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The ultimate form of fundamental theorem of integral calculus.

6a Exterior derivative: definition

First, we consider n-forms and N-forms on RY for n = N — 1.
Recall 4e10: for every n-form w of class C*' on R there exists an N-form
W' of class C° on RY such that for every smooth set U C R¥,

/ w:/w’.
ouU U

This is the divergence theorem 4a3 translated into the language of differential
forms.

Similarly we may translate 5c19: let f = div F' (generalized divergence);
let F' correspond to w according to (4e6), and f correspond to ' = f - det
according to (4e3); then, for arbitrary smooth U, by (4e7), [, (Fin) = [, w,
and by (ded), [, f = [,«'; thus, the equality [, f = [, (F,n) of 5¢19
becomes [, w = [,;w’. We also translate 5¢20: (a) such w’ is unique (for
given w); (b) if w € C! then W' = tr(DF) - det. In general, we call such w’ (if
exists) the generalized exterior derivative of w and denote it dw;

(6al) / W= / dw for all smooth sets U .
ou U

In terms of the function f that corresponds to w’ according to (4e3) and the
vector field F that corresponds to w according to (4e6) we have

(6a2) W=dv < f=divF.

Here is the translated Th. 5d6: if ¢ : U — V is of class C!, and w is an
n-form on V' that has the generalized exterior derivative, then the generalized
exterior derivative of p*w exists and is equal to ¢*(dw).

n=N-1
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The case n = N — 1 = 0 is treated according to 5¢21. That is, a smooth
set is a finite union of (separated) intervals; and [, w = w(b) — w(a) when
U = (a,b) and w is a O-form (just a continuous function). Thus, dw exists if
and only if w € C*(R), in which case dw(x, h) = W'(z)h.

Now we turn to (n — 1)-forms and n-forms on RY for 1 <n < N.

6a3 Definition. Let U C RY be an open set, n € {1,...,N}, w an
(n—1)-form on U. We say that an n-form w’ on U is the generalized exterior
derivative of w, and write w' = dw, if p*w’ is the generalized exterior deriva-
tive of p*w (as defined by (6al)) whenever ¢ : V — U is a map of class C*,
and V' C R" is an open set.

Uniqueness of w': given x € U and hy, ..., h, € RY, take v and ¢ such
that p(v) = x and (Dy),e; = hy, ..., (Dp)ye, = hy, (try linear ). ..

6a4 Exercise. A function f € C'(U), treated as a O-form, has the general-
ized exterior derivative df : (z,h) — (Dpf)s.
Prove it.

6a5 Remark. In the special case n = N Definition conforms to (6al
by the translated 5d6.

*

6a6 Lemma. If dw exists, then d(¢*w) exists and is equal to ¢*(dw).

That is; we assume that w is an (n — 1)-form on R, dw exists, and
o € CHRM — RY); then d(p*w) = ¢*(dw).

Proof. Let v € CY(R" — RM); we have to prove e e
that *(p*(dw)) = dy*(¢*w). We have p o) € Wo =Wy =—1Wy
CI®" — RY): byfad] (po ) (dw) = dgov)w. o . 4 . [

It remains to use the equality (pot))* = ¢*op*. [ Wo =Wy =—w2

6a7 Corollary (of [patjand[6a5). Let a be an (n—1)-form of class C* on R",
o € CY(RY — R"), and w = p*a. Then dw exists and is equal to p*(da).

6a8 Theorem. Every differential form of class C! has the exterior derivative.

The proof is somewhat similar to the proof of Prop. 5¢25. First, by
the claim holds for all forms that are ¢*a for some o and ¢ (as in [6a7).
Second, if this claim holds for two forms, then it holds for their sum. It
remains to prove that arbitrary form is the sum of some forms that are p*a.
This will be done in Sect. [6Hl

It may seem impossible to reduce a form on R" to forms on R", since the
former involves functions of N variables, and the latter only of n variables.
But recall that in the proof of 5¢25 a single vector field G : (xy,...,zy5) —
(1,0,...,0) was enough! True, « is not diverse enough; however, ¢ is.
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6b Exterior derivative: calculation

By 4el7, for N = 2, n = 1 and w € O, w((gj),(gg)) = fi(z,y)dx +
fa(x,y) dy (as in (4el4)), we have

dw = <D1f2 — Dgfl) det .

