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4 Frozen disorder in physical systems

4a  Atmosphere over a random relief . . . . ..
4b A molecule over a random relief . . . . . . .
4c  The meaning of temperature . . . . . . . ..
4d The random energy model . . . . . ... ..
4e  The spherical model . . . . .. ... .....
4f  The Sherrington-Kirkpatrick model . . . . .
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A glass is essentially a frozen fluid in which the
atoms are disordered as in a liquid, but they do
not mowve, as in a solid.

G. Parisi!

4a Atmosphere over a random relief
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The density of the air on the sea-level is about 1.2kg/m?, but 1km higher
it is about 1.1kg/m3. All that results from an equilibrium between the
pressure and the weight of the air. We use, on one hand, the equation of state
p = Cp, where p is the pressure, p is the density, and C is a constant (about
83-10% m?/sec?); on the other hand, the equilibrium equation gp(z) = —p/(2),
where z is the altitude, and g the acceleration of gravity on Earth (about
9.8m/sec?). We get the differential equation p'(z2) = —(g/C)p(z) and its
solution p(z) = const - e=(9/€)7. We may use C/g (about 8.4km) as the unit
of altitude, then?

p(z) = const -e” 7.

However, it holds in the domain

z> H(w,y);

1See page 298 of the book “Field theory, disorder and simulations”, World Scientific,
1992.

2In fact, a crude approximation, because the temperature of the air depends on the
altitude.
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the function H describes the relief.
Projecting the 3-dimensional distribution of (the mass of) the air to the
horizontal plane (x,y) we get the 2-dimensional measure

const - e @) dady .

The constant is determined by the relation const- [ [ e~ @) dzdy = m, where
m is the total mass of the air. In order to keep m finite we either restrict
ourselves to a bounded region of the plane or assume that H(z,y) — oo (not
too slowly) as 22 + y? — oco. Thus, we consider the measure

ﬁe_H(l‘vy) dl‘dy — me_(H(xvy)_FH) dxdy ,
Zn

(4al)
where Zyz = //e_H(m’y) dexdy and Fyg=—-InZy.

4a2 Exercise. Prove the Lipschitz property of F,

|FH1 - FH2| < sup |H1($7y) - HZ(xvyN :

'T7y

Hint: recall 2a3 and 2d7.

4a3 Exercise. Let H be a finite-dimensional Gaussian random function,

H('rvya('U) = fo(x,y) + <1<w>f1(x7y) et Cn<w>fn(xvy) )

where ((1,...,(,) is an orthogaussian sequence, and fo, ..., f, are bounded
continuous functions on a bounded region of R2. Prove that the random
variable (1/0max)Fy is more concentrated than N(0,1); here

Omax — SUp \/f%(l’,y) Tt f,%(l’,y) .
z,y

Hint: recall the phrase after 2d7; use

4b A molecule over a random relief

The air is a mix of gases, but still, it is convenient to speak about a ‘molecule
of air’ of the averaged mass m; = 48 - 107" kg (29 atomic mass units). A
randomly chosen molecule of air is distributed in the domain {(z,y,z) :
z > H(z,y)} according to the measure ie* dedydz = e~ —Fr) dzdydz,
which follows from formulas of 4a derived for the air treated as a continuous
medium (rather than a system of molecules). Recall that our unit of the
altitude z is 8.4km. Being at this altitude, the molecule has the potential
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energy migh = 48 - 107* kg - 9.8 m/sec? - 8.4 - 103m = 4.0 - 10721 J equal to
kgT, where T = 288 K is the temperature and kg = 1.38 - 10723 J /K is the
so-called Boltzmann constant. That is not a coincidence! Thermal motion
endows each degree of freedom with the energy kgT (on the average).! No
need to choose the molecule at random; each molecule moves randomly and
visits all locations according to the distribution ieﬂ dxdydz.

The Boltzmann constant is not specific for the air (nor even for gases),
it is one of the universal physical constants. Nevertheless we can get our
special altitude 8.4km as (kgT)/(mi1g). Here we use a parameter of the
molecule (my), Earth (¢) and the air (7'). However, the temperature is the
only relevant parameter of the air! The constant C' = 83-10% m?/sec? used in
4a for describing the air as a continuous medium is no more needed. What
does it mean?

It means that we face a very general physical principle. The air is just
a ‘heat bath’ (reservoir), — a large system at some temperature 7. The
molecule is in (thermal) equilibrium with the heat bath. This is enough in
order to determine uniquely statistical properties of the molecule! We could
put the single molecule to a high vessel at the temperature 7' = 288 K and
get the same distribution (const - e™* dzdydz).?

4c The meaning of temperature

A finite quantum system (for instance, a finite system of interacting spins)
is described by a Hermitian operator H (the Hamiltonian) on an n-dimen-
sional Hilbert space; its eigenvalues E,..., E, € R are energy levels.®> The
tiny portion of quantum theory, needed here, deals only with commuting
operators that may be represented by diagonal matrices,

H = diag(B,, ..., E,).

