic rings,” Ann. Phys. (NY) 206:1 (1991), 68–89.

[86] Ghirardi, G. C., R. Grossi, and P. Pearle, “Relativistic dynamical reduction models: general framework and examples,” Found. Phys. 20:11 (1990), 1271– 1316.

[87] Ghirardi, G., A. Rimini, and T. Weber, “The puzzling entanglement of Schrödinger’s wave function,” Found. Phys. 18:1 (1988), 1–27.

[88] Ghirardi, G., A. Rimini, and T. Weber, “Unified dynamics for microscopic and macroscopic systems,” Phys. Rev. D 34:2 (July 1986), 470–491.

[89] Giddings, S., and A. Strominger, “Loss of incoherence and determination of coupling constants in quantum gravity,” Nucl. Phys. B 307 (1988), 854–866.

[90] Giordano, N., “Evidence for macroscopic quantum tunneling in one-dimensional superconductors,” Phys. Rev. Lett. 61:18 (Oct. 1988), 2137–2140.

[91] Glauber, R., “Amplifiers, attenuators, and Schrödinger’s cat,” [92, p. 336–372].

[92] Greenberger, Daniel (ed.), Proc. of a conference on “New Techniques and Ideas in Quantum Measurement Theory,” Ann. N. Y. Acad. Sci. 480 (1986).

[93] Greenberger, Daniel M., Michael A. Horne, Abner Shimony, and Anton Zeilinger, “Bell’s theorem without inequalities,” Am. J. Phys. 58:12 (1990), 1131–1143.

[94] Greenberger, Daniel M., and Alaine YaSin, “ ‘Haunted’ measurements in quantum theory,” Found. Phys. 19:6 (1989), 679–704.

[95] Grib, A., “Bell’s inequalities and experimental testing of quantum correlations on macroscopic distances,” Usp. Fiz. Nauk 142:4 (1984), 619–634 (in Russian).

[96] Guinea,F., V. Hakim, and A. Muramatsu, “Diffusion and localization of a particle in a periodic potential coupled to a dissipative environment,” Phys. Rev. Lett. 54:4 (1985), 263–266.

[97] Guinea, F., “Friction and particle-hole pairs,” Phys. Rev. Lett. 53:13 (Sept.

1984), 1268–1271.

[98] Guth, Alan, and So-Young Pi, “Quantum mechanics of the scalar field in the new inflationary Universe,” Phys. Rev. D 32:8 (Oct. 1985), 1899–1920.

[99] Haag, Rudolf, and Daniel Kastler, “An algebraic approach to quantum field theory,” J. Math. Phys. 5:7 (1964), 848–861.

[100] Haake, Fritz, and Daniel Walls, “Overdamped and amplifying meters in the quantum theory of measurement,” Phys. Rev. A 36:2 (July 1987), 730–739.

[101] Hakim, V., and V. Ambegaokar, “Quantum theory of a free particle interacting with a linearly dissipative environment,” Phys. Rev. A 32:1 (July 1985), 423– 434.

[102] Hawking, Stephen, “Wormholes in spacetime,” Phys. Rev. D 37:4 (Feb. 1988), 904–910.

[103] Hawking, Stephen, and R. Laflamme, “Baby universes and the nonrenormalizability of gravity,” Phys. Lett. B 209:1 (July 1988), 39–41.

[104] Hawking, Stephen, “Non-trivial topologies in quantum gravity,” Nucl. Phys. B 244:1 (1984), 135–146.

[105] Hellwig, K., and K. Kraus, “Formal description of measurements in local quantum field theory,” Phys. Rev. D 1:2 (Jan. 1970), 566–571.

[106] Hellwig, K., and K. Kraus, “Pure operations and measurements,” Commun.

Math. Phys. 11:3 (1969), 214–220; “Operations and measurements. II,” 16:2 (1970), 142–147.

942 Khalfin and Tsirelson

[107] Hepp, Klaus, “Quantum theory of measurement and macroscopic observables,” Helv. Phys. Acta 45:2 (1972), 237–248.

