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ABSTRACT. The monograph contains a systematic treatment of a circle of
problems in analysis and integral geometry related to inversion of the Radon
transform on the space of real rectangular matrices. This transform assigns to
a function f on the matrix space the integrals of f over the so-called matrix
planes, the linear manifolds determined by the corresponding matrix equations.
Different inversion methods are discussed. They rely on close connection be-
tween the Radon transform, the Fourier transform, the Garding-Gindikin frac-
tional integrals, and matrix modifications of the Riesz potentials. A special
emphasis is made on new higher rank phenomena, in particular, on possibly
minimal conditions under which the Radon transform is well defined and can
be explicitly inverted. Apart of the space of Schwartz functions, we also con-
sider LP- spaces and the space of continuous functions. Many classical results
for the Radon transform on R™ are generalized to the higher rank case.
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Introduction

0.1. Preface

One of the basic problems of integral geometry reads as follows [Gel|. Let X be
some space of points x, and let ¥ be a certain family of manifolds 7 C X. Consider
the mapping f(z) — f(T) = fT f which assigns to f its integrals over all T € ¥.
This mapping is usually called the Radon transform of f. How do we recover f(z)
from f(7)? This rather general problem goes back to Lorentz, Minkowski, Blaschke,
Funk, Radon etc., and has numerous applications; see [Eh], [GGG], [GGV], [H],
[Na], [Ru3], [RK], [SSW], and references therein.

A typical example is the so-called k-plane transform on R™ which assigns to
f(z), © € R™, a collection of integrals of f over all k-dimensional planes in R™. This
well known transformation gets a new flavor if we formally replace the dimension n
by the product nm, n > m, and regard R™™ as the space M, ,, of n X m matrices
x = (x;,;). Once we have accepted this point of view, then f(z) becomes a function
of matrix argument and new “higher rank” phenomena come into play.

Let Vi, n—i be the Stiefel manifold of orthonormal (n — k)-frames in R, i.e.,
Van—k ={&: £ €My i, §€ = I, } where ' denotes the transpose of &, I,,_x
is the identity matrix, and £’¢ is understood in the sense of matrix multiplication.
Given £ € Vj, i and t € M, 1, we define the matriz k-plane

(0.1) r=7t) ={z: x €My, =1t}

Let T be the manifold of all matrix k-planes in 9, ,,,. Each 7 € T is topologically
an ordinary km-dimensional plane in R™, but the set ¥ has measure zero in the
manifold of all such planes. The relevant Radon transform has the form

(0.2) f(r) = / S, rex

the integration being performed against the corresponding canonical measure. If
m = 1, then ¥ is the manifold of k-dimensional affine planes in R, and f(7) is the
usual k-plane transform. The inversion problem for (0.2) reads as follows: How do
we reconstruct a function f from the integrals f (1), 7 € T? Our aim is to obtain
explicit inversion formulas for the Radon transform (0.2) for continuous and, more
generally, locally integrable functions f subject to possibly minimal assumptions at
infinity.

A systematic study of Radon transforms on matrix spaces was initiated by
E.E. Petrov [P1] in 1967 and continued in [C], [Gr1], [P2]-[P4], [Sh1], [Sh2].
Petrov [P1], [P2] considered the case k = n — m and obtained inversion formulas
for functions belonging to the Schwartz space. His method is based on the classical
idea of decomposition of the delta function in plane waves; cf. [GSh1]. Results of
Petrov were extended in part by L.P. Shibasov [Sh2] to all 1 <k <n —m.

1



2 INTRODUCTION

The following four inversion methods are customarily used in the theory of
Radon transforms. These are (a) the Fourier transform method (based on the
projection-slice theorem), (b) the method of mean value operators, (c) the method of
Riesz potentials, and (d) decomposition in plane waves. Of course, this classification
is vague and other names are also attributed in the literature. Omne could also
mention implementation of wavelet transforms, but this can be viewed as a certain
regularization or computational procedure for divergent integrals arising in (b)—(d).
In Section 0.2, we briefly recall some known facts for the k-plane transform on R™
which corresponds to the case m = 1 in (0.2). Our task is to extend this theory
to the higher rank case m > 1. The main results are exhibited in Section 0.3.
A considerable part of the monograph (Chapters 1-3) is devoted to developing a
necessary background and analytic tools which one usually gets almost “for free”
in the rank-one case. We are not concerned with such important topics as the
range characterization, the relevant Paley-Wiener theorems [P3], [P4], the support
theorems, the convolution-backprojection method, and numerical implementation.
One should also mention a series of papers devoted to the Radon transform on
Grassmann manifolds; see, e.g., [Go], [GK1], [GK2], [Gr2], [GR], [Ka], [Ru5],
[Str2], and references therein. This topic is conceptually close to ours.

0.2. The k-plane Radon transform on R"

Many authors contributed to this theory; see, e.g., [GGG], [H], [Ke], [Ru4]
where one can find further references. We recall some main results which will be
extended in the sequel to the higher rank case.

0.2.1. Definitions and the framework of the inversion problem. Let
Gn 1 be the manifold of affine £-dimensional planes in R", 0 < k < n. The integral
(0.2) with m = 1 can be interpreted in different ways. Namely, if we define a k-
plane 7 € G, by (0.1) where £ € V,, ,_ and t € R"~* is a column vector, then
the k-plane Radon transform is represented as

(03) fm=ieo= [ swrede,

{y:yeR"; &'y=0}
where dey is the induced Lebesgue measure on the plane {y : &'y = 0}. For
k = n — 1, this is the classical hyperplane Radon transform [H|, [GGV]. Clearly,
the parameterization 7 = 7(&,t) is not one-to-one. An alternative parameteri-
zation is as follows. Let n belong to the ordinary Grassmann manifold G,, ;. of

k-dimensional linear subspaces of R", and 5 be the orthogonal complement of 7.
The parameterization

T= 7(777/\)7 ne Gn,ka AeE U%

is one-to-one and gives

(0.4) fr) = Fnn) = / Fly + Ndy.

n



0.2. THE k-PLANE RADON TRANSFORM ON R™ 3

The corresponding dual Radon transform of a function ¢(7) on G, j is defined
as the mean value of ¢(7) over all k-dimensional planes 7 through = € R™:

(0.5) p(x) = / e(ymo + x)dy = / @(n, PryLx)dn.

SO(n) Gk
Here, 7o is an arbitrary fixed k-plane through the origin, and Pr, .z denotes the
orthogonal projection of 2 onto n*. A duality relation

(0.6) /f x)dx = /f

Gnk

holds provided that either side of this equality is finite for f and ¢ replaced by |f|
and ||, respectively [H], [So]. Here and on, dr stands for the canonical measure
on G, ; see [Rud].

The k-plane transform is injective for all 0 < k < n on “standard” function
spaces where it is well defined (see Theorem 0.1 below). If & < n — 1, then the
inversion problem for f is overdetermined because

dimG, 1, = (n —k)(k+1) > n = dimR",
and the dual Radon transform is non-injective. If k¥ = n — 1, then the dimension
of the affine Grassmanian G, ,,—1 is just n. In this case, the Radon transform and
its dual are injective simultaneously; see also [Rub] where this fact is extended to
Radon transforms on affine Grassmann manifolds.

The following theorem specifies standard classes of functions for which the k-
plane transform is well defined.

THEOREM 0.1.
(i) Let f(x) be a continuous function on R™ satisfying f(z) = O(Jz|~*). If a > k
then the Radon transform f(T) is finite for all T € G, 1.
(ii) If (1+|z|)* f(z) € L* for some o > k—n, in particular, if f € LP, 1 < p < n/k,
then f(T) is finite for almost all T € G, 1.

Here, (i) is obvious, and (ii) is due to Solmon [So]. The conditions a > k,
a > k—n, and p < n/k cannot be improved. For instance, if p > n/k and
f(x) = 2+ |2])7"/7(log(2 + |2])) " (€ LP), then f(7) = oc.

More informative statements can be found in [Ru4]. For instance, if |7| denotes
the euclidean distance from the k-plane 7 to the origin, then

|)\n

_ |)\ n
(07) /f 1+| |2 )\/QdT C/f 1+|I| (/\ k)/de

_ A =F)/2)T(n/2)
L(A/2)T((n —k)/2)’

(see Theorem 2.3 in [Ru4]). Choosing A = n, we obtain

f(r) _ f(z)
08 | wt = [ @

n.k

Re A >k

It is instructive to compare (0.8) with [So, Theorem 3.8] where, instead of explicit
equality (0.8), one has an inequality (which is of independent interest!). Different
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modifications of (0.7) and (0.8), which control the Radon transform and its dual at
the origin and near spherical surfaces, can be found in [Ru4].

It is worth noting that “Solmon’s condition” (1 + |x|)*~" f(x) € L*(R") is not
necessary for the a.e. existence of f (1) because, the Radon transform essentially has
an exterior (or “right-sided”) nature; see (0.11) below. For any rapidly decreasing
function f € C*°(R™\{0}) satisfying f(x) ~ |2|~™ as |z| — 0, the Solmon condition
fails, but f(f, t) < oo a.e. (it is finite for all 7 F 0). However, if for f > 0,
one also assumes f(7) € Ll (in addition to f(7) < oo a.e.), then, necessarily,
(14 |z|)*="f(z) € L' [So, Theorem 3.9].

0.2.2. The k-plane transform and the dual k-plane transform of radial
functions. There is an important connection between the transformations f — f
and ¢ — ¢, and the Riemann-Liouville (or Abel) fractional integrals

09 D= [t UEDE = [
0

S

Rea > 0. Let 0, 1 = 27"/2/T'(n/2) be the area of the unit sphere S~ in R™.
The following statement is known; see, e.g., [Ru4].

THEOREM 0.2. For x € R" and 7 = (n,A) € Gy i, let
(0.10) r = |z| = dist(o, z), s =|A| = dist(o, 7)
denote the corresponding euclidean distances from the origin. If f(x) and @(7T)

are radial functions, i.e., f(x) = fo(r) and ©(7) = @o(s), then f(r) and @(z) are
represented by the Abel type integrals

(0.11) f(r) =0p_1 /fo(?")(rz _ 32)]6/2717"(17“,
(0.12) o(x) = %/@0(8)(7“2 — 82)k/2_1sn_k_1ds,
0

provided that these integrals exist in the Lebesgue sense.

Obvious transformations reduce (0.11) and (0.12) to the corresponding frac-
tional integrals (0.9).

0.2.3. Inversion of the k-plane transform. Abel type representations (0.11)
and (0.12) enable us to invert the k-plane transform and its dual for radial func-
tions. To this end, we utilize diverse methods of fractional calculus described, e.g.,
in [Rul] and [SKM]. In the general case, the following approaches can be applied.

The method of mean value operators. The idea of the method amounts to
original papers by Funk and Radon and employs the fact that the k-plane transform
commutes with isometries of R™. Thanks to this property, the inversion problem
reduces to the case of radial functions if one applies to f (1) the so-called shifted
dual k-plane transform (this terminology is due to F. Rouviere [Rou]). The latter
is defined on functions ¢(7), 7 € G, , by the formula

(0.13) or(z) = / o(yr + ) dy,
SO(n)
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where 7, is an arbitrary fixed k-plane at distance r from the origin. The integral
(0.13) is the mean value of ¢(7) over all 7 at distance r from z. For r = 0, it
coincides with the dual k-plane transform ¢(x). Modifications of (0.13) for Radon
transforms on the n-dimensional unit sphere and the real hyperbolic space were
introduced by Helgason; see [H] and references therein.

The core of the method is the following.

LEMMA 0.3. Let ¢ = f, felLr, 1<p< n/k, and let

(0.14) (M, f)(z) = 0"1‘15/1 f(x+r6)ds, r >0,
be the spherical mean of f. If gz(s) = (M 5 f)(x) and ¥ (s) = 7= *2p s(x), then
(0.15) (I*2g2)(s) = u(s).
If k is even, (0.15) yields
(0.16) f) =2 (= o g )|

where, for non-smooth f, the equality is understood in the almost everywhere sense.
This inversion formula is of local nature because it assumes that ¢,(z) is known
only for arbitrary small r. The case of odd k is more delicate. If f is continuous
and decays sufficiently fast at infinity, then (0.15) is inverted by the formula

(0.17) fla) = (— %) U ) (s)| o YmeN, m>k/2,

which is essentially non-local. For f belonging to LP, the integral (Iinfkmww)(s)

can be divergent if n/2m < p < n/k. It means that the inversion method should

not increase the order of the fractional integral. This obstacle can be circumvented

by making use of Marchaud’s fractional derivatives; see [Ru4, Section 5| for details.
The method of Riesz potentials and the method of plane waves. It is instructive

to describe these methods simultaneously because both employ the Riesz potentials

o _ 1 T — a—n z n
(015) (1 Pla) = —= / fla =yl dy,  weR

aﬂ.n/Q a
(0.19) Tn(r) = W7

The Fourier transform of the corresponding Riesz distribution |z|*~™ /v, («) is |y|
in a suitable sense. It means that I* can be regarded as (—a/2)th power of —A,
where A = §2/0z% + --- + §%/022 is the Laplace operator . For f € LP(R"), the
integral (0.18) absolutely converges if and only if 1 < p < n/Re . For Rea < 0 and
sufficiently smooth f, the Riesz potential I f is defined by analytic continuation so
that I°f = f. Numerous inversion formulas for I®f are known in diverse function
spaces, see [Rul], [Ru4], [Sa], [SKM], and references therein.

The method of plane waves is based on decomposition of the Riesz distribution
in plane waves; see [GSh1] for the case k = n— 1. Technically, this method realizes
as follows. In order to recover f at a point # from the data f(7) = f(&, ), one first
applies the Riesz potential operator of the negative order —k (this is a differential or

Rea >0, a#Enn+2,....
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pseudo-differential operator) in the ¢-variable, and then integrates over all k-planes
through z, i.e., applies the dual Radon transform. This method requires f to be
smooth enough. Another method, referred to as the method of Riesz potentials, is
applicable to “rough” functions as well. Now we utilize the same operators but in
the reverse order: first we apply the dual Radon transform to f (1), and then the
Riesz potential operator of order —k in the z-variable. This method allows us to
reconstruct any function f € LP, 1 < p < n/k, for almost all x € R™ [Ru4].

Both methods can be realized in the framework of analytic families of inter-
twining fractional integrals

« -t z)|z — 7ot de

(0.20) (Pf)(r) = %’*%Z Fl@le — e,
p o = 71 e — 7leth—"qr
(021) (Foo)e) = — [ eole =it

GOn.k
Rea >0, a+k—-n#0,24,...,

where |z — 7| denotes the euclidian distance between the point « and the k-plane 7.
These operators were introduced by Semyanistyi * [Se] for & = n — 1. They were
generalized in [Ru2] and subsequent publications of B. Rubin to all 0 < k < n and
totally geodesic Radon transform on spaces of constant curvature; see also [Ru4].
Semyanistyi’s fractional integrals have a deep philosophical meaning. One can write

(0.22) pef=1f  pop=(I"%)",

where for ¢(7) = (€, 1), I%p denotes the Riesz potential on R"~* in the t-variable.
If f and ¢ are smooth enough, then the equalities (0.22) extend definitions (0.20)
and (0.21) to all complex « # n—k, n—k+2,.... In particular, for « = 0, we get
the k-plane transform and the dual k-plane transform, respectively.

The following statement generalizes the well known formula of Fuglede

(0.23) (f)v = Ck,n—rkfa Ckn = (QW)kJn*kfl/Jnfﬂ
see [Fu], [So, Theorem 3.6], [H, p. 29].

THEOREM 0.4. Let f € LP, 1 <p<n/(Rea+k), Rea>0. Then
(0.24) Pof = cinlhy.

The equality (0.24) gives a family of inversion formulas (at least on a formal
level):

(0.25) Comf =179k pejf.
In the case a = 0, the last equality reads
(0.26) anf =D, o=

Here, DF = =% = (~A)*/? denotes the Riesz fractional derivative that can be
realized in different ways depending on a class of functions f and the evenness of

yladimir Il'ich Semyanistyi (1925-1984), a talented mathematician whose papers have
played an important role in integral geometry and related areas of analysis.
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k. For example, if f is good enough, the k-plane transform f = ¢ can be inverted
by repeated application of the operator —A. Namely, for k even,

(0.27) ko f () = (=) 2p(x).
If kisodd and 1 < k <n — 2, then
(0.28) k(@) = (=A)FD2(Tg) ().

Inversion formulas (0.26)—(0.28) are typical for the method of Riesz potentials.
Furthermore, if o = —k, then (0.25) gives

(0.29) cinf =P Mo, p(Et) = f(&1).
The last formula can be regarded as a decomposition of f in plane waves. Different

realizations of operators D* and P —* can be found in [Rul] and [Rud]; see also
[Ru6].

0.3. Main results

This section is organized so that the reader could compare our new results with
those in the rank-one case. That was the reason why subsections below are entitled
as the similar ones in Section 0.2. The general organization of the material is clear
from the Contents.