The very general physical principle mentioned in 4b states the following. If
the system is in thermal equilibrium with a heat bath at temperature 7', then
its energy takes on each value Ej, with the corresponding probability*

e (- 1)
const -exp [ — —— ] ;
kgT

'However, see Bcd, BcIll

2The vessel is void of gas, but full of infrared radiation.

3The time evolution of a state vector (of isolated system) is described by the Schrodinger
equation if)’(t) = H(t) and its solution v (t) = exp(—itH/k)1(0), but we do not need
it.

4In the language of operators, the (mixed) state of the system is described by the
density matrix const - exp(—kBLT)7 but we do not need it.
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of course, 1/const =, exp(—kEB—’“T).
In other words, the energy distribution is

E
const - exp ( — kB—T)u(dE) :

where p({E}) = #{k : Ex = E} or, if you prefer, u({E}) = #{k : Ej =
E}/n (the coefficient is anyway absorbed by ‘const’). For large quantum sys-
tems, the discrete energy spectrum p is often approximated by a continuous
measure. Especially, classical systems are treated in this way.

4cl Definition. Let p be a finite or locally finite measure on [0, c0) such
that [exp(—eE) u(dE) < oo for all e > 0. For any T' € (0,00), the Gibbs
measure G on [0,00) (corresponding to T" and pu) is?

GUE) = o (= £ )n(dE).

E
where Z = /exp ( — kB—T>u(dE).

Often p is the image of another measure v on another space X under a
map H : X — [0,00). Then the measure

1 H
o (- 2
on X is also called the Gibbs measure. (Its image under H is the measure G
of BcTl)
Instead of T it is convenient to use the inverse temperature
1
V=T
B

Thus, the so-called partition function

Zg = /e_ﬁEu(dE) = /e_ﬁHdl/

is the Laplace transform of u (therefore, a smooth decreasing? function of
f3), and the Gibbs measure is?
1 ~ 1
Gy = e My = 0y - Gy(dE) = e Pu(dE) = e " p(dE),
B B

1
where Fj = _E InZs.

Later it will be denoted G'g.
2And logarithmically convex, see BEc7l
3F is called free energy (do not ask me, why).
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Note especially the original case:
X=A{1,...,n}, H(k)=E,, v({k}) =1;
1
Go({k}) = e Zs = o
ﬁ

k

n({EY) = #{k: Ex = E}; Gs({E}) = Zlﬁ e u({E}).

(4c2)

Derivatives of Zg (or Fj) are of interest, as we will see now.

4c3 Exercise. The mean energy (called also internal energy)

Us = /EGB(dE) = /Hng

may be calculated as

Prove it.

The specific heat, defined by!

d

s = qpU1/tn1)

may be calculated as

d2
IDZB k?Bﬁ —(ﬁFg)

ﬁ

4c4 Exercise. Prove that

ﬁ

C

/ (1 = Uy G = 2.

Hints: first, [(H — Us)?dGs = [ H?dGs — ([ H dGg)?; second
ifHe*ﬁHdV o
A6 JePHdy —

) dlgUﬁ -

In the original case ([Ec2), the entropy of Gy is

Gs({E})
ZGﬁ (DG == 3 Gol{my e

In physics it is often denoted cy .
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In general we may define the entropy by

56:_/)(<1ndd_ciﬁ)d(;’6:/X(ﬁH+anﬁ)dG5:
(m‘%ﬂ dGj.

:/memzﬁ)éﬁ(d@:_/ M

[0,00)

4c5 Exercise. Prove that!
Us — I'p
Sy =AUz — Fy) = L5
s = B(Up — Fp) T
Hint: S5 = Z5' [(BH 4+ InZg)e P dv = ...

By the way, if we replace p, v with cu, cv for some ¢ € (0,00) then éﬁ,
G, Us and cg remain intact, but Zg, F3 and Sz change. On the other hand,
an energy shift H — H + const leads to the same shift of Fjg and Us, but
leaves intact G, G, S and cg.

4c6 Exercise. For every 5 € (0,00),
v{z: H(x) < Uz} <expSs.

Prove it.

Hint: v{z : H(z) < E} < ([ e P dv)/(e77F).

4c7 Exercise. The function 8 — In Zg is convex.
Prove it.

Hint: [ Ve Silly/e=f:H du < \/f e~ O1H d,/\/f e—B2H qp.

It follows immediately that

the function 8 — (Fjp is concave;
(4c8) the function 8 — Up is decreasing;
Cs Z 0.

4c9 Exercise. ? (a) Let X = [0,00)", H(z1,...,Zp) =21+ -+ + T, V =
mes,, |x. Prove that Us =n/8 = nkgT and c3 = nkg.
(b) Generalize it for any strictly positive linear form H on [0, 00)™.
Hint: reduce the general case to n = 1.

n physics, the entropy is multiplied by kp; it is rather (U — F)/T.
2Think about the altitudes of the molecules.
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4c10 Exercise. ! (a) Let X = R", H(zy,...,x,) = 3(a3 4+ - +22), v =
mes,,. Prove that Ug = % = 0kgT and cg = Skg.