[108] Hoffmann, H., and P. Siemens, “Linear response theory for dissipation in heavyion collisions,” Nucl. Phys. A 257 (1976), 165–188.

[109] Hoffmann, H., and P. Siemens, “On the dynamics of statistical fluctuations in heavy ion collisions,” Nucl. Phys. A 275 (1977),464–486.

[110] Holevo, A. Probabilistic and statistical aspects of quantum theory, Nauka, Moscow (1980) (in Russian); English translation: North Holland, Amsterdam (1982).

[111] Home, D., and T. Marshall, “A stochastic local realist model for experiment which reproduces the quantum mechanical coincidence rates,” Phys. Lett. A 113:4 (1985), 183–186.

[112] Home, D., and F. Selleri, “Bell’s theorem and the EPR paradox,” Rivista Nuovo Cimento 14:9 (1991), 1–95.

[113] Horne, Michael, and Anton Zeilinger, “A Bell-type EPR experiment using linear momenta,” [157, p. 435–439].

[114] Jauch, J. M., “The problem of measurement in quantum mechanics,” Helv.

Phys. Acta., 37:4,5 (1964), 293–316.

[115] Jauch, J. M., Eugene Wigner, and M. Yanase, “Some comments concerning measurements in quantum mechanics,” Nuovo Cimento B 48:1 (1967), 144– 151.

[116] Joos, E., “Why do we observe a classical spacetime?” Phys. Lett. A 116:1 (May 1986), 6–8.

[117] Joos, E., “Quantum theory and the appearance of a classical world,” [92, p.

6–13].

[118] Joos, E., “Continuous measurement: Watchdog effect versus golden rule,” Phys.

Rev. D 29:8 (Apr. 1984), 1626–1633.

[119] Joos, E., and H. Zeh, “The emergence of classical properties through interaction with the environment,” Z. Phys. B 59:2(1985), 223–243.

[120] Kamefuchi, S. (ed.), Proc. Int. Symp. on the Foundations of Quantum Mechanics in the light of New Technology, Phys. Soc. Japan (1984).

[121] Kennedy, T., and D. Walls, “Squeezed quantum fluctuations and macroscopic quantum coherence,” Phys. Rev. A 37:1 (Jan. 1988), 152–157.

[122] Khalfin, Leonid, “Quantum-classical correspondence in the light of classical Bell’s and quantum Tsirelson’s inequalities,” in: “Complexity, Entropy and the Physics of Information,” SFI studies in the Sciences of Complexity, 9 (W. Zurek ed.) Addison-Wesley, (1990).

[123] Khalfin, Leonid, “New results on the CP-violation problem,” Tech. Rep. DOE- ER40200-211, The Center for Particle Theory, The Univ. of Texas at Austin (Feb. 1990).

[124] Khalfin, Leonid, “Euclidean approach, Langer-Polyakov-Coleman instanton method and the quantum decay theory,” Invited lecture to the seminar “Gauge Theories of the Fundamental Interactions” at the Stefan Banach Int. Math. Centre, Warsaw (November 1988), in Proc. of the XXXII semester in the Stefan Banach Int. Math. Centre (1990), pp. 469–484.

[125] Khalfin, Leonid, “The problem of foundation of the statistical physics and the quantum decay theory,” Invited lectures at the Stefan Banach Int. Math. Center, Warsaw (September 1988).

[126] Khalfin, Leonid, “A new effect of the CP-violation for heavy mesons,” Preprint LOMI E-6-87, Leningrad (1987).

[127] Khalfin, Leonid, “A new effect of the CP violation for neutral kaons,” Preprint LOMI E-7-87, Leningrad (1987).

[128] Khalfin, Leonid, “Euclidean approach, Langer-Polyakov-Coleman method and the quantum decay theory,” Report to the Scientific Conf. Nucl. Phys. Dept. USSR Acad. of Sc. (April 1987) (unpublished).

Quantum and Classical Bell-Type Inequalities 943

[129] Khalfin, Leonid, “The problem of the foundation of statistical physics, the nonexponentiality of the asymptotic of the correlation functions and the quantum decay theory,” First World Congress Bernoulli Society 2 (1986), 692.

