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Change of variables is the most powerful tool for calculating multidimen-
sional integrals. Two kinds of differentiation are instrumental: of mappings
(treated in Sections 2-5) and of set functions (treated here).

8a What is the problem
The area of a disk {(z,y) : * + y* < 1} C R? may be calculated by iterated

integral,
1 Vi—a? 1
/dx/ dy:/ 2vV1 —ax?dx = ...
-1 - -1

V1—22
or alternatively, in polar coordinates,

1 2 1
/rdr/ d@z/ 2rrdr =7
0 0 0

the latter way is much easier! Note “rdr” rather than “dr” (otherwise we
would get 27 instead of 7).

Why the factor r? In analogy to the one-dimensional theory we may
expect something like gsz; is it 7?7 Well, basically, it is r because an in-
finitesimal rectangle [r,r +dr] x [¢, p+d¢] of area dr-dy on the (r, ¢)-plane

corresponds to an infinitesimal rectangle or area dr - rdp on the (z,y)-plane.

rd¢

dr
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The factor 7 is nothing but | det T'| of Sect. 6n, where T is the linear approx-
imation to the nonlinear mapping (r, ) — (x,y) = (r cos ¢, rsinp) near a
point (7, ¢).

Thus, we need a generalization of Theorem 6nl (the linear transforma-
tion) to nonlinear transformations. Naturally, the nonlinear case needs more
effort.

8al Definition. A diffeomorphism! between open sets U,V C R" is an
invertible mapping ¢ : U — V such that both ¢ and ¢~! are continuously
differentiable.

By the inverse function theorem 4cbh, a homeomorphism ¢ : U — V is a
diffeomorphism if and only if ¢ is continuously differentiable and (Dy), is an
invertible operator for all x € U (equivalently, the Jacobian det(D¢y), does
not vanish on U).

And do not forget: in contrast to dimension one, the condition det(Dy), #
0 does not guarantee that ¢ is one-to-one (as noted in 4b).

8a2 Proposition. Let U,V C R" be open sets, ¢ : U — V a diffeomorphism,
and £/ C U. Then the following two conditions are equivalent.

(a) E is Jordan measurable and contained in a compact subset of U;

(b) @(F) is Jordan measurable and contained in a compact subset of V.

8a3 Definition. A function f: F — R on a Jordan measurable set £ C R”
flz) ifzekFE,
0 otherwise
on R". And in this case the integral of the latter function (over R") is [, f.

is integrable (on E) if the function =z — is integrable

8a4 Exercise. (a) Let £y C FEy be Jordan measurable, and f : Fy — R
integrable; then f|g, is integrable.

(b) Let Ey, E5 be Jordan measurable, and f : Ey U Ey — R; if f|g,, f|g,
are integrable then f is integrable.

Prove it.

8a5 Theorem. Let U,V C R" be open sets, ¢ : U — V a diffeomorphism,
E C U a Jordan measurable set contained in a compact subset of U, and
f:¢(FE) — R an integrable function. Then fo ¢ : E — R is integrable, and

/(p(E)f:/E<fOS0>’d€thp’_

'Namely, C! diffeomorphism.
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On the other hand, it can happen that an open set is not Jordan mea-
surable (even if bounded); worse, it can happen that U C R? is a disk but
V = (U) is open, bounded but not Jordan measurable.’

8a6 Corollary. If, in addition, U and V' are Jordan measurable and Dy
is bounded on U then integrability of f : V — R implies integrability of
(foy)ldet Dp|: U — R, and

/Vf=/U(fosO)!detD90!-

The proofs, given in Sect. [8h] are based on a transition from set functions
to (ordinary) functions, inverse to integration. (Basically, we’ll prove that
| det D] is the derivative of the set function E +— v(p(E)).) This form of
differentiation, introduced and examined in [8¢{8¢}, may be partially new to
you even in dimension one.

8b Examples and exercises

In this section we take for granted Proposition [8a2], Theorem [8a5] and Corol-
lary (to be proved later).

8b1 Exercise. (spherical coordinates in R?)

Consider the mapping ¥ : R3 — R3 U(r, ¢, 0) = (r cos psin 6, rsin psin 6,
rcosf).