(b) Generalize it for any strictly positive quadratic form H on R™.

Hint: reduce (b) to (a), and (a) to n = 1. Or alternatively: Gg is a

Gaussian measure, Z3 = (const/3)"/2.
(You may also try H(x) = |z|* for x € R.)

4c11 Exercise. ? Let X = {0,1,2,...}, H(z) = z, v({z}) = 1 for all x.
Prove that Us = 1/(e® — 1) and c¢3 = kpB3%e?/(e® — 1)2. Generalize it for
X =1{0,1,2,...}".

Note that ¢z — nkg as § — 0 (high temperature), but ¢cg — 0 as § — oo
(low temperature); compare it with Ec%(a).

4c12 Exercise. ® Let X = {0,1}, H(z) = =, v({z}) = 1 for z = 0, 1.
Prove that Us = 1/(e® + 1) and c¢5 = kpB3%e?/(e” + 1)%. Generalize it for
X ={0,1}"

This time, cg — 0 in both limits (high and low temperature).
First and second moments of G5 are used in BcIHAICH, more generally, Zg
gives us all moments of G5 via the moment generating function, as follows.

4c13 Exercise. (a) For every A € (—o0, ),
AH AE A Z3-x
/e dGﬁ :/6 Gﬁ(dE) = .
Z

(b) For every 3 > 0, the measure ég has all moments, and

- —1m dqm
/Hmdaﬁ - /Em Gs(dE) = ( Zﬁ) 157

(c) Basically, and Bcdl are special cases of (b) for m = 1,2.
Prove it. Does (b) hold for =07

4d The random energy model

The simplest nontrivial Gaussian process H consists of independent random
variables:

H(1),...,H(n) are orthogaussian; X ={1,...,n}, v({z}) =1 forall z.

L Applicable to classical harmonic oscillators.
2 Applicable to quantum harmonic oscillators.
3 Applicable to quantum spins.
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Negative values of H do not fit to the framework of 4c¢, which is harmless as
far as H is bounded from below; recall that an energy shift H — H + const
does not influence G5 and cg.

For large n we have y ~ ' = N(0,1), thus we may expect Z5 ~
fj;oe_ﬁEfyl(dE) = exp(13%), Gs = N(=03,1), Us = =33, —%Uﬁ ~ 1 and

cp ~ kp?. Here is a simulation:

T the graph of 3 +— —%Ug
I—\ n = 1000000

T two samples

The naive expectation is confirmed for small 5 (high temperature) but refuted
for large 3 (low temperature). Why?
Taking into account that

(aa1) ~g5Us = [(B - Va2 Gatap)

we want to look at ég.

(4d2)

J/ /ZT /6: the c.d.f. of Gy
-1 \
/ r f=8

-1, n=1000000

5=10 one sample

-1
For small 3 We~see éﬁ ~ N(—/f,1), indeed. However, for large (3 this cannot
happen, since Gg cannot pass the left endpoint of the sample!

The calculation

EZs; = lIE( —BHQ) 4 ... _|_e—/3H(n)) — Ee—ﬁH(l) _

—PEg-E*/2qp — of*/2 ___ /ex (-3(E+3)%) dE
\/271'/ \/ i 2 5))

J/

13

gives us more than just the value of E Zg. It also shows that only values
= —B + O(1) are essential. Roughly, Zs ~ 2e” K, where K = #{k :
H(k) = =+ O(1)} is distributed binomially, Binom(n, p), p ~ e **/2. Two
cases are very different: np > 1 and np < 1.
The first case: np > 1. Here, K =~ np, since the mean square deviation
np(1 — p) of K is much less than np. Thus, Zz ~ %eﬁQne_BQ/2 = e%/2 (not
just in the mean).



Tel Aviv University, 2005 Gaussian measures and Gaussian processes 64

The second case: np < 1. Here, with probablhty close to 1, K = 0 and
Z3 ~ 0. The large mean value E Z3 = ¢?*/2 is supported by rare events of
very large Z3.

Unfortunately, these arguments are sloppy. The interval —(3 + O(1) is
too large; both functions, e #F and ®'(F) are too far from being constant
on this interval. See below for a correct version. First we deal with the case
ne 72 > 1.

4d3 Exercise. For any F € R, the random variable
1
Z(-Booy= L 3 o
k:H(k)>—E
has the following expectation and mean square deviation:

E Zs(—EB,00) = & ?O(E - ),

0(Zs(—E,x)) = % 2 P(E — 28) — e ®2(E — 3) < %eBQ O(E —283);

therefore .
0(Zs(=E,)) _ 72 \/O(E - 20)

EZs(~E,00) ~ vn ®(E- D)

Prove it.
Hint: Zg(—FE, 00) is the sum of n independent random variables; reduce
the general case to n = 1, then calculate the integrals.