[130] Khalfin, Leonid, “Unconditional test of the CPT-invariance and a new effect of the CP-violation for K^0–K̄^0 mesons,” Proceedings of the III Seminar, Group Theoretical Methods in Physics 2 (M. Markov ed.) (1986), 608 (in Russian).

[131] Khalfin, Leonid, “The decay of false vacuum, macroscopic tunneling and the quantum decay theory,” Report to the Scientific Conf. Nucl. Phys. Dept. USSR Acad. of Sc. (November 1986) (unpublished).

[132] Khalfin, Leonid, “A new effect of CP-violation for D^0–D̄^0, B^0–B̄^0 , (T^0–T̄^0),” report to the Council of the Nucl. Phys. Dept. USSR Acad. of Sc. (October 1985) (unpublished).

[133] Khalfin, Leonid, “Non-exponential decreasing of the correlation functions, the divergence of the kinetic coefficients and the quantum decay theory,” IV Int. Symp. on Inform. Theory (Tashkent) 3 (1984), p. 213.

[134] Khalfin, Leonid, “Bell’s inequalities, Tsirelson’s inequalities and K̄^0-K^0 mesons,” Report to the session of Nucl. Phys. Dept. USSR Acad. of Sci. (April 1983) (unpublished).

[135] Khalfin, Leonid, “The asymptotic dependence of the correlation functions and the divergence of the kinetic coefficients,” III Int. Vilnius Conf. on Prob. Theory and Math. Stat. 2 (1981), p. 215.

[136] Khalfin, Leonid, “Theory of K^0–K̄^0, D^0–D̄^0, B^0–B̄^0, (T^0–T̄^0) mesons outside the Wigner-Weisskopf approximation and the CP-invariance problem,” Preprint LOMI P-4-80, Leningrad (1980).

[137] Khalfin, Leonid, “On Boltzman’s H theorem,” Theor. and Math. Phys. 35:3 (June 1978), 555–558.

[138] Khalfin, Leonid, “Modern situation with the mathematical foundation of statistical physics,” Usp. Mat. Nauk 33:6 (1978), 243 (in Russian).

[139] Khalfin, Leonid, “Investigations on the quantum theory of the unstable particles,” dissertation, Lab. Theor. Phys. JINR (1973) (unpublished).

[140] Khalfin, Leonid, “The CPT-invariance of the CP-noninvariant theory of K^0–K̄^0 mesons and admissible mass distributions of K_S and K_L mesons,” Pis’ma Zh. Eksp. Teor. Fiz. 15 (1972), 348 (in Russian).

[141] Khalfin, Leonid, “The problem of the foundations of statistical physics and the quantum decay theory,” Dokl. Akad. Nauk SSSR 162:6 (1965), 1273–1276 (in Russian).

[142] Khalfin, Leonid, “Quantum theory of the decay of the physical systems,” dissertation, Lebedev Phys. Inst., USSR Acad. of Sc. (1960) (unpublished).

[143] Khalfin, Leonid, “On the decay theory of a quasi-stationary state,” Zh. Eksp.

Teor. Fiz. 33 (1958), 1371 (in Russian).

[144] Khalfin, Leonid, “On the decay theory of a quasi-stationary state,” Dokl. Akad.

Nauk SSSR 115:2 (1957), 277–280 (in Russian).

[145] Khalfin, Leonid, and Boris Tsirelson, “Quantum/classical correspondence in the light of Bell’s inequalities,” technical report MIT/LCS/TM/420, Massachusetts Institute of Technology (November 1990).

[146] Khalfin, Leonid, and Boris Tsirelson, “A quantitative criterion of the applicability of the classical description within the quantum theory,” [156, p. 369–401].

[147] Khalfin, Leonid, and Boris Tsirelson, “Quantum and quasi-classical analogs of Bell inequalities,” [157, p. 441–460].

[148] Khoruzhy, S., Introduction to algebraic quantum field theory, Nauka, Moscow (1986) (in Russian).