Let us do such calculation for N = 3:

F1 hl kl
hy k hi k hy k
Fy hy k| =F h2 kQ — b hl k,l + £3 hl kl ;
F3 h3 k3 3 3 3 3 2 2
using the traditional notation
hi Kk

bl

hi K
we get

w:FleL'Q/\d.Tg—ngafl/\dJI3+F3dZE1/\d!EQ:
= fl,g d.fCl N dl’g + f173 dl’l A dl’g + fz,g d.CEQ A\ d.%g,

where fio = F3, fiz = —Fy, fo3 = Fi; divFE = D Fy + DoFy + D3Fs =
D1 fo3z — Dafi3+ Dsfi;

dw = (lez,g — D2f1,3 + Dgfl’g) dl’l N dl’g N dl’g )

here we use also the traditional notation dx; A dza A dzs for det.
For higher N the calculation is similar, and gives for (N — 1)-form w

..........

N
(6b2) dw = <Z(—1)171D1f1 77777 i—1,+1,..., N) dl'l VAN dfﬂN X

i=1
here dzy A--- Adx;—y Ndzipq N --- ANdzy is a special case of dz;, A--- Adz;,
defined by

hii, - hniy
hl,in e hn,in
where h; ; is the j-th coordinate of h;. Note the antisymmetry: dzs A dxy =
—dzy N\ dzy; and dzy A dxy = 0.
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6b4 Lemma. For every antisymmetric multilinear n-form L on RY,

L= Z Liemyy -y em,) dTm, A Ndxp, .

1<my<---<mp <N

Proof. Both sides of this formula are antisymmetric multilinear n-forms;
we have to prove that they are equal on arbitrary A4, ..., h, € RY. WLOG,
hi=ep,....h, =¢p, for some 1 <p; <--- <p, <N. It remains to note
that

1 ifmlzpla"'7mn:pn7

dz,,, N\ ANdx, yoees€p) =
(dm, T ) (€py ) {0 otherwise.

It follows that for every (differential) n-form w on RY,

W= Z fomn () ATy N -+ Ndy,,,
(6b5) 1<my <--<myp <N
Jogomn () =W(T €m0,y ) -

In particular, the volume form on R” is
det =dxy A --- ANdzx, .
Its pullback is of special interest, and deserves a special notation:
(6b6) dpi N\ Ndp, = @ (dzy A -+ Ndxy,)
for p: x> (p1(2), ..., 0n(x)), ¢ € CHRY — R"). That is,
(dpr A= Ndpp) (-, by, ... hy) = det(Dy,p, ..., Dy, o) =
= det(Dp,5)i; = det(Vp;, hi)ij -

The notation is consistent: if ¢(xy,...,25) = (21,...,2,), then dp; A
o Ndp, = dxy A -+ Adxy, since Do = . Similarly, if ¢(xq,...,z5) =
(iyy ..oy, then dpy A -+~ Ndp, = dzgy A -+ Ndx;,.

In particular, for p € C1(RY — RY) we have

(6b7) dpr A+~ Ndpn = (det D) (dxy A -+ Ndxy) .

On the other hand, for ¢ € C*(RY — R) we have (dp)(-,h) = (Vip,h) =
(D1p)hy + - - - + (Dng)hn, that is,

(6b8) de = (D1p)dry + -+ (D) doy -



Tel Aviv University, 2015/16 Analysis-IV 107

More generally, for arbitrary 1-forms wy,...,w, one defines
(6b9) (wl VANRRIVAY wn)(x, hl, ey hn) = det(wi(x, hj))i,j .

What about d(det), that is, d(dxy A - -+ A dx,)? If it exists, it must be 0,
just because 0 is the only (n + 1)-form on R™; but for now we do not know
that it exists.

6b10 Proposition. d(det) = 0.