Taking & — +oo we see that Z3 is nearly non-random provided that
¥ < n. However, e?*/2 « n should be enough! Truncation will help.

4d4 Exercise. Let (1, 3s, ... satisfy

B
V2Inn

—1 and V2Inn-g, — +o0.

Then
o(Zs,(—Bp — a,00)) 0
E Zs, (=B, — a,0)
for any a € [0, 00). Moreover,
U(Zﬁn< 511 Qp,, OO )) 0

EZﬁn( 511 Qp, OO )

for any ay, as, - - € [0, 00) satistying a,, = o(v/21Inn — 3,).
Prove it.
Hint. Let ¢, = v2Inn—/3,, then leBQCI)(an Bn) < exp(( 2lnn—c,)?—

%(\/thn—cn —ay,)? —lnn) = exp( cpV2Inn + o(c, lnn)) — 0.
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The condition 3, ~ v2Inn is not essential.

4d5 Exercise. Let (1, (s, ... satisfy
(4d6) V2Inn — 3, — +00.

Then
O(Zﬁn( ﬁn Ap, OO ))

Ezﬁn( ﬁn QAp,, OO )

for any ay,aq,- -+ € [0, 00) satisfying a,, = o(vV2Inn — 3,).
Prove it.

— 0

65

Hint. The function 3 — 3% — %(ﬁ — a)? is increasing; choose ¢, such

that 8, < vV2lnn — ¢,, ¢, — 00, ¢, = o(VInn) and a, = o(c,).

¢a = /(1 +a,)(v2Tn - 3,).)

It follows that

-1

— 0.
2

H Zﬁn( ﬁn QAp,, OO )
EZﬁn( 5n Ay, OO )

4d7 Exercise. Let (31, (s, ... satisfy ([Edf). Then

Zp, 4
E Zs,

— 0, that is, ||e_5%/2Z5n — 1]y — 0.
1

Prove it.
Hint: choose a,, — oo such that 0 < a,, = o(v2Inn — (3,,), then

Zp, — Zﬁn( Bn — @y, 00 )
EZs,

= ®(—a,) —0;

1

use ¥dol

4d8 Exercise. Prove that

1
oo nZ, smn — o® in probability as n — oo
nn

for every o € [0,1).

(Try

Hint: Bd7 gives ¢ #+/2Z3 — 1 in probability for 3, = av/2Inn; take the

logarithm.
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Note that BEd7 was weaken thrice on the way toward BdS First, conver-
gence in L was replaced with convergence in probability. Second, v2Inn—(,
could be o(v/Inn). Third, the rate of convergence o(1/Inn) could be claimed.
However, the weaker statement is easier to grasp.

The (random) function § +— In Zg is (almost sure) convex by Ecd, there-
fore the function a +— ﬁ InZ, /315 1s also convex. Thus, convergence in
probability at every point (separately) implies uniform convergence in prob-
ability on [e,1 — €] and moreover, convergence of derivatives.

1

(449) 7

I

We turn to the case o > 1. Recall that —% InZg = Uz = fEéﬁ(dE)
The latter cannot be less than the left endpoint of the sample,

—% InZg > mklnH(k) :
Thus,

<4d10> ——1In Za\/m S 1— max(—H(k’)) .

The right-hand side converges in probability (as n — o0) to 2, which was
basically seen in 2¢, but can also be proven via the arguments of this sec-
tion. Namely, in the limit the derivative cannot be less than a? =2,
therefore

sl
dala=1

P(mgx(—H(k:)) >(1—-¢)vV2Ilnn) -1 asn— oo

for every € > 0. On the other hand,

Z5 = %Ze—ﬁmm > %GXP(_ﬁmkm H(k)) = %exp(ﬁmgx(—H(k:))) ;
k

1

1 /2
mlnza /211171205 mml?X<—H(k'))—1’ 1

(-
N~ -1

~a?

therefore

IP’(m]?X(—H(k:)) <(1+e)V2lnn) -1 asn— oo
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for every € > 0. We see that

1
max(—H(k)) — 1 in probability as n — oo.

V2Inn k

The derivative (dI0) cannot exceed 2 in the limit; but we saw that it
cannot be less than 2 in the limit. It means that

(4d11)

1
o InZ, simn — 2a—1 in probability as n — oo
nn

for each o € [1,00). We summarize the two cases:

{a2 for € [0, 1],

1
lim — InZ =
1 av2Inn 20— 1 for o € [L OO)’

n—oo INMN

convergence in probability is meant.
As was noted, convergence of conver functions implies convergence of
their first derivatives. By Hc3,

d 1 2
7 sy =\ — U, g
dalnn n av2Ilnn Inn ¢ 2lnn >’

thus,

1 —a f € (0,1
<4d12> lim Ua\/ann = ) e [ 7 ]’
2lnn —1 for a € [l,00)

n—oo

(convergence in probability, as before). Compare the mean energy with the
left endpoint of the sample!