[149] Koch, R., D. Van Harlingen, and J. Clarke, “Quantum-noise theory for the resistively shunted Josephson junction,” Phys. Rev. Lett. 45:26 (Dec. 1980), 2132– 2135; “Observation of zero-point fluctuations in a resistively shunted Josephson tunnel junction,” 47:17 (Oct. 1981), 1216–1219.

[150] Kochen, S., “A new interpretation of quantum mechanics,” [157, p. 151–169].

944 Khalfin and Tsirelson

[151] Kraus, Karl, “General state changes in quantum theory,” Ann. Phys. (NY) 64:2 (1971), 311–335.

[152] Krylov, N., “Works on foundations of statistical physics,” USSR Acad. of Sc., Moscow and Leningrad (1950), (in Russian).

[153] Krylov, N., and V. Fock, “On the two main interpretations of the energy—time uncertainty relation,” Zh. Eksp. Teor. Fiz. 17:2 (1947), 93–107 (in Russian).

[154] Kübler, O., and H. Zeh, “Dynamics of quantum correlations,” Ann. Phys. (NY) 76:2 (1973), 405–418.

[155] Kubo, R., “The fluctuation-dissipation theorem,” Rep. Prog. Phys. 29:1 (1966), 255–284.

[156] Lahti, P., et al. (ed.), Symposium on the Foundations of Modern Physics 1987, World Scientific (1987).

[157] Lahti, P., et al. (ed.), Symposium on the Foundations of Modern Physics 1985, World Scientific (1985).

[158] Landau, Lawrence, “Empirical two-point correlation functions,” Found. Phys.

18:4 (June 1988), 449–460.

[159] Landau, Lawrence, “Gaussian quantum fields and stochastic electrodynamics,” Phys. Rev. A 37:11 (June 1988), 4449–4460.

[160] Landau, Lawrence, “On the violation of Bell’s inequality in quantum theory,” Phys. Lett. A 120:2 (Feb. 1987), 54–56.

[161] Landau, Lawrence, “Experimental tests of general quantum theories,” Lett.

Math. Phys. 14:1 (1987), 33–40.

[162] Landau, Lawrence, “On the non-classical structure of the vacuum,” Phys. Lett.

A 123:3 (July 1987), 115–118.

[163] Langer, J., “Theory of the condensation point,” Ann. Phys. 41:1 (1967), 108– 157; “Statistical theory of the decay of metastable states,” 54:2 (1969), 258–275.

[164] Lavrelashvili, G., V. Rubakov, and P. Tinyakov, “On the loss of quantum coherence via changing of space topology in quantum gravity,” Pis’ma Zh. Eksp. Teor. Fiz. 46:4 (1987), 134–136 (in Russian).

[165] Lee, T. D., and C. N. Yang, (unpublished); D. Inglis, “Completeness of quantum mechanics and charge-conjugation correlations of theta particles,” Rev. Mod. Phys. 33:1 (Jan. 1961), 1–7.

[166] Lee, T. D., and C. S. Wu, Ann. Rev. Nucl. Sci. 15 (1965), 381–476; 16 (1966), 471–599.

[167] Leggett, A.J., “Schrödinger’s cat and her laboratory cousins,” Contemp. Phys.

25:6 (1984), 583–598.

[168] Leggett, A., “Macroscopic quantum systems and the quantum theory of measurement,” Prog. Theor. Phys. Suppl. No. 69 (1980), 80–100.

[169] Leggett, A., “Quantum mechanics and realism at the macroscopic level. Is an experimental discrimination feasible?” [92, p. 21–24].

[170] Leggett, A., S. Chakravarty, A. Dorsey, M. Fisher, A. Garg, and W. Zwerger, “Dynamics of the dissipative two-state system,” Rev. Mod. Phys. 59:1 (Jan. 1987), 1–85.

[171] Leggett, A. J., and A. Garg, “Quantum mechanics versus macroscopic realism:

Is the flux there when nobody looks?,” Phys. Rev. Lett. 54:9 (1985), 857–860. [172] Leggett, A. J., and F. Sols, “On the concept of spontaneously broken gauge symmetry in condensed matter physics,” Found. Phys. 21:3 (1991), 353–364.