It means, do*(dxy A -+ A dx,) = 0 for every o € CHRN — R") where

\ n=N-—-1

N =n+1. That is, d(dpy A --- A dp,) = 0.
6bl1 Lemma. For arbitrary ai,...,an, by,...,b, € R*1 1

det((ai,bj>)i7j = <a1 X X (Zn,bl X X bn> .
Proof. Both sides of this formula are antisymmetric multilinear n-forms in
ar,...,a, (for given by,...,b,). Thus, WLOG, a1 = ep,,...,a, = ¢e,, for
some 1 <p; <--- <p, <n+ 1 Similarly, by = ey,...,b, = ¢, for some
1<q < <qg, <n+ 1. Now, both sides equal 1 if p; = q1,...,pn = @n,
otherwise 0. O
6b12 Lemma. The n-form do; A --- Adp, on RV corresponds to the vector
field Vi1 x --- x V. n—N_1
Proof. (V1 x -+ X Vpu, hy x -+ X hy) = det((Vei, hy))ij = (dpr A+ A
dpn) (-, hey .oy hy). O
Proof of Prop.[6b1(0 Follows immediately from[6b12] (6a2)) and 5¢24: div(V; x
- x Ve, =0. O

6b13 Corollary (of [6b10} and (6ba)). l<n<N
d(dey A -+ Ndp,) =0 forall ¢,... 0, € CHRY).

We see that all n-forms on R that are dp; A --- A dg,, and their sums,
have (generalized exterior) derivatives (equal zero). But this is surely not
the general case, since generally the derivative is not 0. According to [6b4], in
order to get everything, it is sufficient to get 1 dps A - -+ A dipy,.

6b14 Proposition. d(zydrs A -+ Adx,) =dxy A - A dzy,.

I This determinant could be called “cross-Gramian”.
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It means, dyp*(xidxs A -+ Adz,) = @*(dzy A -+ A dx,) for every ¢ €

CY(R™ — R™). That is,

(6b15) d(prdpa N+ Ndpn) = dpi A=+ Ndip,, .

6b16 Exercise. The (n — 1)-form ¢; dps A -+ A dg,, on R™ corresponds to
the vector field 1 Vs X -+ X V.
Prove it.!

Proof of Prop.[6b14. Follows immediately from [6b16] (6a2)), (6b7) and 5c24:
div(p1 Vs X -+ x Vi,,) = det(Dy). O

Theorem is thus proved.
Moreover, an arbitrary (n — 1)-form w of class C! being (6b5)), we get dw

from (6b15)):

(6b17) dw = > Afons ooy N ATy A+ N dp,, .

1<my <--<mp_1<N

Taking into account that df,,, . m,._, = Zszl (Dkfm1 m,_ )dTy we get

77777777

(6b18) dw = Z Gmyrimn ATy N -+ - AN dxy,,  where

1<mi<--<mp <N

i=1

(think, why); for n = N — 1 if was seen before: (6bl)), (6b2)).
This (6b18)) is called the (classical, not generalized) exterior derivative of

a form of class C''. We see that the classical exterior derivative is the special
case of the generalized exterior derivative for the forms of class C*.

6b19 Corollary (of [6a6 and Th. [6ag). (a) d(¢*w) = ¢*(dw) whenever dw
exists and ¢ € C*;

(b) if w, ¢ € C', then dw is classical, but d(p*w) is (generally) not;

(c) if w € C' and ¢ € C?, then dw and d(¢*w) are classical.

6b20 Corollary (of [6b13|and (6b17])).

d(dw) =0 for all n-forms w of class C*.

A wonder: no second (and higher) exterior derivatives, at all!

THint: similar to |6b12
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6¢c Stokes’ theorem

Recall (5al7): wa = fBO [™w for arbitrary singular n-box I' and n-form
w. Also, we define

(6c1) / w :/ [Mw
ar dB\Z

for (n — 1)-forms w. (As before, 9B\ Z is the union of the 2n hyperfaces of
B; also, I'*w extends from B° to 0B by continuity.)

6¢c2 Theorem (Stokes’ theorem).

o= ],

for every (n — 1)-form w of class C* on RY and singular n-box I" in R¥.

Proof. By [6a3] d(I'*w) =T*(dw) on B°. By (6a2), f = div F on B°, where
F corresponds to ['*w according to (4e6), and f corresponds to ['*(dw) accord-
ing to (4e3). Similarly to the proof of Th. 5d8 it follows that faB\Z<F7 n) =

Jp f. which means (by (4e7), (4ed)) [yp , T"w = [ T"(dw), that is, [, dw =
Jor w- U

6c3 Remark. The theorem still holds (with the same proof) when dw is the
generalized exterior derivative of an (n — 1)-form w of class C°.