0.3.1. Definitions and the framework of the inversion problem. In
order to give precise meaning to the integral (0.2), we use the parameterization
T="7(&1t), § € Viyn—i, t € My_k.m, of the matrix k-plane (0.1) and arrive at the
formula

(0.30) fle.t) = / Fly + €0) dey,

{y:y€Ms 1 5 €y=0}

where d¢y is the induced measure on the subspace {y : y € M, ., ; {y = 0}. This
agrees with the formula (0.3) for the k-plane transform and can be also written in
a different way, see (4.10). Another parameterization

T =17(n,\), NEGur, A=A €M, Nicnt,

which is one-to-one (unlike that in (0.30)), gives

(0.31) f(r) = / dys ... / P+ M oY+ Aun]) s

cf. (0.4).

We first specify the set of all triples (n, m, k) for which the Radon transform is
injective. It is natural to assume that the transformed function should depend on
at least as many variables as the original one, i.e.,

dim T > dim M, . .
By taking into account that dimV,, ,, = m(2n —m — 1)/2 [Mu, p. 67|, we have
dim® = dim(Vyp—k X Mp—k,m)/O(n — k)
= n—kn+k-1)/2+mn—-k) —n-kn-k-1)/2
= (n—k)(k+m).
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The inequality (n —k)(k+m) > nm implies the natural framework of the inversion
problem, namely,

(0.32) 1<k<n-m, m > 1.

We show (Theorem 4.9) that the Radon transform f — f is injective on the
Schwartz space $(M,, ) if and only if the triple (n,m,k) satisfies (0.32). The
proof of this statement relies on the matrix generalization of the projection-slice
theorem (Theorem 4.7) which establishes connection between the matrix Fourier
transform and the Radon transform. For the case m = 1, we refer to [Na, p. 11]
(k=n—1) and [Ke, p. 283] (any 0 < k < n); see also [Sh1], [Sh2], and [OR] for
the higher rank case.

We also specify classes of functions for which the Radon transform is well
defined. Let I, be the identity m x m matrix and let |a| denote the absolute
value of the determinant of a square matrix a. The following statement agrees with
Theorem 0.1.

THEOREM 0.5.
(i) Let f(z) be a continuous function on M, m, satisfying f(x) = O(| L, +a'z|~/?).
Ifa > k+m —1, then the Radon transform f(r) is finite for all T € %.
(i) If |Ln + 2'z|*/2f(2) € LY (M) for some a > k —n, in particular, if f €
LP(Mym), 1 <p <po, po=(n+m—1)/(k+m—1), then f(r) is finite for almost
allT € %.

As in Theorem 0.1, the conditions a > k+m —1, @ > k—n, and p < py cannot
be improved. For instance, if p > po and f(z) = |21, 4+ 2'z|~(*+™=D/2P(log |21, +
&'x)~t (€ LP(My.m)), then f(7) = oo.

In fact, we have proved the following generalization of (0.7) which implies (ii)

above:
|t/t|(>\ n)/2
d t) dt
Tnn—k / ¢ / J& [Ln + 82

nnk

n k,m

(0.33)

|2/ 2| (A=m)/2
=c / f(z) T+ /2] 72 dz, ReA>k+m—1,

1 <k <n —m, where the constant c is explicitly evaluated; see (4.48), (4.42).
We introduce the dual Radon transform which assigns to a function ¢(7) on ¥
the integral over all matrix k-planes through x € 9, ,,:

(031 o) = [ o).

In terms of the parameterization 7 = 7(&,t), £ € Vi n—k, £ € My_k m, this integral
reads as follows:

(0.35) ) = — / (€. ') de,
o'n,nfkvnn_,c

where 0, ,,—j is the volume of the Stiefel manifold V;, ,,_; see (1.37). The integral
(0.35) is well defined for any locally integrable function ¢. We do not study the
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inversion problem for the dual Radon transform here. However, it is natural to
conjecture that the dual Radon transform is injective if and only if £k > n — m,
and the relevant inversion formula can be derived from that for the Radon trans-
form. The respective results were obtained in [Ru5] for Radon transforms on affine
Grassmann manifolds. We plan to study this topic in forthcoming publications.

0.3.2. The Radon transform and the dual Radon transform of radial
functions. We call functions f on 9, ,, and ¢ on ¥ radial if they are O(n) left-
invariant. Each radial function f(z) on M, ,, (¢(£,t) on ¥, resp.) has the form
f@) = fola'z) (p(€,t) = @o(t't), resp.). We establish connection between the
Radon transforms of radial functions and the Garding-Gindikin fractional integrals

(0:36) 1206 = gy [ F0ls =i tar
0
(0:37) I = gy [ 0= st

associated to the cone P, of positive definite symmetric m x m matrices. Here,
d = (m+1)/2 and T,,(«) is the generalized gamma function (1.6) which is also
known as the Siegel gamma function [Si]. In (0.36), s belongs to P, and integration
is performed over the “interval” (0,8) = {r: r € Py, s —r € Py }. In (0.37), s
belongs to the closure P,,, and one integrates over the shifted cone s + P, = {r :
7 € Pm, 7 — 8 € Py }. For m = 1, the integrals (0.36) and (0.37) coincide with the
Riemann-Liouville fractional integrals (0.9). Section 2.1 contains historical notes
related to integrals I¢ f in the higher rank case.

For sufficiently good f, the integrals I§ f converge absolutely if Rea > d — 1
and extend to all @ € C as entire functions of «. If « is real and belongs to the
Wallach-like set

1 3 m—1 m—1
= - 1,=...,— :
Wi {0,2, )5 g }U{a Rea > 5 },

then I f are convolutions with positive measures; see (2.12), (2.22). The converse
is also true; cf. [FK, p. 137]. Owing to this property, if & € W,,, then one can
define the Garding-Gindikin fractional integrals for all locally integrable functions
which in the case of I* obey some extra conditions at infinity. Different explicit
formulas for I f, « € W,,, are obtained in Section 2.2.

A natural analog of Theorem 0.2 for the higher rank case employs fractional
integrals (0.36)—(0.37) and reads as follows.

THEOREM 0.6. For x € M, ,,, and t € My_p , let 7 = z'x, s =t't.
(i) If f(x) is radial, i.e., f(x) = fo(2'z), then

(0.38) F(& ) = a2 (T2 o) (s).
(ii) Let o(7) be radial, i.e., (&, t)=po(t't). We denote

Do(s) = |slPpo(s), = (n—k)/2—d, d=(m+1)/2.
If1 <k <n—m, then for any matriz x € M, ,,, of rank m,

(0.39) @(x) = c || 2P0 (r), =700 ko Tnm,s
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On,m being the volume of the Stiefel manifold V,, .. Equalities (0.38) and (0.39)
hold for any locally integrable functions provided that either side exists in the
Lebesgue sense.

0.3.3. Inversion of the Radon transform. Theorem 0.6 reduces inversion
of the Radon transform and the dual Radon transform of radial functions to the
similar problem for the Garding-Gindikin fractional integrals. If f belongs to the
space D(P,,) of infinitely differentiable functions compactly supported away from
the boundary 0P,,, we proceed as follows. For r = (r; ;) € P,,, we consider the
differential operators D4 defined by

Dy = det <77i,j (92,;') LMy = { }/2 iiz #j. ., D_=(-1)"D,.

If a € Cand j € N, then
DLISf =I8DLf =127f, [ €D(Pu).
Hence I f can be inverted by the formula

(0.40) f=DLI{""%, g=1if,

where j > aif « = 1/2,1,... , and j > Rea + d — 1 otherwise. For “rough”
functions f, we interpret (0.40) in the sense of distributions; see Lemmas 2.23 and
2.24. A challenging open problem is to obtain “pointwise” inversion formulas for
the Garding-Gindikin fractional integrals similar to those for the classical Riemann-
Liouville integrals [Rul], [SKM]. It is desirable these formulas would not contain
neither operations in the sense of distributions nor the Laplace (or the Fourier)
transform, i.e., the problem would be resolved in the same language as it has been
stated.

In the general case, we develop the following inversion methods for the Radon
transform which extend the classical ones to the higher rank case.

The method of mean value operators. The Radon transform f(T) commutes
with the group M (n,m) of matrix motions sending € IM,, ,,, to yaF + b, where
v € O(n) and § € O(m) are orthogonal matrices, and b € 9M,, ,,,. This property
allows us to apply a certain mean value operator to f (7) and thus reduce the
inversion problem to the case of radial functions.

Let us make the following definitions. We supply the matrix space 9, ,,, and
the manifold ¥ of matrix k-planes with an entity that serves as a substitute for
the euclidean distance. Specifically, given two points « and y in 9M,, 1, the matriz
distance d(z,y) is defined by

d(z,y) = [(z — ) (@ — y)]"/*.
Accordingly, the “distance” between & € M,, ,,, and a matrix k-plane 7 = 7(£,t) €
is defined by
d(z,7) = [('z —1)'('x = 1)]'/2.
Unlike the rank-one case, these quantities are not scalar-valued and represented
by positive semi-definite matrices. Radial functions f(x) on 9, ,,, and (1) on ¥
virtually depend on the matrix distance to the 0-matrix from x and 7, respectively.
For functions ¢(7), 7 € T, we define the shifted dual Radon transform

(0.41) pal) = / o(r),  sEPm.
d(z,m)=s1/2
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This is the mean value of ¢(7) over all matrix planes at distance s'/2 from z. For
s = 0, it coincides with the dual Radon transform ¢(z). A matrix generalization
of the classical spherical mean is

(M, ) () = —

/ f($ + 'UT1/2)d’U, r € Ppn.

Vi,m

On,m

The following statement generalizes Lemma 0.3 to the case m > 1.

LEMMA 0.7. For fired x € My m, let Fp(r) = (M, f)(z). If f € LP(DMym),
1<p<(n+m-—-1)/(k+m—1), then

(0.42) (N)Y(x) = 7212 F)(s), s € P

Owing to (0.42) and the inversion formula for the Garding-Gindikin fractional
integrals, one can recover f(x) from the Radon transform f(7) as follows.

THEOREM 0.8. Let f € LP(IM,, 1),

n+m-—1
1<k<n-— 1< _
<k<n-m, _p<k+m_1
If () = f(r), then
BT .
(0.43) fa) =72 m (D28,) (1), @a(s) = gala),

where D¥'? = 17%/2 s understood in the sense of D' -distributions.

The method of Riesz potentials and the method of plane waves. We extend the
method of Riesz potentials to the higher rank case and give a new account of the
method of plane waves. The second method was developed by E.E. Petrov [P1] for
the case kK = n —m, and outlined by L.P. Shibasov [Sh2] for all 1 < k <n —m.
Both methods employ the following matrix analog of the Riesz potential (0.18):

1

04)  0)@) = — [ se-nlismdy Reasm-1,

n,m

where [y|,, = det(y'y)'/2,

20m /2 (0 )2)

Lim((n—a)/2)

We consider the Cayley-Laplace operator
(Af)(z) = (det(0'0) f)(x), == (i) € Mym,

where 0 is the n X m matrix whose entries are partial derivatives 0/0z; ;. The
name “Cayley-Laplace” was attributed to this operator by S.P. Khekalo [Kh] and
suits it admirably. On the Fourier transform side, the action of A represents a
multiplication by (—1)™|y|?,. Since the Fourier transform of the Riesz distribution
|Z]%7™ [ Yn,m (@) s |y|,,% in a suitable sense, then I can be regarded as (—a/2)th
power of the operator (—1)™A. For Rea<m—1,a#n—m+1,n—m+2,...
and sufficiently smooth f, the Riesz potential is defined as analytic continuation of
the integral (0.44). If « is real and belongs to the corresponding Wallach-like set

Wom ={0,1,2,... kot U{a: Rea>m—1; a#n—m+1,n—m+2,...},

(0.45)  Ypm(a) = a#En—m+l,n—m+2,....
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ko = min(m — 1,n — m),
then I“f is a convolution with a positive measure; see (3.54)—(3.56). This result

allows us to extend the original definition of the Riesz potential to locally integrable
functions provided o € W,, ,,,. It was shown in [Ru7], that if

n
A LP n.m ), 1< —_, ana
046)  JEL@M),  1Sp<p—T— acW,
then (I*f)(x) is finite for almost all € M,, ,,. On the other hand, if
p2n+mfl
k+m—1

then there is a function f € LP(9M,, ,,) such that (I* f)(z) = oo (see (6.16), Theorem
4.27, and Appendix B). It is still not clear what happens if
n+m-—1

0.47 _—
( ) Rea+m—1

- @@ 0< <
Rea+m—1 =P

This gap represents an open problem.
As in the rank-one case, the method of Riesz potentials and the method of
plane waves employ intertwining operators

(0.48) Pof=I°f,  Pop=(I)",
aeC, atn—k—-m+1,n—k—m+2,....
Here, 1 < k < n —m and I“ is the Riesz potential on 9M,,_j ., acting in the
t-variable. If
Rea >m —1, a#EFn—k—-m+1l,n—k—-m+2...,
then
049)  (PPED = / F(a) €' — " d,

Yn— km

n m

*(x ) = T — a+kn
(0.50) (Proe) = —— /d§/£t|§ etk g,

Van—k My _pm

where d.§ = an np A€ is the normalized measure on V,, 1 and v, m () is the
normalizing constant in the definition of the Riesz potential on 9,y m; cf. (0.45).
We call P*f and ]*3‘190 the generalized Semyanistyi fractional integrals. For a = 0,

operators (0.48) include the Radon transform and its dual, respectively. In the case
m = 1, the integrals (0.49) and (0.50) coincide with those in (0.20) and (0.21).

THEOREM 0.9. Let 1 <k <n—m, o € Wy, ,,. Suppose that
- n
P= Rea +k4+m—1"

ferr, 1<
Then
(0.51) (P f)(@) = capom(I°FE ) (2),

n n—=k
Cn,k,m = kaﬂ'km/ZFm (5) /Fm ( D) ) .
In particular,

(0.52) ()Y (@) =capm(I* ()
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(the generalized Fuglede formula).

Theorem 0.9 is a higher rank copy of Theorem 0.4. Thus, as in the case m = 1,
inversion of the Radon transform reduces to inversion of the Riesz potential. Unlike
the rank-one case, we have not succeeded to obtain a pointwise inversion formula
for the higher rank Riesz potential so far, and use the theory of distributions. The
properly defined space ®(9M,, ,,,) of test functions is invariant under the action of
Riesz potentials, and

(0.53) (I7°¢)(x) = (F 'yl Fo)(x), ¢€®  acC,
in terms of the Fourier transform.

THEOREM 0.10. Let f € LP(M,, 1), 1 <p <n/(k+m—1), so that the Radon
transform (1) = f(7) is finite for almost all matriz k-planes 7. The function f
can be recovered from o in the sense of ®'-distributions by the formula

(0.54) g (fi0) = (B, I %9), 9@,
where I7F is the operator (0.53). In particular, for k even,

(0.55) Cnteom (f,®) = (=1)™ /2 (5, A*/24), b€ d.

This theorem reflects the essence of the method of Riesz potentials. The case
o = —k in (0.51) provides the following inversion result in the framework of the
method of plane waves.

THEOREM 0.11. Let 1 < k < n—m. If f belongs to the Schwartz space

S(My,m ), then the Radon transform ¢ = f can be inverted by the formula
(0.56) enkmf (@) = (P o) (@).
Explicit expressions for ]g_kgo are given by (6.21)-(6.23).
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CHAPTER 1

Preliminaries

In this chapter, we establish our notation and recall some basic facts important
for the sequel. The main references are [FZ|, [Herz], [Mu], [T].

1.1. Matrix spaces. Notation

Let 91, ,,, be the space of real matrices having n rows and m columns; smﬁfzn C
M., m is the subset of all matrices of rank k. We identify 9, ,,, with the real Eu-
clidean space R™. The latin letters z, y, r, s, etc. stand for both the matrices
and the points since it is always clear from the context which is meant. We use a
standard notation O(n) and SO(n) for the group of real orthogonal n x n matri-
ces and its connected component of the identity, respectively. The corresponding
invariant measures on O(n) and SO(n) are normalized to be of total mass 1. We
denote by M (n,m) the group of transformations sending = € 9M,, ,,, to va5 + b,
where v € O(n), 8 € O(m), and b € M,, ,,,. We call M(n,m) the group of matrix
motions.

If o = (25;) € My, m, we write de = [[;_, [[j-, dz;; for the elementary volume
in M, ,. In the following, =’ denotes the transpose of x, I, is the identity m x m
matrix, and 0 stands for zero entries. Given a square matrix a, we denote by det(a)
the determinant of a, and by |a| the absolute value of det(a); tr(a) stands for the
trace of a.