(a) Draw the images of the planes r = const, ¢ = const, § = const, and
of the lines (p, ) = const, (r,0) = const, (r,p) = const.

(b) Show that W is surjective but not injective.

(c) Show that |det D¥| = r?sinf. Find the points (r,¢,6), where the
operator DV is invertible.

(d) Let V' = (0,00) x (—m,m) x (0,7). Prove that ¥|y is injective. Find
U=y(V).

8b2 Exercise. Compute the integral [[[ dadydz

2+y2+(272)2gl 12+y2+z2 .
Answer: 7 (2 — 21og3).2

8b3 Exercise. Compute the integral [[ % over one loop of the lem-
2,23

niscate (2% +y?)?> =22 — y

!The Riemann mapping theorem is instrumental. See Sect. 18.8 “Change of variables”
in book: D.J.H. Garling, “A course in mathematical analysis”, vol. 2 (2014).

2Hint: 1 <r < 3; cos > '”1:5 .
3Hints: use polar coordinates; -1 <9< T 0<r <y/cos2p; 1+ cos2p = 2 cos? ;
de_ — tan

I = tanp.

cos? ¢
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8b4 Exercise. Compute the integral over the four-dimensional unit ball:
22402 —u2—02?
ffffm2+y2+u2+v2gl € Ty dxdydudv 1

8b5 Exercise. Compute the integral [[[ |zyz|dazdydz over the ellipsoid
{2%/a® +y*/b* + 2% /% < 1}.

212 .2
Answer: %.2

8b6 Exercise. Find the volume cut off from the unit ball by the plane
Il +my+nz=p3

The mean (value) of an integrable function f on a Jordan measurable set
E C R” of non-zero volume is (by definition)

E L

The centroid* of E is the point Cr € R™ such that for every linear (or
affine) f: R™ — R the mean of f on F is equal to f(Cg). That is,

1
CE—@(/Exldx,...,/Exndx),

which is often abbreviated to Cp = ﬁ [ de.

8b7 Exercise. Find the centroids of the following bodies in R?:

(a) The cone built over the unit disk, the height of the cone is h.

(b) The tetrahedron bounded by the three coordinate planes and the
plane £ + ¥ + 2 = 1.

(c) The hemispherical shell {a? < x? 4+ y* + 2% < V?, 2 > 0}.

(d) The octant of the ellipsoid {z?/a? 4+ y?/b* + 2%/c* < 1, z,y,2 > 0}.

The solid torus in R?* with minor radius 7 and major radius R (for 0 <
r < R < 00) is the set

Q={(z,y,2): (Ve +y* = R)* +2* <1’} C R’

generated by rotating the disk

Q={(z,2): (z—R*+2*<r*} CR?

'Hint: The integral equals ffz2+y2<1 ey’ (ffu2+1}2<1_(lz+y2) e~ (W +v?) dudv) dady.
Now use the polar coordinates. - -

2Hint: 6e14 can help.

3Hint: 6m4 can help.

4In other words, the barycenter of (the uniform distribution on) E.
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on the (z, z) plane (with the center (R,0) and radius r) about the z axis.

Interestingly, the volume 272 Rr? of ) is equal to the area 772 of Q multiplied
by the distance 2w R traveled by the center of Q. (Thus, it is also equal to
the volume of the cylinder {(z,y,z2) : (z,2) € Q,y € [0,27R].) Moreover,
this is a special case of a general property of all solids of revolution.

8b8 Proposition. (The second Pappus’s centroid theorem)! 2 Let Q C
(0,00) xR C R? be a Jordan measurable set and Q2 = {(z,y, z) : (\/22 +12,2) €

Q} C R, Then Q is Jordan measurable, and
v3(Q) = 15(Q) - 21z, ;
here Cp = (¢y, Yo, 2cp) is the centroid of E.

8b9 Exercise. Prove Prop. 3

8c Differentiating set functions

As was noted in the end of Sect. 6a, in dimension one an (ordinary) function
F : R — R leads to a set function F : [s,t) — F(t) — F(s); clearly, F
is additive: F([r,s)) + F([s,t)) = F([r,t)). Moreover, every additive set
function F defined on one-dimensional boxes corresponds to some F (unique
up to adding a constant); namely, F(t) = F([0,1)).