6d Order 0 and order 1

Recall the integral of a 1-form over a path.
First, Sect. lc (between 1c12 and 1c13):

/w_/ (fron)dm + -+ (fx 07) dyw)

for w= fidx; 4+ -+ fydry and y(t) = (*yl(t), . ,”yN(t)) t € [to, t1]; here

dye =, dt.
fo= ]
to tl

Second, (bald):
Indeed, the formula ¢*(fw) = (¢*f)(¢*'w) = (f o p)(¢*w) (5al2) gives
Y (fedxy) = (fx o) dye = (fx © ¥)7v, dt, whence

Yw=(froy)ndt+ -+ (fxoy)yydt,
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and f(to VW= f,yw, as it should be.

Now we take w = dip (see (6b8)) for a function ¢ € CY(RY) treated
as a O-form: (y'w)(t,dt) = (Di@)ywi(t)dt + - + (Dne)ywyyn(t) dt =
(p o) (t) dt, thus,

/ﬁw—L”wowﬁﬁu—wwm»—wwm».

The integral depends on the values of ¢ at the endpoints only!
On the other hand, fﬁv © = fa[tmtﬂ 7o = p(v(t1))—p(v(to)) (as explained

before [6a3)), and we get
/ @ = / dep,
Oy g

........................... Vector calculus — ......... ... . . . . . . . . ... ...

as it should be.

Recall visualization of 1-forms by vector fields (Sect. 5b, “Facet 27): F
corresponds to w when w(z, h) = (F(x), h); that is, a form w = fy dx;+-- -+
fn dxy corresponds to vector field F(z) = (fi(z),..., fy(z)), and

AMZA?HNWWWWM;

the latter is called the integral' of a vector field F' along a path . In some
sense it measures how much the vector field is aligned with the path.? (If F
is orthogonal to « then this integral vanishes.) If the path « is closed then
this integral is called circulation of F around  and denoted ¢; it indicates
how much the vector field tends to circulate around ~.

N————

Clearly,
‘ /
Y
length(q/)

the length of the path times the upper bound on the vector field.
If w=dp, then FF =V,

< (maxIF0]) [ oL,

to

(Vo(v(1), 7' (1) = (Dywye) vy = me(3(1))

/ 1(Vso(v(t))m’(t)) dt = o(y(t1)) — ¢(v(t0)) -

to

LAlso “line integral” or “flow integral”.
2Nice formulation from mathinsight.


http://mathinsight.org/line_integral_circulation
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Thus,

[(r(62)) = ()] < (maxTer@Nl) [ ol

to
—_——
length(~)

In particular, if Vo = 0, then ¢ = const on each connected component of its
domain, of course.

6e Order 1 and order 2
For a 1-form w = fydx; + -+ + fy dvy of class O,

dw=dfy Ndzy + -+ dfy Ndzy =Y (Dif; — D;fi) day A da;

i<j

In particular, if w = dp for some ¢ € C*(RY), then dw = 0, since D;f; —
D;f; = D;Djyp — D;D;p = 0. Moreover, d(dp) = 0 (generalized...) for all
o€ CLRN) by [6b20]

.......................... Dimension N =2 ... ... i
Here w = fidxy + fo dxo;
dw = (Dgfl)dl‘g/\dl'l—l—(leg) dflfl/\dxg = (leQ—szl)dl'l/\diL'Q,

as was seen in 4el7.

Thus, Stokes’ theorem [.dw = [, w, that is, [.(D1fy — Dafy)dxy A
dry = f or (fidxy + fadzs), is a “singular” counterpart of Green’s theorem
fU(leQ Dgfl) dl’l VAN d$2 faU f1 dl’l + fQ dIQ) mentioned in 4el7.

Denoting the given 2-box by ABC'D we have
c

I VR e S B E

(think, why); in this sense J(ABCD) = AB + BC +CD + DA = AB +
BC — DC — AD, a formal linear combination of 1-boxes, so-called 1-chain;
it may also be treated as a (piecewise smooth) path v = 9T

...................... Vector calculus for N =2 ... .. .. ... ... ...