Let S,,, be the space of m xm real symmetric matrices s = (si)j), 855 = 8. Itis
a measure space isomorphic to R”("+1/2 with the volume element ds = [ic;dsi-
We denote by P, the cone of positive definite matrices in S,,; P, is the closure
of Py, that is the set of all positive semi-definite m x m matrices. If m = 1, then
Py, is the open half-line (0,00) and P, = [0,00). For r € P, (r € P,,) we write
r >0 (r >0). Given s1 and sy in Sy, the inequality s; > so means s; — sg € Py,
If a € Py, and b € Py, then the symbol f: f(s)ds denotes the integral over the set

{s:s€Pp,a<s<bl={s:s—aecPp,b—s€Pn}

For s € S,,, we denote by sﬁ‘r the function which equals |s|* for s € P, and zero
otherwise; s* equals (—s)?}.
The group G = GL(m, R) of real non-singular m xm matrices g acts transitively

on P,, by the rule r — ¢’rg. The corresponding G-invariant measure on P,, is
(1.1) d.r = |r|~4dr, |r| = det(r), d=(m+1)/2

[T, p. 18]. The cone P,, is a G-orbit in S,,, of the identity matrix I,,,. The boundary
OP,, of P, is a union of G-orbits of m X m matrices

I, 0
ek—{ok 0}, k=0,1,...,m—1.

15
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More information about the boundary structure of P, can be found in [FK, p. 72]
and [Bar, p. 78].
Let T,,, be the subgroup of GL(m,R) consisting of upper triangular matrices

t1,1
. Ty
(1.2) t= . , t;i >0,

tm,m

t* = {ti,j 1< j} € Rm(mil)/?

Each r € P, has a unique representation r = t't, t € T},, so that

/f(r)dr = /t’fjl dtl,l/tg’fgldtg,g
73’I?‘L 0 0
(1.3) X /tm,mf(tlyl,...,tm’m)dtm,m,
0
Fltia, . tmm) = 2™ / ft)ydt., dt.=]]dti;,

Rm(m—1)/2 i<j
[T, p. 22] , [Mu, p. 592]. In the last integration, the diagonal entries of the matrix
t are given by the arguments of f, and the strictly upper triangular entries of ¢ are
variables of integration.

We recall some useful formulas for Jacobians; see, e.g., [Mu, pp. 57-59].

LEMMA 1.1
(i) If = = ayb wherey € My, m, a € GL(n,R), and b € GL(m,R), then dz =
|a|™[b]"dy.
(i) If r = q'sq where s € S,,, and ¢ € GL(m,R), then dr = |q|™ds.
(iii) If r = s~ where s € P,,, then r € P,,, and dr = |s|"™ 1ds.

Some more notation are in order: N denotes the set of all positive integers;
R4 = (0,00); &;; is the usual Kronecker delta. The space C(9M,, ;) of continuous
functions, the Lebesgue space L?(M,, ., ), and the Schwartz space §(M,, ) of C°
rapidly decreasing functions are identified with the corresponding spaces on R™.
We denote by C.(9M,,.,,) the space of compactly supported continuous functions
on M, . The spaces C(P,,), C¥(P,,) and §(P,,) consist of restrictions onto
P of the corresponding functions on S, ~ RV, N = m(m + 1)/2. We denote
by D(P,,) the space of functions f € C°°(P,,) with suppf C Pp; Li,,(Pm) is the
space of locally integrable functions on P,,. The Fourier transform of a function
f € LY(M,, ) is defined by

(1.4) (F)) = / exp(te(iy's) f(@)de, 1y € My, .
M,

This is the usual Fourier transform on R™ so that the relevant Parseval formula
reads

(1.5) (Ff, Fe) = 2m)"™ (f, 0);
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where
()= [ f@pl)d
M
We write ¢, c1, co, ... for different constants the meaning of which is clear from the
context.

1.2. Gamma and beta functions of the cone of positive definite matrices

The generalized gamma function associated to the cone P, of positive definite
symmetric matrices is defined by

(1.6) () = /exp(—tr(r))|r|a7ddr, d=(m+1)/2.
P

This is also known as the Siegel integral [Si] (1935) arising in number theory. Actu-
ally it came up earlier in statistics. Substantial generalizations of (1.6) and historical
comments can be found in [Gil], [FK, Chapter VII], [T, p. 41], [GrRi, p. 800].

Using (1.3), it is easy to check [Mu, p. 62] that the integral (1.6) converges
absolutely if and only if Rea > d — 1. Moreover, I';,(«) is a product of ordinary
gamma functions:

m—1
(1.7) () = 7= DA T T - j/2) .

j=0
This implies a number of useful formulas:
TFp(d—a+1) (@)

. TR )

d=(m+1)/2,

(1l —a/2) _ (a4 m) _
1.9 e THE_ o-m AT gmmiy ),
= T e ey (o)
where (a,m) = a(a+1)--- (o +m — 1) is the Pochhammer symbol. Furthermore,
for 1 <k <m, k € N, the equality (1.7) yields

10) Tmle)  _ Tula+ (k=m)/2)

’ Lo+ k/2) Tpla+k/2)
(1.11) L) = 7 =R20 (@)D g (a — k/2).
In particular, for k =m — 1,

(1.12) Cp(e) = ™ D201 (a)D (o — (m —1)/2).
The beta function of the cone Py, is defined by
I’VTI,
(1.13) B (a, ) = /|r|"‘_d|lm — r|P~4ar,
0

where, as above, d = (m + 1)/2. This integral converges absolutely if and only if
Rea, Re 3 > d — 1. The following classical relation holds

_ L ()T (B)

(114) Bu(o ) = o
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[FK, p. 130]. In Appendix A, we present a table of some integrals that can be
easily evaluated in terms of the generalized gamma and beta functions. Most of
these integrals are known but scattered all over the different sources. This table will
be repeatedly referred to in the sequel. For the sake of completeness, we mention
the paper [Ner| containing many other formulas of this type in the very general
set-up.

1.3. The Laplace transform

Let 7, = Py +1iSm be the generalized half-plane in the space S¢ = S, +iS,,,
the complexification of S,,. The domain 7, consists of all complex symmetric
matrices z = o + iw such that 0 = Re z € P,,,, and w = Im z € S,,,. Let f be
a locally integrable function on S,,, f(r) = 0 if r ¢ P, and exp(—tr(oor))f(r) €
LY(S,,) for some o¢ € Pp,. Then the integral

(1.15) (LAH)(z) = /exp(ftr(zr))f(r)dr
Pm

is absolutely convergent in the (generalized) half-plane Re z > o¢ and represents a
complex analytic function there. Lf is called the Laplace transform of f. If

(1.16) (Fg)(w) = /exp(tr(iws))g(s)ds, w € S,
Sm

is the Fourier transform of a function g on S,,, then

(Lf)(z) = (Fgo)(-w),

where g, (r) = exp(—tr(or))f(r) € L*(S,,) for o > o¢. Thus, all properties of the
Laplace transform are obtained from the general Fourier transform theory for Eu-
clidean spaces [Herz], [V1, p. 126]. In particular, we have the following statement.

THEOREM 1.2. Let exp(—tr(oor))f(r) € LY (Pn), 00 € P, and let

/ [(Lf)(o +iw)|dw < o0

Sm

for some o > o¢. Then the Cauchy inversion formula holds:

1 f(s) if s € P,
(1.17) i)™ / exp(tr(sz)(Lf)(z)dz =

Re z=0 0 if s ¢ Pm,

N =m(m+1)/2. The integration in (1.17) is performed over all z = o + iw with
fizred 0 > og and w ranging over S,,.

The following uniqueness result for the Laplace transform immediately follows
from injectivity of the Fourier transform of tempered distributions.

LEMMA 1.3. If f1(r) and fa(r) satisfy
(1.18) exp(—tr(oor)) fi(r) € L*(Pm), j=1,2,

for some o9 € Pp,, and (Lf1)(z) = (Lf2)(z) whenever Re z > og, then fi(r) =
f2(r) almost everywhere on Sy, .
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The convolution theorem for the Laplace transform reads as follows: If f; and
f2 obey (1.18), and

(1% fo)(r) = / fi(r — ) fa(s)ds

is the Laplace convolution, then
(1.19) L(f1* f2)(2) = (Lf1)(2)(Lf2)(z), Rez> oo.
LEMMA 1.4. Let z € T, = Py, + 1Sy, d = (m +1)/2. Then

(1.20) / exp(—tr(zr))|r|*~4dr = T, (a)det(2) ™, Rea>d—-1.
Pm
Here and throughout the paper, we set det(z)™* = exp(—alogdet(z)) where
the branch of log det(z) is chosen so that det(z) = |o| for real z = o € P,,.
The equality (1.20) is well known, see, e.g., [Herz, p. 479]. For real z = o €

P, it can be easily obtained by changing variable r — z~1/272=1/2_ For complex
z, it follows by analytic continuation.

1.4. Differential operators Dy

Let r = (r;;) € Pp. We define the following differential operators acting in
the r-variable:
. 0 1 ifi=j
(1.21) D+ = D+7T = det (T]Z',j %) 5 Nij = { 1/2 if g ?é j,

(1.22) D_=D_,=(-1)"D,,.

LEMMA 1.5. If f € D(Py,), and the derivatives D+g exist in a neighborhood of
the support of f, then

(1.23) / (D+f)(r)g(r)dr = / f(r)(Dzg)(r)dr.
P Pm

PRrROOF. Since supp f C P,,, one can replace integrals over P,, by those over
the whole space S, ~ R"™™+1)/2 The function ¢ can be multiplied by a smooth
cut-off function (in necessary) which = 1 on the support of f. Then the ordinary
integration by parts yields (1.23). d

LEMMA 1.6.

(i) For s € Py, and z € S,

(1.24) Dy slexp(—tr(sz))] = (—1)"det(z) exp(—tr(sz)).

(ii) For s € Py, and o € C,

(125)  Dy(sl* Y/ Tola) = s 1Y T(a— 1), d=(m+1)/2.

PROOF. These statements are well known; see, e.g., [Ga, p. 813], [Herz, p.
481], [FK, p. 125]. We recall the proof for convenience of the reader. The equality
(1.24) is verified by direct calculation. Furthermore, by (1.20),

(1.26) T (B)s] 7P = /exp(—tr(rs))|r|5_ddr, Re>d—1.
Pon
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Applying Dy to (1.26) and using (1.24), we get
Di(Is|™"Tm(B)) = (=1)™[s| "' T(B+1),  Ref>d—1
Now we set 3 = d — . Since
F(d—a+1)/Th(d—-a)=(-1)"Tp(a)/Tn(a—1),
(1.25) follows for Re o < 1. By analyticity, it holds generally. d

REMARK 1.7. By changing notation and using (1.9), one can write (1.25) as

(1.27) Dy Jsl® = b(a)[s|° Y,
where
(1.28) bla) =ala+1/2) - (a+d—1), d=(m+1)/2,

is the so-called Bernstein polynomial of the determinant [FK]. It is worth noting
that b(«) can be written in different forms, namely,

(1.29) bla) =(—1)"b(1—d—a)=2""T2a+m)/T'(2a) = 27" (2a, )

(1.30) bla) =(-1)"T'(1 —a)/Th(—a) =T (a+d)/Thn(a+d—1).
LEMMA 1.8. For f € D(P,,) and z € SS,,
(1.31) (LD, £)(2) = det(=) (Lf)(2).
ProOOF. By (1.23), (1.22) and (1.24),
(LD1f)(z) = | D rlexp(—tr(rz))|f(r)dr = det(2)(Lf)(2),
Pon
as desired. [l

1.5. Bessel functions of matrix argument

We recall some facts from [Herz] and [FK]. The J-Bessel function J,(r),
r € P, can be defined in terms of the Laplace transform by the property

(1.32) / exp(—tr(zr)) T, (r)|r]* ~4dr = T, (v) exp(—tr(z1))det(z) 7",
Pon
d=(m+1)/2, 2 € Tpy = P + iSm.
This gives
1 1

T () Ju(r) = Gri) ™ / exp(tr(z —rz71))det(2)Vdz, 00 € P,

Re z=0g

(1.33)

N = m(m + 1)/2. This integral is absolutely convergent for Rev > m and ex-
tends analytically to all v € C. Moreover, the formula (1.33) allows us to extend

J.(r) in the r-variable as an entire function j,,(z), z2 = (Zij)mxm € (sz7 so that

jl,(z)|zzr = J,(r) and
(1.34) TJ.(v2y') =T, (2) forall € O(m).
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Functions satisfying (1.34) are called symmetric. If Ay, ..., A, are eigenvalues of z,
and

01:)\1+...+)\m7 02:)\1)\2+~~~+)\m71>\m7 cee gy O'm:)\l...)\m

are the corresponding elementary symmetric functions (which are polynomials of
2i j), then each analytic symmetric function of z € C™ is an analytic function of
m variables o1, ...,0,,. Since for any r € P,,, and s € P,,, the matrices

1/2,..1/2

rs/=, ri/?

1/2

s, ST, S sr

have the same eigenvalues, then
To(rs) = T, (sr) = T (s 2rsY?) = T, (r/ 251/,

In the following, we keep the usual notation 7, (z) for the extended function 7, (z).
For m = 1, the classical Bessel function J, (r) expresses through 7, (r) by the

formula
1 r\v 72
Jv(”:m(i) Joi1 <4>

There is an intimate connection between the Fourier transform and J-Bessel
functions.

THEOREM 1.9. [Herz, p. 492], [FK, p. 355] If f(x) is an integrable function
of the form f(x) = fo(a'x) where fy is a function on Py, then

™

_ . / o nm/2 . y'y
1) W= [ el hea = s (1Y),

n,m

where

(1.36) fo(s) = / .7n/2(7"8)\7”|”/2_dfo(7")alr7 d=(m+1)/2
Pon

(the Hankel transform of fo).

This statement represents a matrix generalization of the classical result of
Bochner, see, e.g., [SW, Chapter IV, Theorem 3.3] for the case m = 1. Since the
product rs in (1.36) may not be a positive definite matrix, the expression 7, /2(rs)
is understood in the sense of analytic continuation explained above.

Note that one can meet a different notation for the J-Bessel function of matrix
argument in the literature. We follow the notation from [FK]. It relates to the
notation As(r) in [Herz] by the formula J,(r) = T, (v)As(r), § = v — d. More
information about J-Bessel functions and their generalizations can be found in
[Dib], [FK], [FT], [GK1], [GK2].

1.6. Stiefel manifolds

For n > m, let V,, , = {v € My, : Vv = L,,} be the Stiefel manifold of
orthonormal m-frames in R". If n = m, then V,, ,, = O(n) is the orthogonal group
in R”. It is known that dimV, ,,, = m(2n—m—1)/2 [Mu, p. 67]. The group O(n)
acts on V,, ,,, transitively by the rule g : v — gv, ¢ € O(n), in the sense of matrix
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multiplication. The same is true for the special orthogonal group SO(n) provided
n > m. We fix the corresponding invariant measure dv on V,, ,,, normalized by

2m7rnm/2
1. n,m = dv = T /. /9
(1.37) o / b=

n,m

[Mu, p. 70], [J, p. 57], [FK, p. 351]. This measure is also O(m) right-invariant.
LemMA 1.10. [FK, p. 354], [Herz, p. 495]. The Fourier transform of the
invariant measure dv on V,, , represents the J-Bessel function:

(1.38) / eXp(tr(iy’v))dv = O—n,m\Zl/Q (T) .

LEMMA 1.11. (polar decomposition). Let € My, 1, n > m. If rank(z) = m,
then
z=vr'/?, v € Vi, r=2'z € Py,

and dx = 27" |r|(" =D/ 2drdy.

This statement can be found in many sources, see, e.g., [Herz, p. 482], [GK1,
p. 93], [Mu, pp. 66, 591], [F'T, p. 130]. A modification of Lemma 1.11 in terms of
upper triangular matrices ¢t € T, (see (1.2)) reads as follows.

LEMMA 1.12. Let © € My, 1, n > m. If rank(z) = m, then

T = vt, v € Vim, te T,
so that
m .
do = [[ 777 dt;;dtedv,  dt.=]]dt:;
j=1 i<j

This statement is also well known and has different proofs. For instance, it can
be easily derived from Lemma 1.11 and (1.3); see Lemma 2.7 in [Ru7].

LEMMA 1.13. (bi-Stiefel decomposition). Let k, m, and n be positive integers
satisfying
1<k<n-1, 1<m<n-1, kE+m<n.

(1) Almost all matrices v € V,, ,, can be represented in the form

a
(1.39) V= [ (L — a’a)1/2 } , a€ Mem, wEVi_gm,
so that
a
o) [rwa= [ [ o (] e |) b
Vieom 0<a’a<Im, Vi—k,m

du(a) = I, —d'al’da, 6=(n—k)/2—d, d=(m+1)/2.
(ii) If, moreover, k > m, then
Lm

(1.41) V/m f(v)dvzo/du(r) / dw / f({ U(I::rl/j)w D du,

Vi, m Vin—k,m

dv(r) =27"r|"|Im — 7"|‘5dr7 vy=k/2—d.
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PRrROOF. For m=1, this is a well known bispherical decomposition [VK, pp. 12,
22]. For k = m, this statement is due to [Herz, p. 495]. The proof of Herz was
extended in [GR] to all £+ m < n. For convenience of the reader, we reproduce
this proof in our notations which differ from those in [GR].