Similarly,
lim o — -5 for a € [0, 1],
n—oo \/2Inn “Vimn —1+ 5= for a € [1,00);
—a? for a €[0,1]
lim S T T
n=oo Inp  @V2inn { 1 for a €[l,00).
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4d13 Exercise. Prove that for any o € (0,1) and € > 0 the probability of
the following event tends to 1 as n — oc:

v{iz: H(z) < —(a+¢)V2Inn} < exp(—a’Inn).
Hint: use Ecl

The entropy used above is the entropy of G (or ég) w.r.t. the uniform
probability measure v (or p). The entropy w.r.t. the counting measure is
higher by Inn;

for a € [0, 1],

n—oco Inm for a € [1, 00).

1 1—a?
lim —(Sa ST +lnn) = {0
It does not mean that the entropy is small for a > 1, it only means that it
is o(Inn). In fact, it has a nontrivial limiting distribution (as n — oo). The
order statistics E(Y) < E® < ... are approximately

In Tk

\/21nn’

where ¢, ~ v2Inn is defined by ®(—c,) = 1/n (compare it with a,, of 2¢),
and T} < T, < ... are a Poisson point process on [0,00); in other words,
random variables Ty, To —T7, T3 — T, . . . are independent, distributed Exp(1)
each. Roughly, T}, ~ k, thus

eXp(—oz\/annE(k)) ~ exp(a\/anncn) -exp(—alnTk)J;

"~ Vv
—=const :T;azk—a

E® = ¢, +

for a > 1 the series converges, and the Gibbs measure é’a J/3Ton 18 approxi-
mately

G (B~ "
av2Inn Tl—oz + T2—oz 4+

The (finite) entropy of the right-hand side gives us the limit (in distribution)
of S, /sty +1nn as n — oco. In contrast, for a < 1,

éwrlnn({E(k)}) — 0 in probability as n — oo

(I do not prove these facts.) In this sense, in the limit (n — oo) the Gibbs
measure G, 57, gets continuous (nonatomic) if o < 1 but discrete (purely
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atomic) if a > 1.

1 1 1
p=0 B=2 B=4
the c.d.f. of G
106 106 106 n = 1000000
! P ! s ! 510 one sample
109 106 106

The shape of éam for a < 1 can be found via Ud3HAd 7 Indeed, for every
ueR

3 Zs(—av/21
Ga\/m([—a\/m+u7oo)) — ﬁ( CY\/7+U,OO) -
B

~ e 7o (—av/2Inn + u, 00)

by BEdQ, thus )
EGam([—a\/ann—i—u, OO)) ~ (I)(—’U/>

by Ed3. By 5]
(4d14) éam([—a\/m +u,00)) — ®(—u) in probability as n — oo
for any o € [0,1). It means that the shape is normal,

G, ~ N(—av2Inn,1).

Compare it with ([@d2) and {dT2). Note however that ({dI2) does not follow
from (EdI4)) (tails could contribute too much). Similarly, [EdI4) does not
imply convergence of second moments, but still hints that (EdTl) converges to
1, that is (recall Bcdl),

1
(4d15) T CavaTan = 2kpa®  in probability as n — oo
for any a € [0,1). How to prove it? Convexity does not help, since conver-
gence of convex functions does not imply convergence of second derivatives.®

We consider the moment generating function f,, of the centered é’gn,

MM:/&“MM%:/&“MQMMy

LA smooth convex function can be approximated by piecewise linear convex func-
tions. ..
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By BcT3|(a),
Zs,
- A) = A3 “Bn—A )

Let (3, satisfy ([@df), then Zg, ~ /2 and Zj, _y ~ en=2*/2 by BdT there-
fore
2
fu(A) — /2 in probability as n — oo

for every A € R. This is more than enough in order to ensure convergence
(in probability) of all moments in (EdI4)).! Moreover, it is enough in order to
get it without (BdI4)). Indeed, convergence in probability of convex functions
In f,,(\) to A\2/2 at each X (separately) implies uniform convergence in prob-
ability on every bounded interval (recall ([Bdd)), which ensures convergence
of all moments to the moments of N(0, 1). Relation (EdIH) is thus proven.

4e The spherical model
Now the Gaussian process H is a random quadratic form on a sphere,
X={zeR":|z| =1}, (=8S"1)
v is the uniform probability measure on X,

H(z) = V/n{Az,x) forx € X;

here A is the Gaussian random matrix of Sect. 3 (recall (3a2)). The coefficient
\/n ensures that
H(z) ~N(0,1) foreach z € X,

similarly to 4d; however, the random variables H(x) are correlated. As
always, the Gaussian process is described by its covariation function.

4el Exercise. Prove that
(H(x), H(y)) =EH(x)H(y) = (z,y)" forz,y € X.
Hint: reduce the general case to z = e; (and n = 2, if you want).