Dimension 2 is special: 1-forms and (N — 1)-forms are the same when
N = 2. In4el4 the 1-form w = f; dz1+ f2 dxo was treated as an (N — 1)-form
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that corresponds to vector field H(xz) = (f2(z), — fi(z)) (“Facet 3” in Sect. 5b);
then, treating JI' as a path ~, we have

t1
/ W= /(—Hz dry + Hydzs) = / (Hivs — Hayy) dt = flux
or ~y to

by 4el2. AISO7 divH = D1H1 + D2H2 = D1f2 — Dgfl, that iS, dw =
(div H) dzy A dxy. Thus, Stokes’ theorem [, dw = [, w turns into the “sin-
gular” divergence theorem: the flux of H through OI is equal to the integral
of div H over T'.

Alternatively we may visualize the 1-form w = f;dz; + fodxs by the
vector field E(z) = (fi(x), f2(x)) (“Facet 2”7 in Sect. 5b), then [, w is the
circulation of E around OI'; as was noted, Stokes’ theorem gives a “singular”
generalization of Green’s theorem:

or r

Clearly,

f (Erdx + Es dy)‘ < (max |D1Esy — Dy Ey|) area(T)
or

where area(I') = [, Jr, Jr being the (generalized) Jacobian (introduced in
Sect. 2¢).
Note that rotation by +7/2 turns H(z) into E(x).

.......................... Dimension N =3 ..

Here w = fidx, + fodxs + f3drs; dw =
(D2f1 dl’g—f—Dgfl dJ]g)/\dJ]1+(D3f2 dCL’g—f—leQ dCL’l)/\dl’Q—f—(le?) d171+D2f3 dl’g)/\dl’;;
= (leg—DQfl)d.TlAd.I‘2+(D2f3—D3f2)d$2/\d.’]73+(D3f1—D1f3)d$3/\d$1 .

...................... Vector calculus for N =3 ... .. .. ... ... ...

Dimension 3 is special, too: the four special casesn =0, n=1,n= N—1,
n = N exhaust alln =0,..., N when N = 3. Thus, all n-forms are visualized
easily: O-forms and 3-forms by functions, 1-forms and 2-forms by vector fields
(using “Facet 2”7 and “Facet 3” in Sect. 5b, respectively).

Denoting by E the vector field that corresponds to w and by H the vector
field that corresponds to dw we have

H =curl &,
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the curl being defined by
Hy = DyE3 — D3Fy, Hy=D3Ey — DiE3, H3= DiFEy— DoFy

where H = (Hy, Hs, H3) and E = (F4, Es, E3). Compare it with the cross
product of two 3-dimensional vectors (mentioned in 2b17(c), generalized in
(4eb)):

(ab asg, as) X (517 ba, 53) = (a2b3 — agby, agby — a1b3, a1b2 — CLle) .

Physicists like to say that curl E = D x E where D is the “vector” (Dy, Ds, D3).

In particular, if w = dy for some ¢ € C*(R?), then F = Vy and curl £ =
curl Vo = 0 (since D;E; — D;E; = D;D;o — D;D; = 0), which is a special
case of [6h20l

If a 2-box ' : B — R3 is such that I'(B°) C R? is a 2-manifold and
(B°,T|pe) is its chart, then [, dw is the flux of H through I'(B°) by (4e7).
More generally, we call fr dw the flux of H through the singular 2-box T'.

Similarly to “vector calculus for N = 27, farw is the circulation of
E around OI'. Stokes’ theorem fF dw = farw turns into the “classical
Stokes’ theorem” (also known as “Kelvin-Stokes theorem”, “curl theorem”
and “Stokes’ formula”):

(6el) the circulation of E around oI’
is equal to the flux of curl £ through I

for every vector field E (of class C') on R? and every singular 2-box T' in R3.
In this sense, the curl is the circulation density, called also “vor-
ticity” (and its flux is called also the net vorticity of E through-
out I'). A small paddle-wheel in the flow spins the fastest when
its axle points in the direction of the curl vector (of the velocity
field, recall “Facet 1” in Sect. 5b), and in this case its angular
speed is half the length of the curl vector.!

It follows from (Gel|) that

(6e2) ‘ AE‘ < (max | curl E|)area(T’) .