Let us check (1.39). If v = € Vam, a € My, b€ My_gm, then

a
b
L, = v'v = da'a + Vb, ie., b'b = I, —a’a. By Lemma 1.11, for almost all b
(specifically, for all b of rank m), we have b = u(I,, — a’a)'/? where u € V;,_j n.
This gives (1.39). In order to prove (1.40), we show the coincidence of the two
measures, dv and dv = |I,,, — a’a|’dadu. Following [Herz], we consider the Fourier
transforms

F(y) = /exp(tr(iy'v))dv and Fy(y) = /exp(tr(iy’v))db,
Vam Vi,m

y € My, m, and show that Fy = F,. Let

Y ya |’ w(Iy — a/a)1/2 )
where
Y1 € mk,ma Y2 € mn—k,rm ac mk,m-

Then y'v = ¥} a + yhu(I,, — a’a)*/?, and we have

F(y) = / exp(tr(iy;a))| I, — d'al’da
a’a<lny,
X / exp(tr(iyhu(l, — a'a)*/?))du.
an—k,m

By (1.38), the inner integral is evaluated as

1
Unfk,mu7(n—k)/2(1y/2y2 (Im — a’a)).

Thus
Faly)= [ espllivia)e(aa)d
a’a<lpy,
k) /9 1
SD(T) = O'nfk,m“—m - r|(n k)2 dtj(n—k)/Q(fyéZ&(Im - T))

4
The function F5(y) can be transformed by the generalized Bochner formula (1.35)
as follows

7.‘.km/ZO.

I

n—k,m L, k/2—d

I = - w7 -

) = T [ Aol
0

1 n— —
X w2y — ) — 7| "2 dr.

The last integral can be evaluated by the formula

(142) [ Tulor)lri* A Tslas=r)ls=rl*dr = B, ) Tasal(p+)5)sl" 7,
0



24 1. PRELIMINARIES

Rea,Ref3 >d—1, d=(m+1)/2, Pyq € P, S € P,

cf. [Herz, formula (2.6)]. Applying this formula with o = k/2, 8 = (n —k)/2, and
s = I,,, we obtain

Tkm/2q, k n—k 1
F = T U Onkmp (ERTRY 2Ly /
1
- O'n,mjn/Q(Zy/y)'
By (1.38), this coincides with Fj(y), and (1.40) follows. The equality (1.41) is a
consequence of (1.40) by Lemma 1.11. O

1.7. Radial functions and the Cayley-Laplace operator

The notion of a radial function usually alludes to invariance under rotations.
In the classical analysis on R™ the radial function f(z) is virtually a function of a
non-negative number r = |z|. In the matrix case the situation is similar but now r
is a positive semi-definite matriz.

DEFINITION 1.14. A function f(z) on M, ,, is called radial, if it is O(n) left-
invariant, i.e.,
(1.43) fyz) = f(z), Vye€O().
If f is continuous, this equality is understood “for all z”. For generic measurable
functions it is interpreted in the almost everywhere sense.

LEMMA 1.15. Let x € My, . Each function of the form f(x) = fo(z'x) is
radial. Conversely, if n > m, and f(x) is a radial function, then there exists fo(r)
on Pp, such that f(z) = fo(z'x) for all (or almost all) x.

PROOF. The first statement follows immediately from Definition 1.14. To prove
the second one, we note that for n > m, any matrix x € 9, ,,, admits representation
z=vr/?2 ve Vam, r=a'x € P.n; see Appendix C, 11. Fix any frame vy € Vi,m
and choose v € O(n) so that yvy = v. Owing to (1.43),

def

f(@) = fr'?) = fyoor'/?) = fluor'/?) = fo(r),

as desired. Clearly, the result is independent of the choice of vy € Vj, . O

The Cayley-Laplace operator A on the space of matrices x = (z; ;) € My, s
defined by
(1.44) A = det(9'9).

Here, 0 is an n x m matrix whose entries are partial derivatives 0/0x; ;. In terms of
the Fourier transform, the action of A represents a multiplication by the polynomial
(_1)mp(y)7 RS S);nn,ma where

Yr-yr - - Y1-Ym
P(y) = ly'y| = det - : :
Ym Y1 - - Ym Ym
Y1, -- -, Ym are column-vectors of y, and “-” stands for the usual inner product in

R™. Clearly, P(y) is a homogeneous polynomial of degree 2m of nm variables y; ;,
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and A is a homogeneous differential operator of order 2m. For m = 1, it coincides
with the Laplace operator on R”™.

Operators (1.44) and their generalizations were studied by S.P. Khekalo [Kh].
For m > 1, the operator A is not elliptic because P(y) = 0 for all non-zero matrices
y of rank < m. Moreover, A is not hyperbolic, [Ho, p. 132], although, for some
n,m and ¢, its power A’ enjoys the strengthened Huygens’ principle; see [Kh] for
details.

The following statement gives explicit representation of the radial part of the
Cayley-Laplace operator.

THEOREM 1.16. [Ru7]. Let fo(r) € C*™(Py,), f(z) = fo(x'z), d = (m+1)/2.
Then for each matriz x € M, , of rank m,

where
(1.46) L =4™r|*""2D |r|"?~ 4D,

Dy being the operator (1.21).

EXAMPLE 1.17. Let f(z) = |z|),, |z|m = det(z’x)'/2. By Theorem 1.16, we
have (Af)(z) = op(z'z), where p(r) = 4™|r|*="/2D, |r|*/?=9+1 D |r|*2. This
expression can be evaluated using (1.27):

<10(7’) = 4mb()‘/2)|7’|d_n/2D+|T‘(n+>‘)/2_d

4mb(N/2)b((n + X)/2 — d)|r|?7L.

Thus, we have arrived at the following identity of the Bernstein type

(1.47) Alzly, = BOV|z[n 2,

(cf. [FK, p. 125]) where, owing to (1.28), the polynomial B(A) has the form
m—1

(1.48) B =)™ [ +DE2-n-X+i).
=0

An obvious consequence of (1.47) in a slightly different notation reads

(1.49) AF|z|a 2= = By (a) 2],

where
m—1k—1

(1.50) Bi(e) = [ [J(e—i+2i)(a—n+2+2j+1i)
i=0 j=0

Bi(n — a — 2k).






CHAPTER 2

The Garding-Gindikin fractional integrals

2.1. Definitions and comments

In this section, we begin detailed investigation of fractional integrals associated
to the cone P, of positive definite m x m matrices. These integrals were introduced
by L. Garding [G4&] and substantially generalized by S. Gindikin [Gil].

Let f(r) be a smooth function on P, which is rapidly decreasing at infinity and
bounded with all its derivatives when r approaches the boundary 0P,,. Consider
the integral

(2.1) If(a) = / f(r)|r|o=ddr, d=(m+1)/2.
P
If f(r) = exp(—tr(r)) then
If(a) =Tp(a) = 7" DA ] Tla - j/2) 5
§=0

see (1.6), (1.7). In the general case, by passing to upper triangular matrices and
using (1.3), we have

o0 oo oo

If(a) = /t%,al71 dtl’l/t;oéiz dt2’2 /tiﬁir_nm N(tl}l,...,tm’m)dtm,m
0 0 0
oo oo oo
_ — —-3/2 — Fro1/2
=2 m/y? 1dyl/y3 /2 dy, /yi',; (D2 F 12yl dy,,
0 0 0
Fltia, . tmm) = 2™ / ftydt,, dt, =]]adt;.
Rm(m—1)/2 i<j

The function f extends to the whole space R™ as an even function in each argument,
and the function

folwi, - ym) =27 F (12, y?)

belongs to the Schwartz space §(R™). Hence I¢(«) can be regarded as a direct
product of one-dimensional distributions

m

(2.2) Ir(e) = [ [T@nT 92, folwns - ym)

j=1

It follows [GSh1, Chapter 1, Section 3.5] that the integral (2.1) absolutely converges
if and only if Rea > (m — 1)/2 and extends as a meromorphic function of « with

27
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the only poles (m —1)/2, (m — 2)/2,... . These poles and their orders coincide
with those of the gamma function T, () so that I(a)/T',,(«) is an entire function
of a.

These preliminaries motivate the following definitions. We first consider “good”
functions f € D(P,,) which are infinitely differentiable and compactly supported
away form the boundary 0P,,. Then we proceed to the case of arbitrary locally
integrable functions.

DEFINITION 2.1. Let f € D(Pn), o € C, d = (m + 1)/2. The left-sided
Garding-Gindikin fractional integral is defined by

1 S
1_"ml@.é)/f(’f’”S’f’|atdd7” if R6a>d71,
0

(2.3) (I£f)(s) =
(IST'DLf)(s) ifd—1—-¢<Rea<d—¢
£=1,2,....
Here, s € P,,, D, is the differential operator (1.21), and we integrate over the
“interval” (0,s) ={r: r € Pm, s—r € Pn}.

DEFINITION 2.2. For f € D(P,,,) and a € C, the right-sided Garding-Gindikin
fractional integral is defined by

1
()

/f(r)|r—s|a*ddr if Reaw >d -1,

(2.4) (I2f)(s) =

(I°Y*DL f)(s)  ifd—1—¢<Rea <d—{¢
0=1,2,....

Here, s is a positive semi-definite matrix in P,,, D_ is defined by (1.22), and fsoo
denotes integration over the shifted cone s+ P, = {r: r € Py, : r—s € P, }. The
vertex s of this cone may be an inner point of P,, or its boundary point.

In the rank-one case m = 1, when P, is a positive half-line, (2.3) and (2.4) are
ordinary Riemann-Liouville (or Abel) fractional integrals [Rul], [SKM].

REMARK 2.3. Analogous definitions can be given for functions on the ambient
space Sy, D P, for instance, for f € 8(S,,). We do not do this for two reasons.
Firstly, because our purposes are exclusively connected with analysis on the cone
Pm, and the space D(P,,) fits our needs completely. Secondly, dealing with the
space D(P,,,), we can still reveal basic features of our objects and give much simpler
proofs then for other classes of functions.

According to Definitions 2.1 and 2.2, it is convenient to regard the complex
plane as a union C = U2 ,Q,, where

{a:Rea>d—1} it¢=0,
(2.5) QO =
{a:d—1—-¢<Rea<d-—/{} ifl=1,2...

LEMMA 2.4. For f € D(Py,), the integrals (IS f)(s) are entire functions of c.



2.1. DEFINITIONS AND COMMENTS 29

PROOF. Let us consider the integrals (1§ f)(s). Given an integer j > 0, we set
Fj(a) = IQ'HD] % f. This function is analytic in the half-plane Rea > d — 1 — j.
Owing to uniqueness property of analytic functions, it suffices to show that F;(a) =
I$ f on each strip Q; provided that j = j(¢) is large enough. For o € €2, we have
a+j—d>j—L¢—1, and therefore, by (1.23) and (1.25),

— 1 s —p)eti—dipi
@) = gy [ G- O
_ 1 Ji—Lig _ pyoti—d pt
= o [ P s

m

= gy [ O
0

= (ILYDLS)(s).
By Definition 2.1, this means that Fj(a) = I f for a € Qy, and we are done. For
operators 1% the proof is similar. O
LEMMA 2.5. Let f € D(Py,). Then
(2.6) DLISf=1eDLf =177 F,

for any o € C and j € N.

PROOF. Fix j € N. For Reaw > j +d — 1, the equality I¢ D%, f = I$7 f can
be obtained using integration by parts (see the proof of Lemma 2.4). For all aeC
it then follows by analytic continuation. Let us show that Di[ﬁ‘: f= I;)‘;j f. Let
Rea —j € Q; see (2.5). If £ =0, then

1 / o
m/'w' T

- t/iD+ (s =) f (r)dr

mOé

I8 f

= CDifffﬂs)
If £ > 1, then, by Definition 2.1, Ii_jf I it pt % f. By the previous case, this

coincides with Di]j’r‘HDﬁ_ f= Di[ﬁ f (here we used Definition 2.1 again). For the
right-sided integrals the argument follows the same lines. O

Some historical notes and comments are in order. Fractional integrals similar
0 (2.3)—(2.4) and associated to the light cone were introduced by M. Riesz [Ril],
[Ri2] in 1936. The investigation was continued by N.E. Fremberg [Fr1], [Fr2], and
by Riesz himself in [Ri3], [Ri4]; see also B.B. Baker and E.T. Copson [BC], and
E.T. Copson [Col]. A key motivation of this research was to find a simple form
of the solution to the Cauchy problem for the wave equation. M. Riesz’ argument
was essentially simplified by J.J. Duistermaat [Duil; see also J. A.C. Kolk and V.S.
Varadarajan [K'V].

The results of Riesz were extended by L. Garding [Ga] (1947), who replaced
the light cone (of rank 2) by the higher rank cone P, of positive definite symmetric
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matrices, and studied the corresponding hyperbolic equations.! The Riesz-Garding
fractional integrals are very close to those in (2.3) but do not coincide with them
completely. The difference is as follows. In the above-mentioned papers, mainly
devoted to PDE, the upper limit s in (2.3) varies in the whole space RY, N =
m(m + 1)/2 (not only in P,,), and the domain of integration is bounded by the
retrograde cone s — P, and a smooth surface on which the Cauchy data are given.
For s € P,,, this means that the part of the domain of integration in (2.3) containing
the origin is cut off smoothly.

Further progress is connected with fundamental results of S.G. Gindikin [Gil]
(1964), who developed a general theory of Riemann-Liouville integrals associated
to homogeneous cones. The light cone of Riesz and the cone P, of Garding fall
into the scope of his theory. In the case of P,,, Gindikin’s fractional integrals are
convolutions of the form

a—d
(2.7) Jif=fEs et feS®), NGRS

where the function sf“fd equals |s|“‘d for s € P,,, zero otherwise, and 54 equals
(—s)77% Operators (2.7) are defined on the whole space RV, and can be treated
using the Fourier transform technique and the theory of distributions; see [Gil],
[VG], [Rab], [Wa], [FK]. See also [Rich] concerning application of such operators
in multivariate statistics.

Definitions 2.1 and 2.2 are motivated by consideration of Radon transforms of
functions of matrix argument in the next chapters. It is important that the variable
of integration r and the exterior variable s do not range in the whole space and
are restricted to P,,. In the following, the class of functions f will be essentially
enlarged. We shall define and investigate fractional integrals I¢ f of arbitrary locally
integrable functions f with possibly minimal decay at infinity. The main emphasis
is made upon « belonging to the Wallach-like set W,,, = {O7 %, 1, %7 R mz_l} U
{a: Rea> 271} of [FK, p. 137].

Thus, one can see that most of the facts for fractional integrals from [G&] and
[Gil] cannot be automatically transferred to our case, and a careful consideration
is required. The case a = k/2, k € N, is of primary importance because it arises in
our treatment of the Radon transform.

2.2. Fractional integrals of half-integral order

An important feature of the higher rank fractional integrals I¢ f is that for
a=k/2,k=0,1,...,m—1, they are convolutions with the corresponding positive
measures supported on the boundary 0P,,. In the rank-one case m = 1, this
phenomenon becomes trivial (we have only one value a = 0 corresponding to the
delta function). For m > 1, when dimension of the boundary 9P, is positive we deal
with many “delta functions” supported by manifolds of different dimensions. This
phenomenon was drawn considerable attention in analysis on symmetric domains;
see [FK, Chapter VII], [Gi2], [Ishi], and references therein.

Our nearest goal is to find precise form of Ii/Qf for k=1,...,m—1. We start
with the following simple observation. For k > m, by Lemma 1.11 and (1.37), one

Iprof. Lars Garding kindly informed the second-named author that his construction of
fractional integrals was inspired by close developments in statistics.
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can write
(L2 h)(s) = Wo/f(s_rwm—ddr
@8) = a / (s — w'w)duw,
{weMy m: ww<s}
N6 = 7 /fs+rVﬁMdW
(2.9) —  pkm/2 / (s + w'w)dw

M.

The expressions (2.8) and (2.9) are meaningful for all k£ € N, and it is natural

to conjecture that for k = 1,...,m — 1, the integrals Ii/Qf are represented by (2.8)

and (2.9) too. Let us prove this conjecture. We start with the left-sided integrals

I_’fr/ 2 f and make use of the Laplace transform.

LEMMA 2.6. For f € D(P,,) and o € C,
(2.10) (LIS f)(2) = det(2) " “(Lf)(2), Re z > 0.

PROOF. Let a € Q5 see (2.5). For £ =0, (2.10) is an immediate consequence
of (1.19) and (1.20). The desired result for ¢ > 1 follows by Definition 2.1 and
(1.31):

(LIS f)(z) = (LITHDY f)(2) = det(z) (LD}, £)(2) = det(z)*(LS)(2).

COROLLARY 2.7. For f € D(P,,),
(2.11) (D4 f)(s) =T f)(s),  £=0,1,2,....