In fact, ||A| is close to v/2 (highly probably for large n, see the note after
3e8), thus sup H (z) is close to v/2n and, more importantly,
1

(4e2) T ml}I{l H(z) — —1 in probability as n — oo.
n x€

Tt is enough that sup,, f,(d€) < oo for a single € > 0. Convergence in probability does
not imply convergence a.s.; however, every subsequence contains a subsequence converging
a.s.
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Compare it with [@dII); the n-dimensional spherical model looks similar
to the e"-dimensional random energy model of 4d (but uses only %n(n +
1) orthogaussian random variables). The latter has a threshold at § =
V/2In(e") = v/2n; we may expect the same for the spherical model (but
in fact, we will get a threshold at 8 = /n/2).

The question is, how to calculate [ e P dy; it is difficult to integrate
over the sphere!

DIGRESSION: INTEGRATING OVER THE SPHERE

The Gaussian measure ™ lives near the sphere (of radius y/n rather than
1, which is not a problem) and allows for a simple integration.

4e3 Exercise. Prove that

/exp(ale b apr?) " (da) = H(l — 2a;) "2
k=1

for all a1,...,a, € (—00,1/2).
Hint: reduce to n = 1; note that [ e /2 dy = /27 and J exp(—%) du =

\V27o.

Still, we need to integrate over the sphere. We have exp(a;z? + -+ +
a,z2)y"(dx) = const - y(dx), where const is the integral calculated above,
and v is another Gaussian measure,

2

7(dz) - 1 ( L ) ~1/2
4e4 = | | exp | — , o, =(1—-2a .
(4ed) dw o V2moy, P 202 k= ¢)

The distribution of z — |z]?> w.r.t. 7 is the distribution of (¢1¢(1)? + -+ +
(0,(n)? for orthogaussian (y, . . ., (,, it is the convolution of n special distribu-
tions (well-known as gamma distributions). The density of the distribution
at a point r? is proportional to the integral of v(dz)/dz over the r-sphere
(think, why). The coefficient depends on r but not . We may get rid of the
coefficient by comparing v with " (its density is constant on the sphere),

(density of |z|* w.r.t. v at r?)

d
(4eb) = (mean of 1(dw) over r—sphere)

7" (dx)
for every nondegenerate Gaussian measure v on R” (irrespective of (fed))).
The distribution of |z|* w.r.t. v is well-known (a gamma distribution) and

its density is easy to write down explicitly, which cannot be said about ~.
Two clever ideas help a lot. First, we may restrict ourselves to logarithmic

(density of |z|* w.r.t. 4™ at r?)
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asymptotics; in other words, we may calculate up to factors e®™. Second, if
the mean value of |z|? w.r.t. v is equal to 1, then the density at 1 is neither
too small nor too large, it must be €™ uniformly over all v satisfying the
restriction [ |z|>y(dz) = 1. (I omit the proof.) By rescaling,

eo(n)

(densit of 2wt a0 e 2(49)) = s,

uniformly over all nondegenerate Gaussian measures v on R"™. Thus,

(density of |z]* wr.t. yatn) o)

(density of |z|* w.r.t. ¥ at n)
uniformly over all v such that [ |z|*~(dz) =n. By #el),

d
<mean of 1(dz) over n—sphere) = ¢
v (dz)
for these v. Taking into account that
"(d
7 C(l ?) = (2me)™™?2  on the y/n-sphere
x

(check it), we get

7(dz)
dzx

(mean of over n—sphere) = (2me) /2o

for v such that [ |z|*y(dz) = n. By rescaling,

d n/2
mean of 1(dr) over r-sphere | = < " ) ™ where r? = / |z|? v(dx),
dz 2mer?

uniformly over all nondegenerate Gaussian measures v on R".
Returning to 7 defined by (Hedl) we have

(mean of exp (Z akxi) over fr—sphere) =

k
2

= (H(l - 2%)) o exp (%) (%)nﬂea(”)

k

uniformly over ay, ..., a, € (—o00,1/2); here

# = [laf(de) = Yot = 3701 200) .
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By rescaling,
(mean of exp(r? Y, apa?) over r—sphere) = the same.

We want to get r2a;, = by, for given numbers b, € R. Thus, r must satisfy
r? =3 (1 —2bpr=2)7!, that is,

(4e6) > (=2t =1,

k

The sum is a continuous, strictly decreasing function of r € (1/2b,,00) (as-
suming b, = max(by,...,b,)), it tends to +oo as r — /2b, and to 0 as
r — o0. Therefore there exists exactly one solution r of the equation. For
this r we have

(4eT) <mean of exp (Z bex},) over 1—sphere) =
k

(T 20) e () (1)

END OF DIGRESSION

Now we can calculate [ e ?7 dv up to e°™ using Wigner’s semi-circle
law (Theorem 3e6) that describes the spectrum (A, ..., A,) of the (random)
matrix A via the measure %\/2 — A2dA.