If F is differentiable, I’ = f, then F and f are related by

F([t —e,t)) F([t,t+¢))

— f(),

Pappus of Alexandria (=~ 0290-0350) was one of the last great Greek mathematicians
of Antiquity.

2The first Pappus’s centroid theorem, about the surface area, has to wait for Analysis
4.

3Hint: use cylindrical coordinates: ¥(r,p, z) = (7 cos p, rsin @, 2).

— f(t) ase =0+ .
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Equivalently,

F([t — 81,t+ 82))

8cl
( ) €1+ &2

— f(t) as e1,e9 > 0+ .
And if f is integrable on [s,t] then!

F(ls,t))= [ [
[s:1]

In dimension 2 a similar construction exists, but is more cumbersome and
less useful:

F([s1,t1) X [s2,12)) ? F(tl,t2> — F(tl,sg) — F(Sl,tz) + F(sl, S2);

F(s,t) = F([0,s) x [0,%));

this time F' is unique up to adding ¢(t;) + ¥ (t,). In higher dimensions F is
even less useful; we do not need it. Instead, we generalize (8cl)) as follows.

First, we define an additive box function.

8c2 Definition. An additive box function F (in dimension n) is a real-valued
function on the set of all boxes (in R™) such that

F(B)=> F(C)
CceP

whenever P is a partition of a box B.

Second, we define the aspect ratio a(B) of a box B = [sy,t1] X --+ X
[Sn, tn] C R™ by?

max(t; — S1,...,tn — Sp)

a(B) =

min(t; — S1,...,tp — Sn)

Clearly, a(B) = 1 if and only if B is a cube.

Third, we define the derivative of an additive box function F' at a point
(B)

x as the limit of the ratio % as B tends to x in the following sense:

(8¢3) B>z; v(B)—0; «aB)—1.

!Can you prove it (a) for continuous f, (b) in general? Try 6bl in concert with the
mean value theorem. Anyway, it is the one-dimensional case of .

2It appears that “thin” boxes (of large aspect ratio) are dangerous to the main argument
of the proof (see ; this is why we need to control the aspect ratio.
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Symbolically,
F(B)
/ —
F'(z) ]lgl_rg o(B)
It means: for every € > 0 there exists § > 0 such that % — F'(z)| <€ for

every box B satisfying B 3 z, vol(B) < § and a(B) < 1+ 6.

If this limit exists we say that F' is differentiable at = (or on R", if the
limit exists for all z; or on a given box, etc).

In dimension one, F is differentiable if and only if F is, and F’ = F".

In general the limit need not exist, and we introduce the lower and upper
derivatives,

oy s E(B) F(B)
*F(x)—hgl_glf o(B) F(a:)_ln;ljllp o(B)

8d Derivative of integral

Every locally integrable! function f : R® — R leads to an additive box
function F': B+ [, f (as was seen in Sect. 6j).

Can we restore f from F'? Surely not, since F' is insensitive to a change
of f on a set of volume zero (by 6gl). However, the equivalence class of f
can be restored, as we’ll see soon.

We say that two functions f, g are equivalent, if *[, |f — g| = 0 for every
box B.

If two continuous functions are equivalent then they are equal (think,
why).

8d1 Proposition. If /' : B — fo for a locally integrable function f :
R™ — R, then the three functions .F’, f, *F" are (pairwise) equivalent.

Proof. Given a box B, we use Lipschitz functions f;, f{ : B — R (intro-
duced in Sect. 6i) and their limits f_, ff : B — R;?

@)t fo(@), fi@))fi(x) as L — oo.