PrOOF. By (1.31) and (2.10), (LD f)(z) = (LI;ef)(z), Rez > 0. Since,
by Definition 2.1, I;ef = Iinfrdf if d = (m+1)/2 is an integer, and I;ef =

Ii_l/ 2Dﬁ+d_1/ 2 f otherwise, the result follows owing to the uniqueness property of

the Laplace transform (see Lemma 1.3).
O

THEOREM 2.8. If f € D(Py,), then for all k € N,
(212) (Ik/2f)( ) 7km/2 / f(S _ WIW)dw.
{wemk,m! w'w<s}

Moreover,

(2.13) (I2f)(s) = f(s).
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PROOF. Denote by ¢(s) the right-hand side of (2.12). By changing the order
of integration, we have

(Le)(z) = ntmi? / exp(—tr(zs))ds / Fls — o/'y)dy
Pm {yeMy m: y'y<s}

(2.14) = Rm2(Lf)(2) / exp(—tr(ey'y))dy.
My m

The integral in (2.14) is easily evaluated: if z = r € P,,, we replace y by yr—1/2
and get

/ exp(—tr(ry'y))dy = |r|~H? / exp(—tr(y'y))dy

= |2 / exp(—421 — ... — 42,)dy
Rkm
— ﬂ_km/2‘,,,|fk/2.

By analytic continuation,

/ exp(—tr(zy'y))dy = 7rkm/2det(z)_k/27 Rez > 0.
mk,m

Thus, (Ly)(z) = det(z)"*/2(Lf)(z), and (2.10) yields (Ly)(z) = (Lli/zf)(z),
Re z > 0. Since for each oy € P,,, the integrals

/ exp(—tr(oos)|p(s)|ds, / exp(—tr(oos)|(Ii/2f)(s)|ds

m m

are finite (both are dominated by |oo|~*/2(L|f])(00)), by Lemma 1.3 we get ¢(s) =
(Ii/zf)(s), as desired.
(]

REMARK 2.9. For 0 < k < m, the integral (2.12) can be written as
(215) (1) ()=t mlsl 2 / v / s 2uqu! )] "4 g,

Ckym = W_km/22_k.

Indeed, if we transform (2.12) by setting w = hs'/2, where h € My, hW'h < I,
and pass to polar coordinates, we obtain (2.15).

The integral (2.12) can also be written as the Laplace convolution

(2.16) (I*%F)(s /f s — 1) dpy(r),
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where pj is a positive measure defined by

(2.17) (pig, ) = w—km/2 / P(W'w)dw, P € Co(Sm)-
Mo

Here, C.(S,,) denotes the space of compactly supported continuous functions on
S For k> m, Lemma 1.11 yields

1 k/2—d
— d d= 1)/2.
() = gy [ Pl (m+1)/
Prn
In order to clarify geometric structure of py, for k < m, we denote

(2.18) A = {s : s € P,,, rank(s) = k}, k=0,1,....m—1,

Iy O
G = GL(m,R), ex = [ 0 0
The manifold Ay is an orbit of e; under G in S,,, ie., Ay = Geg. Indeed,
rank(g’erg) = k for all g € G, and conversely, each matrix s of rank k is rep-
resentable as s = ¢'epg for some g € G see, e.g., [Mu, A6 (V) and Theorem
A9.4(ii)] . The closure Ay, is a union of Ag,..., Aj. Since rank(w w) < k < m, then
(1, ) = 0 for all ¢ supported away from Ak = Gey, and therefore supp pp = Ay.
Note also that pp(Ar_1) = 0 because

/¢ e /wwwdwfo

Ag—1

Wp—1 = {w € My, : rank(w) < k — 1} (the set Ax_1 has measure 0 in My ,,).
Thus the following statement holds.

| com.

THEOREM 2.10. For 0 < k < m, Ii/Qf is the Laplace convolution (2.16) with

a positive measure ju defined by (2.17) and such that (a) supp pur = Gey, and (b)
pi(Geg—1) = 0.

Let us consider the right-sided integrals 1% f. They can be expressed through
the left-sided ones as follows.

LEMMA 2.11. For f € D(P,,) and o € C,

(2.19) (I2f)(s) = [s]*"U(ILg) (™), glr) =[r[7*7f(r7Y).
In particular,
(2.20) (I2£)(s) = f(5)-

PROOF. Since the integrals (1§ f)(s) and (I f)(s) are entire functions of « (see
Lemma 2.4), it suffices to prove (2.19) for Rea > d — 1. This can be easily done
by changing variables according to Lemma 1.1 (iii). O

COROLLARY 2.12. For f € D(P,,) and { € N,
(2.21) (DEF)(s) =74 DEg) (™), glr) =1r| ().
PROOF. The formula (2.21) follows from (2.11) and (2.19).

Now we can justify (2.9) for all k € N.
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THEOREM 2.13. If f € D(Py,), k € N, then

(2.22) (I*2 f)(s) = 7~ Fm/2 / f(s+ww)dw.
M m

PROOF. According to (2.19),
(2.23) (T2 1) (s) = s34 Pg)(s7Y),  glr) = |r|7*/270f ().

By (2.15), (Iimg)(s‘l) is represented as

ckm| | k/2 / dv/ UqU/S—1/2)|q‘(m—k—l)/2dq

3 |q‘(m—k—1)/2 dq
= Cpmls|? / dv/f V2yqu's™1/2)~ )W-

Using the property
(224) |Im - ’qul| = |Ik - q|7 qe ka v E Vm,ka

(see [Mu, p. 575] or Appendix C, 1 ), this can be written as

|q|(m7k71)/2 dq
Chmls|? /dv/f V2 (L — vqv')™ 131/2)W

or

d I 1/2 1,r.1/2 |‘Z|mkl/2dq

Ch,mOm, kS| dy [ f(s"/7y(Im — voqug) 7' )W’
O(m) 0
Vo = |: ](-1 :| S ‘/nL,k
One can readily check that
I 0 T 0
_ =1 m—k — m—k
(Im ’quvo) |: 0 Ik —q :| |: 0 (Ik o q)fl :| .

1

After changing variable (I, — ¢)~' — ¢, the integral (L’i/zg) (s71) becomes

Im_ 0 m—k—
sl [ i [ (81/27[0 k ]”131/2> [T — | "D dg,

O(m) Iy
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and therefore (replace ¢ by Iy + q),

(1)) = ennlsl® [ do / F2 (I - vq)52) gl 4012
mk

= anl [ Sty =s )
M, i
= cpm2F|s|7F/2 / f(s+22")dz
M i
= qhm/2|g|d=k/2 / fls+ww)dw.
M m
Owing to (2.23), this gives the desired equality. [

REMARK 2.14. For 0 < k < m, the integral (2.22) can be written in polar
coordinates as

@5 e = [ [ e+l
Vnz,k’ Pk
ck7m — ﬂ_—km/22—k.

Furthermore,

(¥ f)(s /fs—l—rduk()
1, being a positive measure defined by (2.17).

2.3. The Garding-Gindikin distributions

It is instructive to give an alternative proof of the formula (2.22). This proof
follows the argument from [FK, p. 134] and is of independent interest. It can be
useful in different occurrences. Consider the Garding-Gindikin distribution

(2.26) %(f)zﬁ / f@ ety d=(m+1)/2,
P

where f belongs to the Schwartz space 8(S,,). The integral (2.26) converges abso-
lutely for Re a > d — 1 and admits analytic continuation as an entire function of «
so that

(2.27) Go(f) = f(0),

see [FK, pp. 132-133]. The following statement implies (2.22) and extends it for
f€8(Sm).

LEMMA 2.15. For f € 8§(S,) and 0 < k <m,

(2.28) ool 1) =02 [ e
M, m
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PROOF. Let us transform G, (f) to upper triangular matrices. By (1.3),

Galf /ftt HtQO‘ Tl dti; Rea >d—1.

1<j

We write ¢ = a + b, where a = (a; ;) and b = (b; ;) are upper triangular matrices
so that the lower n — k rows of a and the upper k rows of b consist of zeros. We
denote by A and B the sets of all matrices of the form a and b, respectively. Since
t't =a'a+b'b, then

k o —
(2.29) Gu(f) = Zmolo ZE2) / gald'a H v [T dais
A 1=

Fm(a) 1<j

where

om—k = —k/2)—i
ga(a/a) = m /f(a'a + blb) H bz:_();,k_,'{?) Hdbk+i,k+j .
m—k A i=1 i<j
* %

Note that go(a’a) = Ga—g/2 | f [ . o ])) is the Garding-Gindikin distribution

acting on the (o) matrix variable belonging to Sy,—. By (2.29), G,(f) is a direct
product of two distributions which are analytic in a.. By taking into account (2.27),
we get gi/2(a’a) = f(a'a), and therefore,

(2.30) Grya(f) = c/f a'a) l_IdaZJ .

z:l i<j
Here, by (1.7),
k _ k. k(k—m)/2
C:2k lim 2 Fm_k(a k/2) _ 28T
a—k/2 T(a) Tk(k/2)

This representation was established in [FK, p. 134]. Let us show that it coincides
with (2.28). We replace w in (2.28) by [n, (], where n € My i, ¢ € My 1m—. Then

o [ o [ [ 5([8 &)

kmk

(set n=rq, v€ O(k), q € T and use Lemma 1.12)

k . / /
Y DV G O B (P AN
7, =1 i<j

i<
= mk‘,,m,—k

(1.37) 2k k(k—m)/2 —i

1<
Y
0

where a = [ g } . This proves the statement.
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2.4. Fractional integrals of locally integrable functions

In the previous sections, we studied fractional integrals I f assuming f is very
nice, namely, f € D(P,,). Below we explore these integrals for arbitrary locally
integrable functions f provided that « belongs to the Wallach-like set

13 m—1 m—1
2.31 Wy, = =l : .
( 3) m {Oa2a 727 ’ 2 }U{O{ RBO(> 2 }

The key question is for which f the integrals I¢f do exist. We start with the
left-sided integrals.

DEFINITION 2.16. For a locally integrable function f on P,, and o € W,,,, we
define

1
T ()

/f(r)\s—r|0‘_ddr it Reao >d—1,
0

(2.32) (ILf)(s) =
q—km/2 / fs—Ww)dw ifa=k/2.

{wei)ﬁk,m: w'w<s}

Here, s € Py, d = (m+1)/2, and k = 1,2,...,m — 1. For a = 0, we set
(I31)(s) = [(s).

This definition agrees with consideration in Sections 2.1 and 2.2. We recall that
the second line in (2.32) coincides with the first one if £ > m, o = k/2.

THEOREM 2.17. If f € L}, .(Pw) and o € W,,,, then (I f)(s) converges abso-

loc

lutely for almost all s € P,,.

ProOF. It suffices to show that the integral [j'(I$f)(s)ds is finite for any
a € Py, provided that « € W,, and f € L}, (P,,) is nonnegative. For a > d — 1,

changing the order of integration, and evaluating the inner integral according to
(A.1), we have

a a

O/a I = s / fryar [ 1s = rie-tas

IN
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(note that |a — r| < |al; see, e.g., [Mu, p. 586] ). For the second line of (2.32), by
changing the order of integration, we obtain

/Oau.’i”f)(s)ds = b / e / Fs —ww)ds

w'w<a
= g km/2 / dw / f(r)dr
w'w<a 0

< ﬂ_km/Qca/f(r)dr,
0
where /2 @
_ (a7 7= T, (d k)2
Co = / = ToGata) A<
w'w<a
as required. (I

The following equality can be easily obtained by changing the order of integra-
tion and using (A.4)—(A.6):

(I$f)(s)ds _ Ty(y — ) fr)dr
(2.33) P/ ot s~ Twl) 7J/ el + 7=

m

a €W, Re(y—a) > (m—1)/2, e=0,1.
Let us consider the right-sided integrals I f. An idea of the following definition
is the same as above.

DEFINITION 2.18. For a locally integrable function f on Py, and a € W,y,, we
define fractional integrals (I¢f)(s), s € Ppm, by

1
L (a)

/f(r)|7“ —s|*dr if Rea>d—1,

(2.34) (I2f)(s) =
q—km/2 / fs+ww)dw if a=k/2.
Mo

For o = 0, we set (I° f)(s) = f(s). As before, here we assume d = (m + 1)/2 and
k=1,2,...,m—1.

Note that unlike Definition 2.16, here s may be a boundary point of P,,. The
following statement extends Lemma 2.11 (on interrelation between I and I%) to
locally integrable functions.

THEOREM 2.19. Let « € W,,,, d = (m + 1)/2. Suppose that f is a measurable
function on Py, satisfying

o0

(2.35) /|r|Rm*d|f(r)| dr < oo, VR E P,
R
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or, equivalently,

(2.36) g(r) = |r|7* 7 f(r7Y) € Lige(Pum)-

Then the integral (I¢f)(s) defined by (2.34) converges absolutely for almost all
s € Py, and

(2.37) (12 f)(s) = [s|*(I§9)(s71).

PROOF. Equivalence of (2.35) and (2.36) is obvious in view of Lemma 1.1
(iii). In fact, we have already proved (2.37) provided that either side of it exists
in the Lebesgue sense. This was done in Lemma 2.11 for Rea > d — 1, and
in Theorem 2.13 for « = k/2, 0 < k < m. By Theorem 2.17, the condition
g(r) = |r|74f(r~') € L}, (Pm) guarantees finiteness of the right-hand side of
(2.37) for almost all s. This completes the proof.

O

REMARK 2.20. Condition (2.35) is best possible in the sense that there is a
function f > 0 for which (2.35) fails and (I¢f)(s) = co. Let

(2.38) ) = T 7|72,
where A < 2a+m — 1, e is real. Then for a > d —1

R-1

/\7"|0‘ de dr = / |r\)‘/2 o= d|I +7r|” M2 dyr =
and by (A.5),

I
(2.39) (I2f)(s) = W / | M2 L, — | dr
= L+ 5|M2B(a, A/2 — @) /T () = .
In the case a = k/2, k < m, we have
@Phe) = w7 [ s v
M.
(2.40) = g km/2 / b+ yy'| =2 dy, b=1I,+s.
M. i
Owing to (A.6), the last integral coincides with (2.39) (with o = k/2) and is infinite.
The following formula is a consequence of (2.33) and (2.37):

g|y—a—d «@) r|7—d
(2.41) / (12 f)(s) 22 ds — ” / fory — g

| I + es|7 | I, +er|y—

m

a € W, d=(m+1)/2, Re(y—a) > (m—1)/2, e=0,1.
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2.5. The semigroup property

By the Fubini theorem, the equality (A.1) yields
(2.42) I f=18""f,  Rea>d-1, Refi>d-—1,
provided the corresponding integral Iﬁ“’ f or I*TP f is absolutely convergent. The
equality (2.42) is usually referred to as the semigroup property of fractional inte-
grals. It extends to all complex « and (3 if f is good enough and fractional integrals
are interpreted as multiplier operators in the framework of the relevant Fourier-
Laplace analysis. This approach allows us to formulate the semigroup property
in the language of the theory of distributions; see [Gil], [FK], [VG], [Rab] for
details.

Below we extend (2.42) to the important special case when « and (3 lie in the
Wallach-like set W,,, defined by (2.31). Definitions (2.32) and (2.34) enable us to
do this under minimal assumptions for f so that all integrals are understood in the
classical Lebesgue sense.

LEMMA 2.21. If f € L}, (P.), then
(2.43) Ilf=18"f a8 €W,

provided the corresponding integral on the right-hand side is absolutely convergent.

PROOF. In view of (2.42), it suffices to prove that

(2.44) IS = "o = 192 ¢ Rea>d-—1,
and
(2.45) LRI p =192,

where k and /¢ are positive integers less than m. By changing the order of integra-
tion, we have

—km/ o0
([fIE/Qf)(s) = ?k(a;/h’swddr / flr+o'w)dw
—km/ o0
. ”Fk(a; / dw / FO|t—s —w'w|* 4t

mk,vn s+w/w
Wfkm/2 ®
| fomte =

where
h(z) = / |z — w'w|* Ydw.
{w€mk,m: w'w<z}

The same expression comes out if we transform IE/QIEf. By (A.6),

ﬂ_knL/QF (a)
2.4 h(2) = o || @ TR/27d d—1
(2.46) () = fa g T Reas -1,
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and we are done. For the left-sided integrals, the argument is similar. Namely,

—kmj2
@I = o [l [ e
0

{wefmk,m rw/w<r}
okm/2 §
= —_— th(s —t)dt
o JECIE
0

= UPN).
Let us prove (2.45). By (2.34),

O R B T B A
mk,m gjt[,m,

The change of variables z = [ Z ] € Mits,m yields 2’z = y'y + w'w, and therefore

(EPL ) = x0 [ggas = (426
Mitom
For the left-sided integrals, owing to (2.32), we have

(I_(i_kH)/Qf)(s) = g m(k+0)/2 / f(s—2'2)dz.
{zefmkﬁ,m 12/ z2<s}
By the Fubini theorem, this reads
g mk+0/2 / dw / fls—y'y—w)dy
{wemk,m:w’w<s} {yegﬁz,m:y’y<s—w/w}

and coincides with (Ii/QIi/Qf) (s). O

2.6. Inversion formulas

Below we obtain inversion formulas for the integrals (I f)(r), r € Pp. For
our purposes, it suffices to restrict to the case a« € W,,,. We recall that k € N and
d = (m+1)/2. For “good” functions f, the following statement holds.