As was said, we may expect a threshold at 5 = /n; thus we take

B =avn

and consider small and large a separately.
First, let o be small. We have to solve Equation for by = —Bv/nAp =
—ang;

2

Z(TQ —2b,) = Z(TQ +2anA,) "t = %Z (% + 2a)\k> o =
k

k k

+v2
:/ (u+2aX) " LvV2 — A2dX + o(1),

V2

assuming that 72> = nu and 2v/2« < u. The general formula

+V2 11 2
u+ o) =V2 = N2d\ =
/\/5 ( ) u+ Vu? — 202
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(valid for 0 < v < u/+/2) gives us

2
2 2b) = +o(l).
2 =) = e o)

We solve the equation (ignoring o(1)): w + vu? —8a? = 2; u < 2, and
u? —8a? = (2 —u)? u =1+ 2a? and get

(4e8) r? =n(1 + 2a%) + o(n)

provided that a < 1/+/2 (otherwise, for & > 1/4/2 the equation u++v/u? — 8a2 =
2 has no solutions, and for a = 1/ /2 the solution violates the restriction
2v/2 v < u). We put this r into (Ee1);

(4e9) nn/z(H(Tz _ 2bk)>1/2 _ (H 7,2_T2bk)1/2 B

k

= JL(1+20% + 20M + 0(1)) L
(I )

1
= exp ( - g : ﬁZln(l + 202 + 2a\;) + 0(n)> =
k

+v2
:exp<— g/ ln(l+2a2+2a)\)%\/2—/\2d)\)e°(”).
v

We apply the general formula

(4e10)
+V2 2 2
u+ vVu* — 2v v 2
In(u+ v\ ivV2 — A2 dA =1 +( )
/\/5 n(u ! )ﬂ a 2 u—i—«/u2—21)2

(valid when 0 < v < u/v/2) for u = 1+ 202, v = 2a, note that vu? — 2v% =
1 — 2a? and get just

~1/2
n"? ( H(T2 - 2%)) = g ne?/2g0(n)

k

By (&e1),

Z,B — /GBH dv = efna2/2€r2/267n/2eo(n) —

2 1 2 2
= exp ( . n; +n +2 o Z’)eo(n) — ena2/260(n) — e,@2/2eo(n) :
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that is,
2

1
—InZ, m— % in probability as n — oo
n

for a € [0,1/v/2).

We turn to the case a > 1/+/2.

4ell Exercise. The solution r of Equation (Hefl) satisfies

2
AR 2v/2a  in probability as n — co.
n

Prove it.

Hint: on one hand, if u > 2v/2a > 2 then u + vu2 — 8a2 > 2; on the
other hand, miny A\, — —+/2 in probability as n — oo (take it for granted),
thus max by ~ v/2an.

Compare it with (fe):

r? [1+42a* forae€(0,1/v2], 2
12v2a  forac [1/v2,00). 1

S

convergence in probability is meant. Similarly to (Eed),

/2 ( H(TQ _ Qbk)>1/2 — (H(Q\/ia + 20\, + 0(1))) o —

k k
n [tV2
= exp ( -5 / In(2v2a + 2a)) 1v/2 — \2 d)\) e’
~V3

which, unfortunately, does not follow from Theorem 3e6, since the logarithm
is not bounded on (—+/2,1/2). More detailed information about eigenvalues
near —v/2 is needed, and the small gap % — 2v2a should be taken into
account. (I omit the proof.) Anyway, the integral converges; it is ([HeIl) for

u = 2v/2a, v = 2o (thus, vVu2 — 202 = 0);

n"/2<H(T2 B Qbk)>_1/2 _
k
= exp (— g(ln(aﬁ) + %))e"(") = (aV/2) "2 /o)
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By (EeD),
Zg = /e_ﬁH dv = (Oz\/5)_n/Qe_"MerQ/Qe_"/zeo(”) =
3
= (aV2) 2 exp (om 2— Zn)ea(”) :

that is,

1 1 3 . .

—InZ, m— av2 — 3 In(av/2) — 4 0 probability as n — oo

n

for o € (1/4/2,00). We summarize the two cases:

(4el2)
PRI a?/2 for o € [0,1/v/2],
nson VT T ) ay2 - Lin(av/2) — 3 for a € [1/v/2,0);

convergence in probability is meant.

4e13 Exercise. Prove that

lim

1 - for a € (0,1/V/2],
Ji 7=

—\/§+i for o € [1/v/2,00);

L for a € (0,1/v/2],
n—>oo\/7 \/_+ LIn(av2) + 2 for a € [1/V/2,00);

_a? for a € (0,1//2],
_%111@_ i(l +1n2) for a € [1/v/2,00)

w8,

lim Sa N

n—oo N,

(convergence in probability is meant).
Hint: similar to Hd12).
4el4 Exercise. Prove that for any a € (0,1) and 6 € (0, 1) the probability
of the following event tends to 1 as n — oo:
exp(—nb?) for 0 < 1/2,

v{z: H(z) < —(0+¢)V2n} < {(2 — 2024 for 0 > 1/2.