Clearly, foo < f < f. We know that [, f, T [z f and [, fF | [, f as
L — oo. Thus,

Zg'f‘f;': */;foi—ﬁéhgl */B<fz—f>=o,

IThat is, integrable on every box.
’In fact, fi (x) = liminf, _, f(z1) and ff(z) = limsup,, ,, f(x1), but we do not
need it.
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therefore f and fI are equivalent. Similarly, f and f are equivalent. On
the other hand,

F(B) 1 /

S A <supf,
uB) o) Ju! =P

therefore
*7/ . F B) . —+ =+
F'(x) = limsup < limsupsup f; = f; (z)
B—zx U( ) B—zx B
for all L, which shows that *F" < fI. Similarly, ,F" > f_. We see that
fo < WF < *F' < ff and fg,f, fL are equivalent, therefore all these
functions are equivalent. O

8e Integral of derivative

8el Proposition. (a) If an additive box function F' is differentiable on a
box B then
v(B) inf F'(z) < F(B) <v(B)sup F'(z).

zeB xEB

(b) For every additive box function F
v(B) injfB L' (x) < F(B) <v(B)sup*F'(z).
S

zeEB
8e2 Lemma. For every partition P of a box B and every additive box

function F,
min F(C) < F(B) < F(C)

cer o(C) = w(B) — ¢ep o(C)
&)

Proof. Denoting a = mingep % and b = maxcep % we have av(C) <
F(C) < bw(C) for all C € P; the sum over C gives av(B) < F(B) <
bu(B). O

8e3 Lemma. For every box B and every € > 0 there exists a partition P of
B such that v(C) < e and o(C) < 1+¢ for all C € P.

Proof. Given B = [s1,t1] X -+ X [sp, t,,], for arbitrary natural number K we
define natural numbers ki, ..., k, by

/€1—1<zf <k1 kn—1<t <kn

-5 < —=,... n— Sn < —,

| 1 K 9 ) K = K

divide [s1,t1] into ki equal intervals, ..., [s,,t,] into k, equal intervals,
and accordingly, B into ki...k, equal boxes, each C' € P being a shift
of [0, tlk_—lsl] X -+ x [0, 7=, For arbitrary 4,5 € {1,...,n} we have

tli _ (ti — si)k; < kik; _ k; s 1 <1t 1 7
i—5j k?z(t] — Sj) kz(k’] — 1) k?j —1 k‘j —1 K(tj — Sj) —1
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thus,
alC) <1+ _ ! —0 as K — 0.
Kmin(t; — s1,...,t, — $,) — 1
Also,
v(C) = tll;sl ...tnk;sn S%—H] as K — o0.
It remains to take K large enough. O]

Proof of Prop. [8el] Item (a) is a special case of (b); we’ll prove (b).
Lemma (with € = 1) gives a partition P; of B such that v(C) < 1 and
a(C) < 1+1forall C' € P;. Lemmal|8e2|gives C; € P; such that f((gll)) > %.
We repeat the process for C (in place of B) and € = 1/2 and get Cy C C such
that v(Cy) < 1/2, a(Cy) < 1+ 1/2 and f((gj)) > f((gll)) > f((g)) Continuing
this way we get boxes B D C; D Cy D ..., v(Cy) — 0, a(Cy) — 1, and

PG~ EB) {4 all k. The intersection of all Cy is {z} for some z € B,

v(Ck) = v(B)

and C — x in the sense of (8c3)). Thus, *F’'(x) > limsup, f((g:)) > f((g)),
and therefore F(B) < v(B)sup,cp F'(z). The other inequality is proved
similarly (or alternatively, turn to (—F)). O

Combining [Belfa) and 6b1 we get

(Sed) F(B) = /B F

whenever F’ exists and is integrable on B. Here is a more general result.

8e5 Exercise. Prove that

/*F’SF(B) < /*F’
xJ B B

for every box B and additive box function F' such that ,F” and *F’ are
bounded on B.

If [, F = *fB *F” then ,F” and *F" are integrable and moreover, every
function sandwiched between them is integrable (with the same integral).!
In this case it is convenient to interpret F’ as any such function and write

F(B) = /B F

even though F' may be non-differentiable at some points. (You surely know
one-dimensional examples!) However, the equality _ [ il = *fB F' may
fail; here is a counterexample.

LA similar situation appeared in Sect. 7d.
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8e6 Example. There exists a nonnegative box function F' (in one dimension)
such that *f[O,l] J < f[o,l] .