LEMMA 2.22. If o =1%f, f € D(Pp), @« € W, then
(2.47) f=DLII ",
provided that j > a if « = k/2 and j > Rea + d — 1 otherwise.

PROOF. By the semigroup property (2.43), we have Ii_ago = Iif. Then ap-
plication of (2.6) and (2.13) (or (2.20)) gives (2.47). O

Unfortunately, we are not able to obtain pointwise inversion formulas for I¢ f
if f is an arbitrary locally integrable function. To get around this difficulty, we
utilize the theory of distributions.
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LEMMA 2.23. If o =I¢f, f € Li,.(Pm), & € Wyy,, then
(2.48) f =D\ %,

for any integer j subject to the condition that j > « if a = k/2 and j > Rea+d—1
otherwise. The differentiation in (2.48) is understood in the sense of distributions,
so that

(2.49) (fs )= I %, DLg), ¢ € D(Pu).
In particular, for a = j,
(2.50) (f, 9) = (o, DV9).

PROOF. As above, we have Ljfago = Iﬂ;f7 and therefore,

f, 0) 2 (f, P02 g) 2 (11, D1¢) L (117", D).

The equality (1) holds thanks to (2.6), in (2) we apply the Fubini theorem; (3)
holds owing to the semigroup property (2.44). O

Let us invert the equation I*f = ¢. Formally, f = D%y where D* = I_“, or
(f, @) = (@, I:°¢), ¢ € D(Pp,) in the sense of distributions. The next statement
justifies this equality.

LEMMA 2.24. Let o« € W,,,, and let f be a locally integrable function on Py,
subject to the decay condition (2.35), so that (I%f)(s) exists for almost all s € Ph,.
If p = I¢f then the integral

(. 1:°0) = [ @) 0)dr o€ D(Py)
7)777,
is finite, and f can be recovered by the formula

(2.51) f=DZy,

where D¢ is defined as a distribution

(2.52) (D2, ¢) = (¢, I.%9).
In particular, for a = j,

(2.53) (£, @) = (¢, D\o).

PROOF. Let ¢1(s) = |s|*%¢(s~1). This function belongs to D(P,,). By (2.19),
(IZ9)(s) = [s| =~ (I 1) (s 7).
If o = I f then
(¢, 15%9) = (I2f)(s), |87~ U="1)(s7H))
(use Theorem 2.19 with g(r) = ||~ 9f(r~1))
= (Ugg)(s™), [s|2(IZ%1)(s™)
(I§9)(s), (IZ%1)(s))
9, Ig]:aﬁﬁl)
9, (bl)
f,9).

(
(
(
(
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Let us comment on these calculations. The equality (1) holds by the Fubini
theorem. Here we take into account that I-%¢; € D(P,,), because by the second
equality in (2.6),

(2.54) I=%¢ = I""°D7 ¢y

if j is big enough. A rigorous justification of the obvious equality I~ %¢, = ¢
used in (2) is as follows:

(2.54)

[er-ag, P2 epi-epi g 49

(2.6) (2.20)
1 = =

Y91 =7 1.

For a = j, the result follows by Corollary 2.7, according to which I;j o = Di_
The proof is complete.

’'D ¢

®.
(]






CHAPTER 3

Riesz potentials on matrix spaces

Riesz potentials of functions of matrix argument and their generalizations arise
in different contexts in harmonic analysis, integral geometry, and PDE; see [Far],
[Gel, [Kh], [St2], [Sh1]-[Sh3]. They are intimately connected with representations
of Jordan algebras and zeta functions (or zeta distributions) extensively studied in
the last three decades; see [FK], [Cl], [Ig], [SS], [Sh] and references therein. In
this chapter, we explore basic properties of matrix Riesz potentials which will be
used in Chapters 5 and 6 in our study of Radon transforms. Numerous results,
bibliography, and historical notes related to ordinary Riesz potentials on R™ can
be found in [Rul], [Sa], [SKM].

3.1. Zeta integrals
3.1.1. Definition and examples. We denote
(3.1) 2|y = det(az'z)'/2.

For m = 1, this is the usual euclidean norm on R™. If m > 1, then |z|,, is the
volume of the parallelepiped spanned by the column-vectors of the matrix z [G, p.
251]. Let f(z) be a Schwartz function on the matrix space M, ,,, n > m. Let us
consider the following distribution

(3.2) Z(f,a—n) = / f(@)|z]y "de, aeC.
M

For Rea > m — 1, the integral (3.2) absolutely converges, and for Rea < m —1, it
is understood in the sense of analytic continuation (see Lemma 3.2). Integrals like
(3.2) are also known as the zeta integrals or zeta distributions.

The case n = m deserves special consideration. In this case, we denote IM,,, =
M, m and define two zeta integrals

63) Zulfa-m = [ fe)lde@] " de (= 2(f.a-m)),
M,

34) Z (fla—m) = / F(@) [det(2)[*~™ sgn det(z) dz.
M.

We call (3.4) the conjugate zeta integral (or distribution) by analogy with the case
a =0, m =1, where
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A convolution of f with the distribution p.V.% represents the Hilbert transform
[Ne], [SW], and is called a conjugate function.

EXAMPLE 3.1. It is instructive to evaluate zeta integrals for the Gaussian func-
tions. Let

(3.5) e(r) = exp(—tr(z'x)).

By Lemma 1.11, for Rea > m — 1 we have

36 Zea—n)=2 "o [ I ep(—tr(r)dr = Tnla/2),
P"’L

where oy, ,, is the constant (1.37), d = (m +1)/2,

anm/2
Cnym = m , m>m.
In the case n = m, for the function
(3.7) e1(x) = e(z) det(x)
we have
(3.8) Z_(e1,a—m)=Z (e,a+1—m)=c,I'n((a+1)/2),
/2
CmECm,m:m, Rea > m — 2.

Formulas (3.6) and (3.8) extend meromorphically to all complex «, excluding a =
m—1,m—2,... for (3.6), and « = m —2,m —3,... for (3.8). Excluded values
are poles of the corresponding gamma functions written for m > 2. If m = 1,
these poles proceed with step 2, namely, « = 0,—-2,—4,... and « = —1,-3,...,
respectively.

3.1.2. Analytic continuation. In the following, throughout the paper, we
assume m > 2.

LEMMA 3.2. Let f € 8(M,, ). For Rea > m —1, the integrals (3.2)-(3.4) are
absolutely convergent. For Rea < m — 1, they extend as meromorphic functions of
«a with the only poles

m—1, m-2,..., for (3.2) and (3.3),
m—2, m—3,..., for (3.4).
These poles and their orders are exactly the same as those of the gamma functions
T (a/2) and T, ((a + 1)/2), respectively. The normalized zeta integrals
Z(f,a—n) Zi(f,a—m) Z_(f,aa—m)
Tp(a/2) 7 Tp(a/2) I((a+1)/2)

are entire functions of .

(3.9)

PRrROOF. This statement is known; see, e.g., [P5], [Kh], [Sh1l]. We present
the proof for the sake of completeness. The equalities (3.6) and (3.8) say that the
functions o — Z(f,a —n) and « — Z_(f,« —m) have poles at least at the same
points and of the same order as the gamma functions T',,(«/2) and Ty, (e +1)/2),
respectively. Our aim is to show that no other poles occur, and the orders cannot
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exceed those of Ty, (a/2) and T, ((a + 1)/2). Let us transform (3.2) by passing to
upper triangular matrices ¢t € T,,, according to Lemma 1.12. We have

m

(310) Z(f, o — n) = / F(tl,la - 7tm’m) Ht?ﬁ;idti’i R
R™ i=1
i
F(t171, e 7tm,m) = / dt* / f(’l)t v, dt* = Hdtl je
Rm(m—1)/2 Vi,m 1<J

Since F' extends as an even Schwartz function in each argument, it can be written
as

F(tia,- s tmm) = Fo(t%l, . ,tfnm)

where Fy € §(R™) (use, e.g., Lemma 5.4 from [Tr, p. 56]). Replacing 7, by si,
we represent (3.10) as a direct product of one-dimensional distributions

1) Z(f,a—n) =2 ([0 Folsiaee e smam))s
i=1
which is a meromorphic function of « with the poles m—1,m—2,..., see [GSh1].

These poles and their orders coincide with those of the gamma function T'y, (a/2).
To normalize the function (3.11), following [GSh1], we divide it by the product

m—1

Hr (@—i+1)/2) = Hr o —1)/2) =Ty (a)2) /mmm=D/4,

As a result, we obtain an entire function.
For the distribution Z_(f, @« —m), the argument is almost the same. Namely,
by Lemma 1.12, the integral (3.4) can be written as

m

/ Q(t1,1, - tmm) H t?z_l dt; ;
B i=1
where
(3.12) Q(t11,. - s tmm) = Omm / dt. / f(vt) sgndet(v) dv.
Rm(m—1)/2 O(m)

Since ® extends to R™ as an odd Schwartz function in each argument, then

1
(3.13) Z_(f,a—m) = 27771 /(I)(tLlw-- m,m Hltll sgn )dtiJ‘.

R"YL
By the well known theory [GSh1, Chapter 1, Section 3.5], this integral extends as
a meromorphic function of « with the only poles m — 2, m — 3,... . To normalize

this function, we divide it by the product

e (+5422) - T (52) o (252 o

As a result, we get an entire function. O
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Analytic continuation of integrals (3.2)-(3.4) can be performed with the aid of
the corresponding differential operators. In particular, for ZL(f,« — m), one can
utilize the Cayley differential operator

(3.14) D = det(@/@xi7j), T = (l‘i,j) S mm,
that enjoys the following obvious relations in the Fourier terms:
(3.15) (FIDID(y) = (=)™ det(y) (F)(y),
(3.16) D(Ff)(y) =i™ (FIf (x) det(z)])(y).
LEMMA 3.3. Let x € My, rank(z) = m. For any X\ € C,
(3.17) D [|det ()] = (X, m) |det(x)|* ! sgn det(z),
(3.18) D [|det(z)|* sgndet(z)] = (X, m) |det(z)|*~ .

ProOF. Different proofs of these important formulas can be found in [Ra] and
[P2]; see also [Tu, p. 114]. All these proofs are very involved. Below we give
an alternative proof which is elementary. Note that (3.17) and (3.18) follow one
from another. Furthermore, it suffices to assume that A is not an integer (A ¢ Z).
Once (3.17) and (3.18) are proved for such A, the result for A € Z then follows by

continuity.
We start with the formula
(3.19) D;[f(azx)] = det(a) (Df)(ax), a € GL(m,R),

which can be easily checked by applying the Fourier transform to both sides. Indeed,
if f is good enough at infinity (otherwise we can multiply f by a smooth cut-off
function) then by (3.15), the Fourier transform of the left-hand side of (3.19) reads

(=)™ det(y)

et FNEY)

(=)™ det(y) F[f (az)l(y) =

which coincides with the Fourier transform of the right-hand side. If f(z) =
|det(x)|* then (3.19) yields

|det(a)|* D |det(x)|* = det(a) [D |det(-)|*](az).
By setting a = 27! (recall that rank(x) = m so that x is non-singular) we obtain
D |det(z)|* = Al|det(z)|* L sgndet(z), A= [D|det(x)|(n),
and therefore
(3.20) D [|det(z)|* sgn det(z)] = Aldet(z)[} .
In order to evaluate A, we make use of the Gaussian functions
e(x) = exp(—tr(z'z)) and ej(z) = e(x) det(z) = (=2)" ™ (De)(z),
see (3.5) and (3.7). By (3.8),
Z_(e1,N) =Zi(e, A+ 1) =cp (A +1+m)/2)
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(here and on we do not care about the poles because we assumed in advance that
A ¢ Z). On the other hand, by (3.20) and (3.6),

Z_(e1,\) = (-2)""Z_(De,\)
= 27 ™(e(x), D [|det(x)|* sgndet(z)])
= 27MAZ,(e,A—1)
= 2 MATL(A=1+m)/2).
Hence, owing to (1.9), we obtain
2" (A +14+m)/2)
LA —1+m)/2)

T(1- )

= ()" = ().

A= (1-X—m)

O

Formulas (3.17) and (3.18) imply the following connection between zeta inte-
grals Z, (-) and Z_(-).

COROLLARY 3.4.

MNa+1-—m)
Ia+1)

The formula (3.21) can be used for analytic continuation of the zeta integrals

Z+(f, o —m).

3.1.3. Functional equations for the zeta integrals. The following state-
ment is a core of the theory of zeta integrals (3.2)-(3.4).

321)  Zx(fra—m)=ca Z+(Df,a+1-m), co=(-1)"

THEOREM 3.5. Let f € 8(M,,.1m), n > m. Then

Z(f,a—n) _ _—nm/2 om(a—n Z(}—f’_a)
522 T T e
z (f,a—m)_ —m2/2 om(a—m Z (ff,—Oé)
(323) EE T A oo eyt
Z_(f,aa—m) Z2_(Ff —a)

(3.24) = (=)™ o—m*/2 gm(a—m)

Lo ((a+1)/2) Lo((m—a+1)/2)
PROOF. We recall that both sides of each equality are understood in the sense
of analytic continuation and represent entire functions of .. The equalities (3.22)
and (3.23) were obtained in [Far], [FK], [Ge], [Ra], [P2] in the framework of more
general considerations. A self-contained proof of them and detailed discussion can
be found in [Ru7]. The equality (3.24) was implicitly presented in [P2, p. 289]. In
fact, it follows from (3.23) owing to the formulas (3.21) and (3.15). We have
Z*(f7a7m) _ CO&Z+(Df7O‘+17m)
Tn((a+1)/2) L((a+1)/2)
—m?2/2 2m(a+1—m) ZJF(]:[DfL —a— 1)
Tp(im—a—1)/2)
7m2/2 2m(a+17m) ((ff) (y)a det(y) |det(y)|7a71)
Tp((m—a—1)/2)

= CoT

= (=) "cam

Z,(]:f, —Oé)
Lp((m—-a+1)/2)"°

= C
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where (use (3.21) and (1.9))

—m?/2 gm(a+1—m) Fm((m —a+ 1)/2) = (=)™
’ En((m— a1/~

—m?/2 Qm(a—m) )

c=(—1)"com ™

O

3.2. Normalized zeta distributions

It is convenient to introduce a special notation for the normalized zeta integrals
(3.9) which are entire functions of a. Let

_ =l
(325) COA (x) = m, S mn7m, n 2 m,
_|det(z)[*™ _,_ |det(z)[*"™ sgndet(x)

Given a Schwartz function f, we denote

(327)  (Carf) = acc. / f@)Cal@) de,  (CE f) = ac. / f(2)CE () da
M M.

where“a.c.” abbreviates analytic continuation. We call {, and (T normalized zeta
distributions of order a on M,, ,,, and IM,,,, respectively. By (3.21),

(3.28) (Casf)=cal a+17Df) (Cao f) =da (Casr1:DS),
where
_ mI(a+1—m)
o = " Ny
_ calp(a/2+41)  TDla+1—m)T(m—a)
do = Tp(e/2) —  27T(a+1)D(—a) (use (1.9)).

Our next goal is to obtain explicit representations of the distributions (3.27)
when the corresponding integrals are not absolutely convergent. Evaluation of
(Ca, f) when « is a non-negative integer is of primary importance in view of subse-
quent application to the Radon transform in Chapters 5 and 6.

THEOREM 3.6. Let f € (M . Fora=k k=1,2,...,n,

(3.29) (gk,f)—”(n km/Q /dv / ( [ D dw.

Furthermore, in the case « = 0 we have

3.30 ™o
(3.30) (Coyf)—mf( )-
Proor. STEP 1. Let first £ > m — 1 . In polar coordinates we have
) = 57 / (@) lall

e / e [(] [

O(n)
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6 0
0 In—k
replace the integration over O(k) by that over V4 ,,. We get

o 27m0'n,m / — '1)7“1/2
(Gof) = s /dw/m“ 1qr / f(v[ . Dd

(") Pm Vie,m

Now we replace 7 by ~ [ ], B8 € O(k), then integrate in 8 € O(k), and

(set w=vr! Efmkm

e [ [ 0[5

O(n)

This coincides with (3.29).