[173] Lepore, V. L., “New inequalities from local realism,” Found. Phys. Letters 2:1 (1989), 15–26.

[174] Likharev, K. K., “Really-quantum macroscopic effects in weak superconductivity,” Usp. Fiz. Nauk 139:1 (1983), 169–184 (in Russian).

[175] Loinger, A., “Comments on a recent paper concerning the quantum theory of measurement,” Nucl. Phys. A 108:2 (1968), 245–249.

[176] McKean, H., Stochastic integrals, Academic Press (1969).

Quantum and Classical Bell-Type Inequalities 945

[177] Machida, S., and M. Namiki, “Theory of measurement in quantum mechanics.

Mechanism of reduction of wave packet. I.” Prog. Theor. Phys. 63:5 (1980), 1457–1473; “Theory of measurement in quantum mechanics. Mechanism of reduction of wave packet. II.,” Prog. Theor. Phys. 63:6 (1980), 1833–1847.

[178] Mandelstam, L., “Lectures on foundations of quantum mechanics (the theory of indirect measurements),” Complete collected scientific works 5 (1950), 345–415, Acad. of Sc. USSR (in Russian).

[179] Margolus, Norman, “Parallel quantum computation,” manuscript (1989). [180] Marshall,T., E. Santos, and F. Selleri, “Local realism has not been refuted by atomic cascade experiments,” Phys. Lett. A 98:1,2 (1983), 5–9.

[181] Marshall, T., “The distance separating quantum theory from reality,” Phys.

Lett. A 99:4 (1983), 163–166.

[182] Marshall, T., and E. Santos, Phys. Lett. A 108 (Apr. 1985), 373–376. [183] Martinis, John, Michel Devoret, and John Clarke, “Experimental tests for the quantum behavior of a macroscopic degree of freedom: the phase difference across a Josephson junction,” Phys. Rev. B 35:10 (April 1987), 4682–4698.

[184] Milburn, G., and D. Walls, “Effect of dissipation on interference in phase space,” Phys. Rev. A 38:2 (1988), 1087–1090.

[185] Mott, N., “The wave mechanics of α-ray tracks,” Proc. R. Soc. London A 126 (1929), 79–84.

[186] Namiki, M., et al. (ed.), Proc. Second Int. Symp. on the Foundation of Quantum Mechanics in the Light of New Technology, Phys. Soc. Japan (1987).

[187] Nelson, E., “The locality problem in stochastic mechanics,” [92, p. 533–538]. [188] Ou, Z., and L. Mandel, “Violation of Bell’s inequality and classical probability in a two-photon correlation experiment,” Phys. Rev. Lett. 61:1 (July 1988), 50–53.

[189] Palatnik, D., private communication.

[190] Pascazio, S., and J. Reignier, “On emission lifetimes in atomic cascade tests of the Bell inequality,” Phys. Lett. A 126:3 (Dec. 1987), 163–167.

[191] Pauli, Wolfgang, Festschrift zum 60. Geburtstage A. Sommerfelds, Leipzig (1928).

[192] Pearle, Philip, “Alternative to the orthodox interpretation of quantum theory,” Am. J. Phys. 35:8 (1967), 742–753.

[193] Peres, Asher, “Existence of “free will” as a problem of physics,” Found. Phys.

16:6 (1986), 573–584.

[194] Peres, Asher, “Reversible logic and quantum computers,” Phys. Rev. A 32:6 (Dec. 1985), 3266–3276.

[195] Peres, Asher, “On quantum-mechanical automata,” Phys. Lett. A 101:5,6 (1984), 249–250.

[196] Peres, Asher, “When is a quantum measurement?” [92, p. 438–448]. [197] Peres, Asher, and Nathan Rosen, “Quantum limitations on the measurement of gravitational fields,” Phys. Rev. 118:1 (Apr. 1960), 335–336.

[198] Perrie, W., A. Duncan, H. Beyer, and H. Kleinpoppen, “Polarization correlation of the two photons emitted by metastable atomic deuterium: A test of Bell’s inequaltity,” Phys. Rev. Lett. 54:16 (Apr. 1985), 1790–1793.