We choose disjoint intervals [s, t] C [0, 1], whose union is dense on [0, 1],
such that >, (ty — sx) = a € (0,1), define F by’

F([s,t]) =) length([sy, t] N [s,1]) .

and observe that F'([0,1]) =a, 0 <, F' <*F' <1 and

F'(z)=1 forallx € U(sk,tk)
k

think, why). us, = since the integrand 1s 1 on a dense set).
hink, why). Thus, ", *F" = 1 (since the i dis 1 d
However, [, +F" < F([0,1]) =a <12

8f Set function induced by mapping

Consider a mapping ¢ : R™ — R™ such that the inverse image ¢~ !(B) of
every box B is a bounded set. (An example: ¢ : R? = R, o(z,y) = 2%+ y2.)
It leads to a pair of box functions F, < F* (in dimension n),

(8f1) F.(B) =v.(¢7(B%)), F(B)=v"(¢"(B)),

generally not additive but rather superadditive and subadditive: for every
partition P of a box B,

F.(B)>)Y F(C), FYB)<> F(C),

CeP ceP

which follows from (6f3), (6f4) and the fact that ¢ '(C7) N ¢ 1(C) =
e 1 (CeNCs) =0 when C;NCy =10,

If F.(B) = F*(B) then ¢ !(B) is Jordan measurable, and ¢ '(0B) is
of volume zero; if this happens for all B then the box function F(B) =
v(¢~1(B)) is additive. A useful sufficient condition is given below in terms
of functions J—, J* defined by

v . FU(B) LoN s F*(B)
(8£2) J (x)-llgl_gclf o(B) J (x)-hrg_s}gp o(B)

YEquivalently, F([s,t]) = v«(AN[s,t]) where A = Ug[sg, tx].
2In fact, F' is Lebesgue integrable, and its integral is equal to a.
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8f3 Proposition. If J~, JT are locally integrable and equivalent then

F*(B)—F*(B)—/BJ—/BJ+

for every box B.

In this case!

(3t4) oo B) = [ 7

where J is any function equivalent to J—, J*.

8f5 Exercise. Prove existence of J and calculate it for ¢ : R? — R defined

by (a) ¢(z,y) = 2° + v (b) p(z,y) = Va2 + 42 (c) e(z,y) = |z] + [yl

taking for granted that the area of a disk is 772

8f6 Exercise. Prove existence of J and calculate it for ¢ : R? — R? defined
by ¢(z,y,2) = (\/x2 + 92, z), taking for granted Prop. @

We generalize [Be2] [Bel], [Bed]
8f7 Exercise. For every partition P of a box B,

min £(C) < F.(B) < £ (B) < max F(©)

Eer o(C) = o(B) = u(B) ~ & w(C) -

Prove it.

8f8 Exercise.

reB reB

v(B) inf J ™ (z) < F,(B) < F*(B) < v(B)supJ*(z).

Prove it.

8f9 Exercise.

/BJ_SF*(B)SF*(B)S */Bﬁ.

*

Prove it.?

Prop. follows immediately.

!Can this happen when m < n? If you are intrigued, try the inverse to the mapping of
6gl1.
2Curiously, the left-hand and the right-hand sides differ thrice: _ [, [; lim inf, lim sup;

Vs, V.



Tel Aviv University, 2013/14 Analysis-IILIV 122

8f10 Remark. Similar statements hold for a mapping defined on a subset
of R™ (rather than the whole R™). If ¢ : A — R” for a given A C R™ then

¢ 1(B) C A for every B, but nothing changes in (8f1)), (8f2) and Prop.

8f11 Remark. If J—,J* are integrable and equivalent on a given box B
(and not necessarily on every box) then v(¢~'(C)) = [, J for every box
C CB.

8f12 Exercise. Calculate J for the projection mapping ¢(z,y) = = (a)
from the disk A = {(z,y) : 2* + y* < 1} C R? to R; (b) from the annulus
A={(x,y): 1 <2*+9y*> <4} CR? to R. Is J (locally) integrable?

8f13 Exercise. Calculate J for the mapping ¢(z) = sinz from the interval
[0,107] C R to R. Is J (locally) integrable?