STEP 2. Our next task is to prove that analytic continuation of (4, f) at the
point a = k (< m — 1) has the form (3.29). To this end, we express (, through the
Garding-Gindikin distribution; see Section 2.3. For Re o > m — 1, by passing to
polar coordinates, we have (Co, f) = 27" 0n,mGa/2(F), where

Gops(F) = gy | ORI ar Py = [ paran

On,m

m

To continue the proof, we need the following

LEMMA 3.7. Let 8(P.m) be the space of restrictions onto P, of the Schwartz
functions on Sy, D P, with the induced topology. The map

S(Pm)>F — f(x)=F(z'z)

is an isomorphism of 8(P,,) onto the space 8(My, ) of O(n) left-invariant func-
tions on My, -

This important statement, which is well known for m = 1 (see, e.g., Lemma
5.4 in [Tr, p. 56]), was presented in a slightly different form by J. Farau [Far,
Prop. 3] and derived from the more general result of G. W. Schwarz [Sc, Theorem
1].  According to (2.28), analytic continuation of G,/o(F) at the point a = k,
k=1,2,...,m— 1, is evaluated as follows:

Grjo(F) = mhm/2 / F(w'w)dw

k,m
7, \1/2
_ ﬂ,fkm/Q / dw / f<,_)/|:(w°‘(j)) :|>d7
M,.. O

By making use of the polar coordinates, one can write w’ € M., 1, as
1
W' = Pug(w)?, BeO(m), uy= { (f } € Vink-

Hence, w = (ww’)Y?u} ', and

(Ww)'? = (Buww'upB)? = Bug(ww')?upf = Bugw.
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g0
0 Inom

i) = o [ e [ 1G] )

o(n)
w
)

= g hm/2 / dw/f(y
M O)

and (3.29) follows. For o = 0, owing to (2.27), we have

By changing variable v — ~ [ } we obtain

an/Z

(COv f) = 27m0'n,mF(O) = m

£(0).
O

REMARK 3.8. For n > m, the integration in (3.29) over O(n) can be replaced
by that over SO(n).

The following formulas for ({x, f) are consequences of (3.29). We denote

(nm—km—nk)/2 T 2 (m—k)(n/2—k)

(331) o= en/2) T .

XT, (n/2) T (5/2) T 1 (0 — B)/2)

COROLLARY 3.9. Forallk=1,2,...,n,
(3.32) (k)= / dv / f(vw)dw
Vn,k' mk,nl
Moreover, if k =1,2,...,m —1, then
(33) D) = e / du / Pyl dy
(3.34) = / f(lyiy2])
n, k m—k

PRrROOF. From (3.29) we have

(n—k)m/2
C, f) = WF(W / dw/f(’Y/\ow)dV ()\o
" M, O

7.(.(n k)ym/2
= d
et | o [ s
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which coincides with (3.32). To prove (3.33), we pass to polar coordinates in (3.32)
by setting w’ = ur/2, u € V,, x, © € Py. This gives

Ck, f) = 2% ¢y / dU/|7'|(m7k71)/2dr / f(wl/zu’)du

n k m k

= cl/du / £y Nyl "dy.

nk

To prove (3.34), we represent w in (3.32) in the block form u = [1;¢], n € Mk, ¢ €
M. m—k, and change the variable ¢ = nz. This gives

(G f) = e / [ dz/f ol )

kmk

Using Lemma 1.11 repeatedly, and changing variables, we obtain

(Clwf) = C1U/€;€/|7“(m k= 1)/2d7" / dz / f 1/2 1/ZZ]

mk m—k "w
= C10kk / / f y,yz
m k m—k
By (3.31), (1.37) and (1.10), this coincides with (3.34). O

The representation (3.34) was obtained in [Sh1] and [Kh] in a different way.

REMARK 3.10. Another proof of Theorem 3.6, which does not utilize Faraut’s
Lemma 3.7, was given in [Ru7]. The proof given above mimics the classical ar-
gument (cf. [GSh1, Chapter 1, Section 3.9] in the rank-one case) and is very
instructive.

One can also write ((g, f) as

(3.35) = [ f@dn@), £ eSO,
M, .

where vy, is a positive locally finite measure vy defined by

(3.36) (vk, ) =1 / dv / plow)dw, ¢ € Ce(Mpy.m),
v,

C.(9My,.m) being the space of compactly supported continuous functions on M, ,;

cf. (3.32). In order to characterize the support of v, we recall that smﬁf}n stands
for the submanifold of matrices 2 € 9M,, ,,, having rank &, and denote

k
(3.37) m = U E)ﬁgf)m (the closure of m;@n)

n,m
J=0

LEMMA 3.11. The following statements hold.

(i) suppvg = ﬁikzn
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(ii) The manifold smﬁfzn is an orbit of e} = [ ék 8 ] under the group G of
transformations e
T — g12go, g1 € GL(n,R), g2 € GL(m,R),
and
(3.38) dimMF) = k(n +m — k).

(iii) The manifold ﬁiﬁ)ﬂ is a collection of all matrices x € My, ,,, of the form

(3.39) =" { T)) ] ., 7Y€OMn), we Mmn,
or
(3.40) T =vw, vEVuk, we€Mpm.

PROOF. (i) Let us consider (3.36). Since rank(vw) < k, then (v, ¢) = 0 for all

functions ¢ € C.(My, ., ) supported away from ﬁffﬂn, i.e. suppyy = zmﬁl,)n

(ii) We have to show that each z € sm;’“zn is represented as © = giepgs for
some g1 € GL(n,R) and go € GL(m,R). We write z = us, where u € V,, ,, and
s = (2'z)"/? is a positive semi-definite m x m matrix of rank k (see Appendix C,
Iy 0O

11). By taking into account that s = ¢} [ 0 0

] g2 for some go € GL(m,R),
mXm

I,

0 } for some v € O(n), we obtain © = gexgs with

andu:fy{

50
g1 =" [ ‘82 I :| € GL(n,R).

Therefore, the manifold sme}n is a homogeneous space of the group G. This allows

us to find the dimension of mtif}n by the formula
dim M), = dim G — dim Gy,

where (71 is the subgroup of G leaving ey, stable. In order to calculate the dimension
of G1, we write the condition giergs = ey in the form

ap az I; O b1 by _ I; O
asz Q4 0 0 bg b4 - 0 0 ’
where a; € GL(k,R) and b; € GL(k,R). This gives a1 by = I, a3 = 0, by = 0.
Hence,
dim Gy = n? — k(n — k) +m(m — k),
and (3.38) follows.
(iii) It is clear that each matrix of the form (3.39) or (3.40) has rank < k.

8 } where v € O(n) and

s = (2'x)'/? is a positive semi-definite m x m matrix of rank < k. The latter can
be written as

5= g\g, g € O(m), A =diag(A1, ..., Mg, 0,...,0),

Conversely, if rank(z) < k then, as above, x = us = v {
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and therefore,

o[ o=l G [0 )= 8]

where y; = v g ? } and w € My, n,. The representation (3.40) follows from
(3.39). O
COROLLARY 3.12. The integral (3.35) can be written as
(3.41) = [ f@an@= [ f@inw.
rank(z)< k rank(z)=Fk

PRrOOF. The first equality follows from Lemma 3.11 (i). The second one is
clear from the observation that if rank(z) < k — 1 then, by (3.40), z = vw, v €
Vak—1, w € Mi_1,m. The set of all such pairs (v,w) has measure 0 in V), j X
M m.- O

REMARK 3.13. We cannot obtain simple explicit representation of the conjugate
normalized zeta distributions (¢, f), ¥ = 0,1,...,m — 1. At the first glance, it
would be natural to use the formula

MNa+1-—m)

(C;’f) = Ca (C(—xi_—&-l’Df)v Ca = (_1)m F(Ck T 1) )

see (3.28), in which ((I,,,Df) can be evaluated for « = k by Theorem 3.6 or
Corollary 3.9. Unfortunately, we cannot do this because ¢, = oo for such a. On
the other hand, Lemma 3.2 says that (¢, f) is well defined by (3.13), namely,

(3.42) (G ) =27 a0/ (), @),
where

1 [t sgn ()

t ot = — =
(.Uk( 1,1, ) m,m) F((Oé_l)/2+].)
i=1 a=k

)

D(t11,- s tmm) = / dt, / f(vt) sgndet(v) do.
Rm(m—1)/2 O(m)

In particular, for £ = 0,

|tz ’L| Sgl’l [ 1)
4 t11,.--

(3 3) WO( 1,1, H A/Q—i— 1 N 9

where the generalized functions
|5 sgn (s) :
_ =12,...
F(A/2+1) )\:_i7 1 9 “y , 1,

are defined as follows. For ¢ odd:

|5 sgn (s) _ 1 i
(F()\/2+1> ,\:—i’w - T(1-i/2) (579)

oo )
i—2

=[5 e -ea-2 0+ S0+ 0] s
0

(1 —2)!



56 3. RIESZ POTENTIALS ON MATRIX SPACES

For 7 even:

<|s|ksgn<s> @) (=)0 D0 (i/2- 1)
T(A/2+1) |\, (i —1)! ’

see [GSh1, Chapter 1, Section 3.5] . Note that the Fourier transform of the distri-
bution {; has the form

2
(3.49 Fe ) = o
Lo ((m+1)/2)
This follows immediately from (3.24) and the Parseval formula (1.5).
In the following the expression ({; , f) will be understood in the sense of regu-
larization according to (3.42), (3.43).

sgn det(y).

3.3. Riesz potentials and the generalized Hilbert transform

The functional equation (3.22) for the zeta distribution can be written in the
form

1
3.45 Z(f,a—n)=02r) " Z(Ff,—a),
(3.45) — 2= n) = (2r) "M E(F o)
gam 7.rnm/2 I‘m(a/Q)
(3.46) Yn,m(Q) = , aFtFn—m+l,n—m+2,....
Im((n—a)/2)
We recall that m > 2. The excluded values « =n—m+1,n—m+2,... are

poles of the gamma function Iy, ((n — «)/2). Note that for n =m, alla =1,2,...
are excluded. The normalization in (3.45) gives rise to the Riesz distribution hq
defined by

n—«uo

(3.47) (ha, f) = 2—mw—"m/2rm< 5 )(ga, f)
1
. ’Vn,m(a)

= a.C

/ 2] () de,

where f € $(IM,, ) and “a.c.” abbreviates analytic continuation in the a-variable.
For Re o > m — 1, the distribution h,, is regular and agrees with the usual function
ha(z) = |2]% ™ /Yn,m(c). The Riesz potential of a function f € §(9M,, ,,) is defined
by

(3.48) I f) (@) = (ha, fz),  fol) = flz =)

For Rea > m — 1, one can represent I“f in the classical form by the absolutely
convergent integral

(3.49) (1) () = —

Tn,m (Oé)

/ fz — )yl dy.

n,m

We also introduce the generalized Hilbert transform
(3.50) (R (@) = (o fa) = (Go * f)(@).
By (3.44), this can be regarded as a pseudo-differential operator with the symbol

_ B (_Z)m 7r7n2/2
(351) (F&) ) = =

T (mt1)/2) sgndet(y).



3.3. RIESZ POTENTIALS AND THE GENERALIZED HILBERT TRANSFORM 57

Clearly, H extends as a linear bounded operator on L?(9M,, ). For m = 1, it
coincides (up to a constant multiple) with the usual Hilbert transform on the real
line.

The following properties of Riesz potentials and Riesz distributions are inher-
ited from those for the normalized zeta integrals. We denote

H) ()

(353) Ya — 2—k(m+1) W_k(m+n)/2 Fk (n _2 m) .

(3.52) y = 9 kmg—km/2p ("

THEOREM 3.14. Let f € S(i))lmm), n > m. Suppose that o = k is a positive
integer. If k<#n—m+1, n—m+2,..., then

(3.54) (I*f)(2) = / dw / (x— {‘”D dy,

(3.55) = v / dv / f(z —ow)d
Ve My

Furthermore,

(3.56) (I°f)(x) = f(2).

This statement is an immediate consequence of Theorem 3.6.

LEMMA 3.15. Let f € S(My,m), n>m, a €C, a#n—m+1, n—m+2,.
(i) The Fourier transform of the Riesz distribution hy is evaluated by the formula
(Fha) () = |yl;n7, the precise meaning of which is
(3.57) (ha f) = 2m) """ (lyl:" (F () = @m) """ Z2(F f, —a).

(ii)) If k=0,1,..., and A is the Cayley-Laplace operator, then

(3.58) ha = (=1)""AFhoior, de. (ha, f) = (=1)™ (hator, A" ).
(iii) If n=m, k=1,2,... , and D is the Cayley operator, then

(3 ) h’a = CDZk_1<;+2k 1> Z@ (ha7 f) =cC (_l)m(<;+2k717 DQk_lf)7

(1)) Py (14 (m = 0 = 28)/2)
= 2(a+2k—1)ym zm?/2

ProOF. (i) follows immediately from the definition (3.47) and the functional
equation (3.45). To prove (3.58), for sufficiently large «, according to (1.49), we
have

Akha+2k(17) %,m(;"‘%)Ak' ‘oHerfn
_ Bk(a) |x|a—n
Yn,m (0 + 2k)
= chq(2),

where by (1.50) and (1.9),
Bi(a)ynm(@) _ Br(a)Tm(@/2) Tim((n =) /2 = k) _ (—1)mk.

C = =

Yn.m (a0 + 2k) 4mk T (/2 + k) T ((n — ) /2)
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For all admissible « € C, (3.58) follows by analytic continuation. Let us prove (iii).
Owing to (3.58), hy = (—1)™* D2k=1 Dh, 5;. Since, by (3.47 ) and (3.28),

Lo((m—a—2k)/2) n '« +2k) _
hactar = olatzkym pm?/2  Sa+2k’ and - Dy, = (o + 2k —m) Satak-1
then (3.59) follows after simple calculation using (1.9). O

Lemma 3.15 implies the following.
THEOREM 3.16. Let f € §(M,,1,), n > m.
(i) If k=0,1,2,..., then
(3.60) (I )(2) = (1) (A" f)(2).
(i) If k=1,2,..., and n > m, then
(3.61)  (I'*Ff)(x) = (=)™ (AR f) (@) = e / dv/(Akf)(:E*vy’)dy,
gn-1  Rm

(=)™ T((n —m)/2)
om+1 r(m+n)/2 :
(iil) If k=1,2,..., and n = m, then

Cc1 =

(=)™, ((m 4 1)/2)

Tm3/2

(3.62)  (I'""*[)(2) = 2 (HD* ' f)(z), 2=

H being the generalized Hilbert transform (3.50).

PrOOF. The equality (3.60) is a consequence of (3.48), (3.57), and (3.58).
Namely,

I2f) @) = (haw fa) O2 (< 1)k (hg, AFF,)

CED (1R (e Z(F(ARL,), 0)
= (=D)™(AF)(0) = (~1)"F(ARf) ().
Similarly, by (3.48), (I'=2¢f)(x) = (h1_ak, fz). If n > m, then, by (3.58),
(h1-2k, fo) = (=1)""(h1, A%fo) = (=1)™(hy, (A%f)s) = (=)™ (I A*f)(2),

and it remains to apply (3.55) (with k = 1). If n = m, then we apply (3.59 ) with
a=1—2k and get

(h1—ak, fo) = (=1)"e2 (G, D* 7 fa) = €2 (G » (D* 71 f)a) = c2 (HD** 71 f) ().
(]

Integral representations (3.49) and (3.54) (or (3.55)) can serve as definitions of
I1* f for functions f belonging to Lebesgue spaces and « belonging to the associated
Wallach-like set

(3.63) Wy ={0,1,2,...,ko}U{a: Rea>m—-1; a #n—m+1, n—m+2,...},

ko = min(m — 1,n —m).
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THEOREM 3.17. [Ru7]. Let f € LP(M,, ,n), n > m. If a € W, ,,, then the
Riesz potential (I*f)(x) absolutely converges for almost all x € M, ,, provided
n
3.64 1< I —
( ) sPs Rea+m—1
For m = 1, the condition (3.64) is well known [St1] and best possible. We do
not know whether (3.64) can be improved if m > 1.

3.3.1. Inversion of Riesz potentials. Let us discuss the following problem.
Given a Riesz potential g = I“ f, how do we recover its density f7 In the rank-one
case, a variety of pointwise inversion formulas for Riesz potentials is available in
a large scale of function spaces [Rul], [Sa]. However, in the higher rank case we
encounter essential difficulties. Below we show how the unknown function f can be
recovered in the framework of the theory of distributions.

First we specify the space of test functions. The Fourier transform formula

(ha, f) = (2m) """ (lyl,." (FF) ()

reveals that the Schwartz class 8 = §(9,, ,,) is not good enough because it is not
invariant under multiplication by |y|*. To get around this difficulty, we follow
the idea of V.I. Semyanistyi [Se] suggested for m = 1. Let ¥ = U(M,, ,,,) be the
subspace of functions ¥ (y) € 8 vanishing on the set of all matrices of rank < m,
ie.,

(3.65) {y:y € Mym, rank(y) <m} ={y: y € My, |v'y| =0},

with all derivatives. The coincidence of both sets in (3.65) is clear because rank(y) =
rank(y'y), see, e.g., [FZ, p. 5]. The set U is a closed linear subspace of §. Therefore,
it can be regarded as a linear topological space with the induced topology of 8. Let
® = ®(M,, ) be the Fourier image of ¥. Since the Fourier transform F is an
automorphism of 8§ (i.e., a topological isomorphism of 8§ onto itself), then & is
a closed linear subspace of §. Having been equipped with the induced topology
of 8, the space ® becomes a linear topological space isomorphic to ¥ under the
Fourier transform. We denote by ®' = ®'(9,, ,,) the space of all linear continuous
functionals (generalized functions) on ®. Since for any complex «, multiplication
by |y|;,% is an automorphism of ¥, then, according to the general theory [GSh2],
1%, as a convolution with h,, is an automorphism of ®, and we have

FU () = 1yl (F ()

for all ®’-distributions f. In the rank-one case, the spaces ®, ¥, their duals and
generalizations were studied by P.I. Lizorkin, S.G. Samko and others in view of ap-
plications to the theory of function spaces and fractional calculus; see [Sa], [SKM],
[Rul] and references therein.