[199] Polyakov, A. M., “Hidden symmetry of the two-dimensional chiral fields,” Phys.

Lett. B 72:2 (1977), 224–226.

[200] Price, W. C., et al. (ed.), The Uncertainty Principle and Foundations of Quantum Mechanics: A Fifty Year’s Survey, John Wiley and Sons (1977).

[201] Prigogine, Ilya, From being to becoming: time and complexity in the physical sciences, W. H. Freeman and Co. (1980).

[202] Primas, H., “Contextual quantum objects and their ontic interpretation,” [156, p. 251–275].

[203] Prosperi, G., “The quantum measurement process and the observation of continuous trajectories,” Lect. Notes Math. 1055 (1984), 301–326.

946 Khalfin and Tsirelson

[204] Rastall, Peter, “Locality, Bell’s theorem, and quantum mechanics,” Found.

Phys. 15:9 (1985), 963–972.

[205] Redhead, Michael, “Relativity and quantum mechanics—conflict or peaceful coexistence?” [92, p. 14–20].

[206] Regge, T., “Gravitational fields and quantum mechanics,” Nuovo Cimento 7:2 (1958), 215–221.

[207] Riseborough, P., P. Hanggi, and U. Weiss, “Exact results for a damped quantummechanical harmonic oscillator,” Phys. Rev. A 31:1 (June 1985), 471–478.

[208] Rosenfeld, L., “The measuring process in quantum mechanics,” Prog. Theor.

Phys. Supp. (1965), extra number, 222–231; “Questions of method in the consistency problem of quantum mechanics,” Nucl. Phys. A 108:2 (1968), 241–244.

[209] Roy, S. M., and V. Singh, “Hidden variable theories without non-local signalling and their experimental tests,” Phys. Lett. A 139:9 (1989), 437–441.

[210] Roy, S. M., and V. Singh, “Generalized beable quantum field theory,” Phys.

Lett. B 234:1/2 (1990), 117–120.

[211] Savage, C., and D. Walls, “Damping of quantum conherence: the masterequation approach,” Phys. Rev. A 32:4 (1985), 2316–2323; and “Quantum coherence and interference of damped free particles,” Phys. Rev. A 32:6 (Dec. 1985), 3487–3492.

[212] Schrödinger, Erwin, “Die gegenwartige Situation in der Quantenmechanik,” Naturwissenschaften (1935) 23, 807–812; 823–828; 844–849.

[213] Schlieder, S., “Einige Bemerkungen zur Zustandsänderung von relativistischen quantenmechanischen Systemen durch Messungen und zur Lokalitätsforderung,” Commun. Math. Phys. 7:4 (1968), 305–331.

[214] Schmid, A., “Diffusion and localization in a dissipative quantum system,” Phys.

Rev. Lett. 51:17 (Oct. 1983), 1506–1509.

[215] Schmid, Albert, “On a quasiclassical Langevin equation,” J. Low Temp. Phys.

49:5,6 (1982),609–626.

[216] Selleri, F., “Realism and the wave-function of quantum mechanics,” [59, p. 398– 406].

[217] Selleri, F., “Einstein locality and the K^0K̄^0 system,” Lett. Nuovo Cimento 36:16 (1983), 521–526.

[218] Senitzky, I., “Dissipation in quantum mechanics. The harmonic oscillator,” Phys. Rev. 119:2 (July 1960), 670–679.

[219] Shih, Y., and C. Alley, “New type of Einstein-Podolsky-Rosen-Bohm experiment using pairs of light quanta produced by optical parametric down conversion,” Phys. Rev. Lett. 61:26 (1988), 2921–2924.

[220] Shimony, A., “Role of the observer in quantum theory,” Am. J. Phys. 31:10 (Aug. 1963), 755–773.

[221] Sinai, Y., “On foundations of the ergodic conjecture for one dynamical system of statistical mechanics,” Dokl. Akad. Nauk SSSR 153:6 (1963), 1261–1264. “Dynamical systems with elastic reflexion,” Usp. Mat. Nauk 25:2 (1970), 141– 192 (in Russian).