8g Change of variable in general

8g1 Proposition. If ¢ : R™ — R" is such that! J~, J are locally integrable
and equivalent then for every integrable f : R®™ — R the function fop : R™ —
R is integrable and

feo= [ [fJ.
R

Rm
Proof. First, the claim holds when f = 1l is the indicator of a box, since
(8£4) _
[ 1= 18w @)= [t = [ for.
R™ B m R

Second, by linearity in f the claim holds whenever f is a step function
(on some box, and 0 outside).

Third, given f integrable on a box B (and 0 outside), we consider arbi-
trary step functions g, h on B such that g < f < h. We have gop < fop <

hopand [o.g09= [39J, [gmhoe= [5hJ, thus,

/ng / Fop< fosos/hJ, /ng/fJg/hJ.
B * m Rm™ B B B B

We take M such that |J(-)| < M on B and get

/BhJ—/BgJ:/B(h—g)JSM/B(h—Q);

thus, integrability of f implies integrability of f o ¢ and the needed equality
for the integrals. O]

"'We still assume that the inverse image of a box is bounded.
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8g2 Corollary. If ¢ : R™ — R" is such that J—, J" are locally integrable
and equivalent then:

(a) for every Jordan measurable set £ C R" the set ¢ '(E) C R™ is
Jordan measurable;

(b) for every integrable f : £ — R the function f o ¢ is integrable on

o (E), and
/D_I(E)fo¢:/]5fj.

Proof. (a) apply Bgl]to f = 1p; (b) apply Bgl]to f1g. ]

8¢3 Remark. If ¢ : A — R" is such that J—, J* are integrable and equiv-
alent on a given box B (and not necessarily on every box) then for every
integrable f : B — R the function f o ¢ is integrable on ¢! (B), and

L_l(B)fo¢:/JBfJ.

Also, holds for E C B.

8g4 Exercise. (a) Prove that f12+y2§1 j’(\/x2 + yQ) dody = 27 f[O,l] fr)rdr
for every integrable f:[0,1] — R;

(b) calculate | e~ @ +v)/2 dzdy. (Could you do it by iterated inte-
grals?)

24y2<1

8h Change of variable for a diffeomorphism

8h1 Proposition. Let U,V C R™ be open sets and ¢ : V — U a diffeomor-
phism, then!
J7(x) = J"(x) = |det(Dy),]|
forallz € U; herep =1 : U = V.
Proof. Let g € U. Denote T = (Dv),,. By Theorem 6nl, v(T(F)) =

| det T'|v(E) for every Jordan measurable £ C R™. Note that ¢ 1(E) = ¢(F).
It is sufficient to prove that

W(U(BY) | (b))

o(T(B)) WT(B)) —1 asB—zx.

Similarly to Sections 3e, 4c we may assume that xo = 0, ¢)(xy) = 0 and
T = id; also, for every ¢ > 0 we have a neighborhood U, of 0 such that

(1—¢)|zr — 22| <|y1 — o] < (14¢)|xr — 22

'det Dy is called the Jacobian of ¢ and often denoted by Jy.
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whenever x1, 29 € U, and y; = ¥(21), y2 = 1(x2). Here | | is the Euclidean
norm; but we can get the same (taking a smaller neighborhood if needed) for
an equivalent norm:

(1 =¢e)l|wr — 22| < lpn — vol| £ (X4 ¢e)|loy — 22|

where
|z = max(|x1],. .., |x,]) for x = (z1,...,2,).

That is, {z : ||z]| < r} = [—r,r]" is a cube.
We may assume that B C U, and a(B) < 1+ . Denoting the center of
B by xp we have

|t —2zp|| <rp = 2z€B = |z—uap| <(1+e)rp
for some rp > 0. It is sufficient to prove that
(1—e)*(B—uap) CU(B) —yp C (1+e)*(B — x5)

(where yg = ¥ (xp)), since this implies (1—¢)**v(B) < v.(¢(B)) < v*(¥(B)) <
(14 )0(B).
On one hand, ¥(B) — yg C (1 +¢)*(B — xp) since
r€B = |v(@@) -ysl <A+l —apl <A+e)rp =
= Y(x) —yp € (1+¢)*(B—up).