Hint: similar to dd 13}

The threshold at £v/2n is evident, but one more threshold at j:%\/ 2n is
mysterious!
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4f The Sherrington-Kirkpatrick model

We return to the model touched upon in Sect. 1g,

X ={-1,1}", v is the uniform probability measure on X,

ZCk,lO'kO'l for (0'1, C ,O'n) € X,

1
H(oy,...,00) = ——
Vi £
<l

where (Cj)r< is a family of n(n—1)/2 orthogaussian functions. They model
disorder in a system of n spins oy,...,0, = £1; namely, Z(oy,...,0,) is
the energy of the spin configuration oq,...,0,. That is the Sherrington-
Kirkpatrick model for spin glasses, well-known in statistical physics (SK
model). It ignores the geometric location of atoms, assuming that all pairs
interact in the same way (‘mean field approximation’).

The SK model is related to the spherical model as vertices of the cube to
the sphere, in the following sense.

4f1 Exercise. Prove that

H(o)= —%((Aa, o) — trace A)

where A is the Gaussian random matrix of Sect. 3 (used in 4e).

The trace term is of little importance.

412 Exercise. Prove that

/exp (%(Aa, a>> v(do) = Zgexp (% trace A) :

the two factors in the right hand side being independent; and trace A is
distributed N(0, 1).

4f3 Exercise. Derive from (BeZ) that for every ¢ > 0 the probability of the
following event tends to 1 as n — oo:

max(—H(c)) < (1+¢e)n.

g

Computer simulations seem to show that

lim max (—H(c)) = 0.7366 . ..

n—oo N o

see [2, (1.2)].



Tel Aviv University, 2005 Gaussian measures and Gaussian processes

4f4 Exercise. (See also [ll, Prop. 2.2]) For each £,

2
\/7 Fz = \/7 InZs is more concentrated than N(0, 1).

Prove it.
Hint: similar to

4f5 Exercise. For each (3,
E Zg ="/,
Prove it.
Hint: E [e " dv = [(Ee ) dv.

By Jensen’s inequality, E In Z3 < InE Z3, thus

52
(46) E— L Zs< o

4f7 Theorem. (Aizenman, Lebowitz, Ruelle; see |1, Th. 3.3])

For each g < 1,
2

EgangﬁZ as n — oo.

Feel free to use Theorem HI7 even though I give no proof.
4f8 Exercise. For each 3 € (0,1),

1 2
—InZs — % in probability as n — oo.
n

Prove it.

Hint: combine BfA and B4l
4f9 Exercise. For each 3 € (0,1),

1
lim Uﬁ = ——ﬁ, lim —Fp = ——ﬁ, lim Sg = ——ﬁQ;
n—oo 1, n—oo 1, n—oo 1
convergence in probability is meant.
Prove it.

Hint: similar to Beld)

78
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4f10 Exercise. For each g € (0,1) and € > 0 the probability of the following
event tends to 1 as n — oo:
#{o : H(o) §2—n(ﬁ+ €)/2} _ i

Prove it.

Hint: similar to BdTH, EeTdl

“What really happens for § > 17 The physicists have proposed an entire
theory, of great complexity. It seems so much out of reach of the current
rigorous methods that there is no point to even discuss it.” Talagrand [,
p. 211].

However, we know that the threshold at 1 really exists.

4f11 Theorem. (Comets [3]; see also [, Th. 3.13]) For all 5 € (1, c0),

2
limsup E — ang ﬁ——lnﬁ—— < ﬁ—

n—oo 4

Compare the right hand side with (ZeI2).
Theorem EITl follows immediately from ([Bel2) and the following inequal-
ity, well-known as ‘domination of the SK model by the spherical model’:

SK sphere
(4f12) ElnZ;® <E anﬁm for g € [0, 00),

where ZSK is Z of this section, while Z;phere stands for Zg of Section 4e. The
domination is obtained by averaging over rotations O € O(n). Below, dO
denotes the uniform probability measure on O(n), and v*Ph*r® — the uniform

probability measure on the 1-sphere of R™ (that is, v of Sect. 4e). We extend
H from X = {—1,1}" to the whole R" according to HITl

4f13 Exercise. For every o € {—1,1}" and 3 € [0, 00),

/eﬁH(O”) dO = /exp <ﬁ—\/g<Ax, x) — % trace A) VPR (dg)

Prove it.
Hint: Oc is distributed uniformly on the /n-sphere.

4f14 Exercise. For every 3 € [0, 00),

/m(/ —PH(00) (da))dog

< —% trace A + ln/exp ( (Ax, x)) vPhere (dy)

S
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Prove it.
Hint: [In(...) <In [(...); use EII3

4f15 Exercise. Prove (HI12).

Hint: take the expectation of HIT4l and note that the expectation (and
moreover, the distribution) of In( [ e (97 y(dr)) does not depend on O
(since O~ AO is distributed like A).
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