[222] Six, J., “Test of the nonseparability of the K^0K̄^0 system,” Phys. Lett. B 114:2,3 (1982), 200–202.

[223] Spassky, B., and A. Moskovsky, “On non-locality in quantum physics,” Usp.

Fiz. Nauk 142:4 (1984), 599–617 (in Russian).

[224] Srivastava, S., Vishwamittar, and I. S. Minhas, “On the quantization of linearly damped harmonic oscillator,” J. Math. Phys. 32:6 (1991), 1510–1515.

[225] Stamp, P., “Influence of paramagnetic and Kondo impurities on macroscopic quantum tunneling in SQUID’s,” Phys. Rev. Lett. 61:26 (Dec. 1988), 2905– 2908.

[226] Stapp, Henry, “Gauge-fields and intregrated quantum-classical theory,” [92, p.

326–335].

Quantum and Classical Bell-Type Inequalities 947

[227] Summers, Stephen, and Reinhold Werner, “The vacuum violates Bell’s inequalties,” Phys. Lett. A 110:5 (1985), 257–259.

[228] Summers, Stephen, and Reinhold Werner, “Bell’s inequalities and quantum field theory. I. General setting,” J. Math. Phys. 28:10 (Oct. 1987), 2440–2447.

[229] Summers, Stephen, and Reinhold Werner, “Bell’s inequalities and quantum field theory. II. Bell inequaltities are maximally violated in the vacuum,” J. Math. Phys., 28:10 (Oct. 1987), 2448–2456.

[230] Summers, Stephen, and Reinhold Werner, “Maximal vioaltion of Bell’s inequalities is generic in quantum field theory,” Commun. Math. Phys. 110:2 (1987), 247–259.

[231] Svetlichny, G., “Distinguishing three-body from two-body nonseparability by a Bell-type inequality,” Phys. Rev. D 35:10 (May 1987), 3066–3069.

[232] Tombesi, Paola, and Antonio Mecozzi, “Generation of macroscopically distinguishable quantum states and detection by the squeezed-vacuum technique,” [246, p. 1700–1709].

[233] Treder, H., Astrofisica e cosmologia, gravitazione, quanti e relatività, Giunti Barbera, Firenze (1979).

[234] Tsirelson, Boris, “In comparison to what is the Planck constant small?” (to appear).

[235] Tsirelson, Boris, “Quantum analogs of Bell’s inequalities: the case of two spacelike separated domains,” in Problems of the theory of probability distributions IX, Math. Inst. Steklov (LOMI) 142 (1985), 174–194 (in Russian).

[236] Tsirelson, Boris, “On a formal description of quantum systems that are similar to systems of stochastic automata,” in Proceedings II School-Seminar on locally interacting systems and their application in biology (R.L. Dobrushin, V.I. Kryukov, A.L. Toom, ed.) (1979), 100–138 (in Russian).

[237] Unruh, W. G., “Quantum coherence, wormholes, and the cosmological constant,” Phys. Rev. D 40:4 (1989), 1053–1063.

[238] Unruh, W. G., and Wojciech H. Zurek, “Reduction of a wave packet in quantum Brownian motion,” Phys. Rev. D 40:4 (1989), 1071–1094.

[239] Van Hove, Leon, “Quantum-mechanical perturbations giving rise to a statistical transport equation,” Physica 21:6 (1955), 517–540.

[240] Van Hove, Leon, “Energy corrections and persistent perturbation effects in continous spectra 2. The perturbed stationary states,” Physica 22:4 (1956), 343– 354; “The approach to equilibrium in quantum statistics” 23:6 (1957), 441–480; “The ergodic behaviour of quantum many-body systems,” 25:4 (1959), 268–276.

[241] Vershik, A. M., and B. S. Tsirelson, “Formulation of Bell-type problems and ‘noncommutative’ convex geometry,” to appear in: Advances in Soviet Mathematics 9, 95-114, AMS.