On the other hand, (1 —¢)?(B — zp) C ¥(B) — yp since
y—yp € (1—¢)*(B—1p) =
1
= lely) —zsll < 7—lly—vsll <A -e)A+e)rp<rp =
— ¢y)eB = y-—yp€v(B)-ys.
[

We see that J—, Jt are integrable and equivalent (moreover, equal and

continuous) on every box B C U. According to (and [8g3)), for every
Jordan measurable £ C B and integrable f : E — R,

(8h2) Y(F) is Jordan measurable,
(8h3) f o ¢ is integrable on ¢ (F), and fop= / fldet D).
Y(E) E

Given a compact subset K C U, we generally cannot cover K by a single
box B C U, but we can cover it by a finite collection of such boxes.
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8h4 Lemma. If U C R” is open and K C U is compact then K C B U
-+-U By, C U for some boxes By, ..., By (and some k).

Proof. The number ¢ = inf,cx dist(x,R™ \ U) is not 0, since the function
dist(z, R"\ U) is continuous (moreover, Lip(1)) on K. For § = 7%= each
d-pixel (recall the end of Sect. 6k) intersecting K is contained in U. O]

8h5 Corollary. ¢(F) is Jordan measurable whenever E C U is a Jordan
measurable set contained in a compact subset of U.

Proof. E C By U---U By; sets ¥(E N B;) are Jordan measurable by (8h2));
their union ¢ (FE) is thus Jordan measurable. ]

Proposition follows immediately. Theorem [8a5| needs a bit more ef-
fort.

Given A = ByU---UBy and f : A — R, can we represent it as f =
fi+ -+ fr where each f; vanishes outside B;? Yes, we can; such technique
is called “partition of unity” and will be used repeatedly in Analysis 4. This
time its use is quite trivial, and could be avoided easily, but I do not want
to miss a good opportunity to get acquainted with it.

We define functions py,...,pr : A — [0,1] by?

1 .
pi(z) = 4 Im@EATg @ €D
0 otherwise.

Clearly, p1 +---+4 pr = 1 on A, each p; vanishes outside B; and is integrable
on B; (just because it is a step function).
Given an integrable f : A — R, we introduce f; = fp1,..., fx = fpr; by

" f¢(3i) fi cCY = fBi fz| det D¢|a that is, f¢(A) fi cp = fA fz| det DT/)|7 the
sum over 1 = 1,...,k gives fw(A)fOSO = [, fldet Dy|. Applying it to flg
for a Jordan measurable £ C A we get

/w(E)fososzfldetDzbl

for integrable f : £ — R.

In order to get Theorem [8ad| it remains to change notation. First, denote

g= fop, then f=got, and fd)(E)g = [5(g o) det Dy|. Second, rename
g into f and ¢ into ¢.

Do you want to propose a simpler construction of pq, ..., pr? Well, you can; but let
me exercise the construction that will be reused in less trivial situations in Analysis 4. 1
intentionally work with arbitrary (not just almost disjoint) boxes.
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Proof of Corollary[8af, Given § > 0, 6k11 gives us a compact Jordan mea-
surable set F; C U such that v(U \ E;) < §. Similarly, compact F; C V,
v(V\ Fy) < 4. ByBa2, ¢(E1) and ¢'(Fy) are Jordan measurable. Intro-
ducing F = E; Up 1(F}) and F = F; U p(F;) we see that the sets E C U
and F' C V are compact, Jordan measurable, v(U \ E) < §, o(V \ F) < §

and F = o(E). By Bad] [, f = [5(f o ¢)|det D).
The inequality

/ (f o )| det Dg| < (sup |])(sup | det Dg|)5
U\E 1% U

shows that the function (f o ¢)|det Dp| on U is approximated by integrable
functions (foy)|det Dy|1g. By Prop. 6d15, the function ( fop)| det Dyl is in-
tegrable on U, and [,,(foy)|det Dyl is approximated by [,.(fog)|det Dyp| =
Jnf- Also [, f is approximated by [, f. In the limit we get [, f =

Ju(f o)l det Dyl. 0

Index

additive box function, [T16 locally integrable,

aspect ratio, [I10]
mean, [IT4]

centroid,
Pappus theorem, [T15]

derivative of box function, [I16]

diffeomorphism, [I12] B =z,
F,
equivalent functions, F., F*, [120]

), ), [T
integrable on E, J=,JT,
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