In addition, Stokes’ theorem for 2-forms and 3-forms in R3, being a special
case of Stokes’ theorem for (N — 1)-forms and N-forms in R, boils down to

1Shifrin p. 394.
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the divergence theorem for singular boxes, 5d8. We summarize.

id

function

O-form

d \Y

1-form =————— “Facet 27 —— vector field (£)

(6e3) d curl

2-form [=—————— “Facet 3" ———— vector field (H)

d div
w = fdx; Ndxy N\ dxs

function

3-form

The general formula d(dw) = 0 implies two less general formulas
(6ed) curl(Vf) =0, div(curl £) = 0.

6e5 Exercise. Let a, 8 be 1-forms on R3, and w a 2-form on R3. Translate
the relation a A f = w into the language of vector calculus (that is, of
the vector fields E, F, H that correspond to «, 5, w).

6e6 Exercise. d(pw) = dp Aw + @ dw for all p € CH(RY) and 1-forms w of
class C' on RY.

Prove it.
6e7 Exercise. For N = 3 translate [6e6| into the language of vector calculus.

6e8 Exercise. (a) If an n-box I' : B — RY satisfies Vu € 9B T'(u) = 0,
then [ dw =0 for all (n — 1)-forms w of class C' on RY.

(b) If ¢ : C*(R™ — RY) has a bounded support, then [, ¢*(dw) = 0 for
all (n — 1)-forms w of class C!' on RY.

Prove it.

6e9 Remark. Applying[6e8(b) to n = N and w = zy dzs A - - - Adz, we get
another proof® to (3a3) [ det(Dy) = 0.

6e10 Exercise. Generalize[6e|to I' such that I'(9B) C M for some manifold
M C RY of dimension n — 2 (or less), assuming n > 2.

6el1l Exercise. Let a vector field E (of class C') on R? satisfy

<curlE<§>, (§>> =0 whenever 22 +132 +22 =1, 2 > —0.9;

z

IFor the first proof see 5c10.
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V1—22 cos
prove that f%E = 0 for all z € (—0.9,1), where v,(t) = <\/1—75mz) for

t €0, 2n7].

6e12 Exercise. Let a vector field E (of class C') on R? satisfy

<cur1E<f§), <§>> =0 whenever 2 + >+ 22 =1, -09< 2<0.9;

z

prove that f'Yz E does not depend on z € (—0.9,0.9); here ~, is the same as
in celll

6el13 Exercise. Consider a vector field

. —yf(\/a:2+y2) . rcosf rf(r) cos(0+
E(y) = < :cf(\/tEQ——l-yQ) > , that 18, E(TEZ§9> = <rf(r)si(;1(9+
0

NEINTE

)

z

for a function f : [0,00) — R of class C*.
(a) Check that E is of class C', and

0

1£(1) = ( :
cur Y \/x2+y2f’(\/x2+y2>+2f<\/x2+y2)
7 cosf 0
T sin = 0 .
me<zﬁ (wmwmﬂ

(b) Given £ > 0, construct f such that

) , that is,

rf'(r)+2f(r) >0 forre(0,¢),
rf'(r)+2f(r)=0 forr € e, 00).

(c) Conclude that [ E in need not vanish.

6e14 Exercise. Let a vector field E (of class C') on R? satisfy

rcos @

mmE@mQZOfmmw>Qeem%L

1/r

and in addition, |E(z,y, 2)| = o(y/2® + 2 + 2% ) as 22+ y*+ 2% — co. Prove
that f% E =0 for all r > 0; here 7,(t) = (;§;€£> for ¢ € [0, 27].
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A Mobius strip may be defined as such a surface:

=

(R+rscos g) cosf :
{((R—H‘scosg)sine) CNS [—1, ]_], 0 e [O, 277]} , |
0
rssin g _—

for given R > r > 0.! Its boundary is a curve {y(t) : t € [0, 47|},

(R+rcos L) cost
’Y(t) = <(R+rcos ;)sint) .
t

T sin 3

6el5 Exercise. For v as above and E of [6el3]
(a) check that

(E(v(1),7' (1)) = (R +rcos5)f(R+rcoss);

(b) choose f such that curl E = 0 on the Mébius strip, but f7 E > 0;
(c) does it contradict Stokes’ theorem? Explain.
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