[242] von Neumann, John, Mathematische Grundlagen der Quantenmechanik, Springer-Verlag (1932). English translation: Mathematical foundations of quantum mechanics, Princeton University Press(1955).

[243] Vujičic, Milan, and Fedor Herbut, “Distant correlations in quantum mechanics,” [157, p. 677–689].

[244] Wakita, H., “Measurement in quantum mechanics,” Prog. Theor. Phys. 23:1 (Jan. 1960), 32–40; “Measurement in quantum mechanics. II. Reduction of a wave packet,” 27:1 (Jan. 1962), 139–144; “Measurement in quantum mechanics. III. Macroscopic measurement and statistical operators,” 27:6 (June 1962), 1156–1164.

[245] Walls, D., and G. Milburn, “Effect of dissipation on quantum coherence,” Phys.

Rev. A 31:4 (Apr. 1985), 2403–2408.

[246] Weber, W. H. (ed.), “Squeezed States of the Electromagnetic Field,” J. Opt.

Soc. Amer. B 4:10 (Oct. 1987).

[247] Weizsacker, Carl, “Heisenberg’s philosophy,” [156, p. 277–293]. [248] Weizsacker, Carl, “Quantum theory and space-time,” [157, p. 223–237].

948 Khalfin and Tsirelson

[249] Wheeler, John Archibald, “Assessment of Everett’s ‘relative state’ formulation of quantum theory,” Rev. Mod. Phys. 29:3 (July 1957), 463–465.

[250] Whitaker, M., “The relative states and many-worlds interpretations of quantum mechanics and the EPR problem,” J. Phys. A 18:2 (1985), 253–264.

[251] Wigner, Eugene, “Remarks on the mind-body question,” in The Scientist Speculates (ed. I. J. Good), Heinemann (1962).

[252] Woo, C. H., “Why the classical-quantal dualism is still with us,” Am. J. Phys.

54:10 (Oct. 1986), 923–928.

[253] Wootters, William, and Wojciech Zurek, “Complementarity in the double-slit experiment: Quantum nonseparability and a quantitative statement of Bohr’s principle,” Phys. Rev. D 19:2(1979), 473–484.

[254] Yurke, B., and D. Stoler, “Generating quantum mechanical superpositions of macroscopically distinguishable states via amplitude dispersion,” Phys. Rev. Lett.57:1 (July 1986), 13–16.

[255] Zeh, H., “Measurement in Bohm’s versus Evertts’s quantum theory,” Found.

Phys. 18:7 (1988), 723–730.

[256] Zeh, H., “Emergence of classical time from a universal wavefunction,” Phys.

Lett. A 116:1 (May 1986), 9–12.

[257] Zeh, H., “Quantum theory and time asymmetry,” Found. Phys. 9:11,12 (1979), 803–818.

[258] Zeh, H., “Toward a quantum theory of observation,” Found. Phys. 3:1 (1973), 109–116.

[259] Zeh, H., “On the irreversibility of time and observation in quantum theory,” [59, p. 263–273].

[260] Zeh, H., “On the interpretation of measurement in quantum theory,” Found.

Phys. 1:1 (1970), 69–76.

[261] Zelevinsky, V., “Some problems of dynamics of heavy ions interaction,” Proceedings of XII Winter LIN Ph School 53–96, Leningrad (1977) (in Russian).

[262] Zurek, Wojciech, “Quantum measurements and the environment induced transition from quantum to classical,” Preprint LA-UR-89-25, Los Alamos (1988).

[263] Zurek, Wojciech, “Reduction of the wavepacket: How long does it take?” Frontiers of Nonequilibrium Statist. Phys. (ed. G. T. Moore, et al.), Plenum (1986), 145–151.

[264] Zurek, Wojciech, “Reduction of the wave packet and environment-induced superselection,” [92, p. 89–97].

[265] Zurek, Wojciech, “Environment-induced superselection rules,” Phys. Rev. D 26:8 (Oct. 1982), 1862–1880.

[266] Zurek, Wojciech, “Pointer basis of quantum apparatus: Into what mixture does the wave packet collapse?,” Phys. Rev. D 24:6 (Sept. 1981), 1516–1525.