THEOREM 3.18. Let o € W, ,,, and let f be a locally integrable function such
that g(z) = (I*f)(x) is well defined as an absolutely convergent integral for almost
all z € My, . Then f can be recovered from g in the sense of ®'-distributions by
the formula

(3.66) (f,0)=(9.17%¢), ¢€?,

where

(3.67) (I77¢)(z) = (F~ |yl F o) ().
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In particular, if « = 2k is even, then

(3.68) (f,¢) = (=1)""(g,a%¢), b€,
A being the Cayley-Laplace operator (1.44).



CHAPTER 4

Radon transforms

4.1. Matrix planes

DEFINITION 4.1. Let k,n, and m be positive integers, 0 < k < n, V,, i be
the Stiefel manifold of orthonormal (n — k)-frames in R™, 9, _j », be the space of
(n — k) x m real matrices. For & € V,, ,,_i and ¢t € M, m, the set

(4.1) T=7t)={z:2 €My m; =1t}
will be called a matriz k-plane in 9M,, ,,,. For k = n —m, the plane 7 will be called

a matrix hyperplane. We denote by ¥ the manifold of all matrix k- planes.

The parameterization 7 = 7(&,t) by the points (£,¢) of a "matrix cylinder”
Vin—k X My _k m is not one-to-one because for any orthogonal transformation 6
O(n—k), the pairs (§,t) and (£6’, 0¢t) define the same plane 7. We identify functions
(1) on T with the corresponding functions (&, ) on Vi, n— X My_j m satistying
(€0, 0t) = p(&,t) for all 6 € O(n — k), and supply ¥ with the measure d7 so that

(42) [emar= [ elenac
T Van—k an—k,nz

The plane 7 is, in fact, a usual km-dimensional plane in R™™. To see this, we
write . = (2;,;) € Mpm and t = (t; ;) € My—_k.m as column vectors

Z11 t11

(4.3) z=| T2 | erm,  f=| f2 e RRIm,
T -

and denote

(4.4) ¢ =diag(&,...,&) € Vam,(n—k)ym-

Then (4.1) reads

(4.5) r=71(&t) ={7:2 € R"™; {z =1}

The km-dimensional planes (4.5) form a subset of measure zero in the affine Grass-
mann manifold of all km-dimensional planes in R™™.

The manifold ¥ can be regarded as a fibre bundle, the base of which is the
ordinary Grassmann manifold G,, ; of k-dimensional linear subspaces of R"™, and
whose fibres are homeomorphic to M,,_x . Indeed, let

m: % — Gy,
be the canonical projection which assigns to each matrix plane 7(£,t) the subspace
(4.6) n=n)={y:yeR" y=0} € Guy .

61
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The fiber H, = 7~ !(n) is the set of all matrix planes (4.1), where ¢ sweeps the
space M, _r m. Regarding T as a fibre bundle, one can utilize a parameterization
which is alternative to (4.1) and one-to-one. Namely, let

(4.7) x=[T1...2n], t=1[t1...tml,
where ; € R™ and t; € R"~* are column-vectors. For 7 = 7(£,t) € ¥, we have
T={z:x €My m; xi=1t;, i=1,...,m}.

Each ordinary k-plane 7; = {z; : z; € R"; {’x; = t;} can be parameterized by the
pair (1, \;), where 7 is the subspace (4.6), \; € n*, i =1,...,m, are columns of
the matrix A\ = £t € M,, ,,, and n denotes the orthogonal complement of 7 in R™.
The corresponding parameterization

(48) T = 7-(777 )‘)7 n € Gn,ku A= [)\1 e )\m]7 )\’L S 77L7

is one-to-one. Both parameterizations (4.1) and (4.8) will be useful in the following.

4.2. Definition and elementary properties of the Radon transform

The Radon transform f of a function f(z) on M, ., assigns to f a collection
of integrals of f over all matrix k-planes (4.1). Namely,

) = /Wf(x), req.

In order to give this integral precise meaning, we note that the matrix plane 7 =
T(€,t), £ € Von—i, t € My _k.m, consists of “points”

w
-

where w € My 1, and ge € SO(n) is a rotation satisfying

0

In—k :| < Vn,n7k~

(4.9) ge€o =&, §o = [

This observation leads to the following

DEFINITION 4.2. The Radon transform of a function f(x) on 9M,, ., is defined
as a function on the “matrix cylinder” V,, ,— x 9MM,,_j m by the formula

(4.10) fo=fen= [ (o] )

k,m

It is worth noting that the expression (4.10) is independent of the choice of the
rotation g¢ : o — £. Indeed, if g; and g are two such rotations, then g = gog
where g belongs to the isotropy subgroup of £,. Hence g has the form

0 0
g_{OInk]’ 0 € SO(k).
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Multiplying matrices and changing variable 6w — w, we get

[ bt = [olald 2 ]10])e

k,m k,m

|
~
/N
Q
o
| —
~+ &
—_
N——
U
&

Furthermore, since

(4.11) gf[ﬂ:gf[ﬂﬂg[?]:%{

one can write

(4.12) flen = / f(gg{ﬂw)dw

k,m

(4.13) = / fly+&t)dy.
{yemt'rzmz : &'y=0}

o &
[EE—"
_l’_
Iy
o~

If m =1, then f (&, 1) is the ordinary k-plane Radon transform that assigns to
a function f(z) on R™ the collection of integrals of f over all k-dimensional planes.
If m =1 and k =n — 1, the definition (4.12) gives the classical hyperplane Radon
transform [H], [GGV].

In terms of the one-to-one parameterization (4.8), where 7 = 7(n,A), n €
Gk, A= [ ... A\m] € My, and \; € nt, the Radon transform (4.10) can be
written as

(4.14) fr) Z/dyl.../f([m+)\1...ym+km])dym.

For m = 1, this is the well known form of the k-plane transform in R™; cf. [H, p.
30, formula (56)].

The following sufficient conditions of the existence of the Radon transform f
immediately follow from Definition 4.2. More subtle results will be presented in
Section 4.7.2.

LEMMA 4.3. .
(i) If f € LY(M,.m), then the Radon transform f(&,t) exists for all € € Vi, ,—k and
almost all t € My, _j, . Furthermore,

(4.15) [ fena= [ f@dn veevi.
M em M.,
(i) Let ||z|| = (tr(a'x))*/? = (2F, + ...+ a2 ,,)% If f is a continuous function
satisfying
(4.16) fl@) =O(«|I"),  a>km,

then f(f,t) exists for all £ € Vi, i, and all t € My, _g .
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PROOF. (i) is a consequence of the Fubini theorem:

N -
/fggscd:v— / fa

(ii) becomes obvious from (4.5) if we regard T =1(¢, t) as a km-dimensional plane
in R™™, O

LEMMA 4.4. Suppose that the Radon transform
f(.]?) - f(ga t), HAS 9nn,'ma (57 t) € Vn,n—k X 9:nn—}’c,mv

exists (at least almost everywhere). Then
(i) f(&,t) is a “matriz-even” function, i.e.,

(4.17) f(eo’,0t) = f(&,t), VOeOn—k).

(ii) The Radon transform commutes with the group M (n,m) of matriz motions.
Specifically, if g(x) =~yxB+b where v € O(n), € O(m), andbe M, ,,, then

(4.18) (f 0 9)"(& 1) = (3,16 + '7'b).
PRrROOF. (i) Formula (4.17) is a matrix analog of the “evenness property” of
the classical Radon transform (the case m =1, k =n—1): f(=¢,—t) = f(,t) [H

p. 3]. By (4.10),
feo o= [ 1 (o | i |)ao

k,m

where one can choose geor = ge¢ [ Ig g, } Hence

o[ ] =0 [§ 0 ][] =oc] 7]

which gives (4.17).
[0 ])e)er woma
m

(ii) By (4.10),

(fog) (& 1)
T (5] )

k,m

p

We set g,;glb = , P € Mim, ¢ € My_i,m, and change the variable w+p — w.

Then the last integral reads

[ (o]t )

k,m

By (4.9), ¢ = §0g75 b= &9¢7'b = (9¢€0)'v'b = €'7'b, and we are done.
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COROLLARY 4.5. For z,y € My, let f.(y) = f(x +y). Then
(4.19) fol&t) = f(&, x4+ ).

COROLLARY 4.6. If the function f : M, — C is O(n) left-invariant, i.e.,
flyx) = f(x) for all v € O(n), then
(4.20) f(e0'.00) = f(&,1), Vv €O(n), 6€0(n—k).

4.3. Interrelation between the Radon transform and the Fourier

transform

We recall that the Fourier transform of a function f € L'(9M,, ,,,) is defined by

(421) FENw = [ ewliut/a) f@ds, e M.
M,

The following statement is a matrix generalization of the so-called projection-slice
theorem. It links together the Fourier transform (4.21) and the Radon transform

(4.10).
For y = [y1...Ym] € My m, let L(y) =lin(ys, ..., ym) be the linear hull of the
vectors yi, ..., Ym, i.€., the smallest linear subspace containing y1, ..., y;,. Suppose

that rank(y) = ¢. Then dim L(y) = ¢ < m.

THEOREM 4.7. Let f € L'Mym), 1 <k <n-—m. Ify € My, and ¢
is a (n — k)-dimensional plane containing L(y), then for any orthonormal frame
£ € Von—k spanning ¢, there exists b € M,y such that y = Eb. In this case,

(122 FEpw = [ el fe
Mo kom
or
(4.23) (FF)ED) = FIF(EO), €€ Vank, bEMujm.
PROOF. Since each vector y; (j =1,...,m) liesin ¢, it decomposes as y; = £b;

for some b; € R™ %, Hence y = &b where b = [b1...bm] € My, — m. Thus it remains
to prove (4.23). By (4.10),

AR = [ ewtuwoya [ f(gg[fbdw.

n—k,m k,m

If v = g [ ], then, by (4.9),

w
t
w w
g/x:&)gégg [ ¥ :| :fé [ ¢ :| =1,
and the Fubini theorem yields

FIFEN0) = [ explin(ts'a)) f(o) de = (F)(Eb)
M
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REMARK 4.8. It is clear that £ and b in the basic equality (4.22) are not uniquely
defined. If rank(y) = m one can choose some ¢ and b as follows. By taking into
account that n — k > m, we set

0 0 0
= € V- , Wo = € Voo my, Vo= € Vn.ma
= 0, [V =] L ]eVim w=| 2 ]ew

so that &ywg = vg. Consider the polar decomposition

y =or'/? vVEVom—k, T=YYEPn,
and let g, be a rotation with the property g,v9 = v. Then
y = vrt/? = gugr'/? = g &ouor'/? = &b,
where
(4.24) €= 000 € Vi, b=wor’? € Myu_p m.

THEOREM 4.9. .
(i) If1 <k < n—m, then the Radon transform f — [ is injective on the Schwartz
space S(My,.m), and f can be recovered by the formula

2=m n—m—1
@) = G [ W
Pm

(4.25)

X

/ exp(—i tr(m’vrl/z))(Ff(gvfo, ~))(§6v0r1/2)dv.
Va,m

(ii) For k > mn —m, the Radon transform is non-injective on S(My, ).

PROOF. By Theorem 4.7, given the Radon transform f of f € S(M,,.m), the
Fourier transform (F f)(y) can be recovered at each point y € 9, ,,, by the formula
(4.22), so that if f = 0 then Ff = 0. Since F is injective, then f = 0, and we
are done. Remark 4.8 allows us to reconstruct f from f , because (4.24) expresses
¢ and b through y € M, ,,, explicitly. This gives (4.25).

To prove (ii), let 1 # 0 be a Schwartz function, the Fourier transform of which

is supported in the set mm of matrices x € M, ,, of rank m. This is an open set
in M, ,,. By (4.23),

(426) ]:[1/)(& )](b) = ¢(§b) =0 vﬁ € Vn,nfk» Vbe mnfk.,ma

because &b ¢ iITISLmW)1 (since n — k < m, then rank(£b) < m). By injectivity of the
Fourier transform in (4.26), we obtain @(f,t) = 0 V&, t. Thus for kK > n — m, the
injectivity of the Radon transform fails. O

4.4. The dual Radon transform

DEFINITION 4.10. Let 7 = 7(&,t) be a matrix plane (4.1), (§,t) € Vi X
My,—k,m- We say that the plane 7 = 7(§, t) contains a “point” x € M,, ,, if 'z =t.
The dual Radon transform ¢(z) assigns to a function ¢(7) on ¥ the integral of ¢
over all matrix k-planes containing . Namely,
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The precise meaning of this integral is

1 .
@) o) = —— [ elegna

n,n—k

o(véo, &) dy, & = {

SO(n)

0
n k

] € Vn,nflv

Clearly, @(x) exists for all z € 9M,, ,,, if ¢ is a continuous function. Later we
shall prove that ¢(x) is finite a.e. on 9, ., for any locally integrable function ¢.

REMARK 4.11. The definition (4.27) is independent of the parameterization
7 = 7(£,t) in the sense that for any other parameterization 7 = 7(£0',6t), 6 €
O(n — k) (see Section 4.1), the equality (4.27) gives the same result:
n,n—k

! / (€0, 06'2)de = / (61, € 2)des = p(x).

On,n—k
Vn,nfk Vn,n—k

LEMMA 4.12. The duality relation

(4.28) / fapis = / de / € 1)dt
... Vit Mo i
(or [ s@ewir = —— [e@i@ar)
M T

is valid provided that either side of this equality is finite for f and ¢ replaced by | f]
and |p|, respectively.

Proor. By (4 10), the right-hand side of (4.28) equals

P JRG / ftdt/f<g£[‘;})dw.

n n—k

(4.29)

n k,m k,m

Setting x = g¢ [ (': } we have

&x = (9e60)'9e [ i } =& [ " } —t.

Hence, by the Fubini theorem, (4.29) reads

P / df/ p(& o) f () da /sb(x)f(x)dx.

Vi O, . M,

O

LEMMA 4.13. The dual Radon transform commutes with the group M(n,m) of
matrixz motions. Specifically, if gx = vz +b where v € O(n), B € O(m), and
be M, m, then

(4.30) (pog)”(z) = ¢g).
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More precisely, if T = 7(£,t), then
(pog)(&t) = (7€ tB+ ')

and
(4.31) (pog)V(z)=@(yzB+b).
PROOF. By (4.27),
(vo9)'@) = —— [ sbegmsrevna e—
" .Vnm,fk
! / (6,6 (72 + b))dE = G(yf + )
R @S, s Y @y .

Vin—k

COROLLARY 4.14. If v € O(n) and o(v¢,t) = (&, 1), then ¢(yz) = ¢(z).

4.5. Radon transforms of radial functions

In this section, we show that the Radon transform and the dual Radon trans-
form of radial functions are represented by Garding-Gindikin fractional integrals
studied in Chapter 2. This phenomenon is well known in the rank-one case when
diverse Radon transforms of radial functions are represented by the usual Riemann-
Liouville fractional integrals. In the higher rank case, an exceptional role of the
Garding-Gindikin fractional integrals in the theory of the Radon transform on
Grassmann manifolds was demonstrated in [GR]. We recall (see Section 1.7) that
a function f(z) on M, ., is radial if it is O(n) left-invariant. Each such function
has the form f(x) = fo(2’x). In the similar way one can define radial functions of
matrix planes.

DEFINITION 4.15. For 0 < k < n and m > 1, let T be the manifold of matrix
planes 7 = 7(&, 1), (&,t) € Vin—k X Mp_k.m; see (4.1). A function p(7) = ¢(£,¢) is
called radial if it is O(n) left-invariant in the & variable, i.e., @(~&,t) = ¢(&,t) for
all v € O(n) and all (or almost all) £ and ¢.

Note that if ¢ is a radial function, then
(4.32) p(1€0',0t) = p(&,t), Yy €O(n), 0 € O(n—k).

This equality is a result of parameterization which is not one-to-one; see Section
4.1.

LEMMA 4.16. Every function @ on T of the form o(&,t) = wo(t't) is radial.
Conversely, if 1 < k <n—m and (&, t) is radial, then there is a function po(s)
on P such that p(&,t) = po(t't) for all € € Vi pn—k and all matrices t € My _j.m
(if v is a “rough” function then “all” should be replaced by “almost all”).

PRrROOF. The first statement is clear. By the polar decomposition (see Appendix
C, 11), for all matrices t € M,,_j ,, we have

t=us? we Vikm, S=1tt€Py,.
Let
0 0
60 = |: I :| € Vn,n—ka Ug = |: I, :| S ‘/n—k,,m-
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We choose v € O(n) and 6 € O(n — k) so that u = 0'ug, 7§06’ = &. Then

pEt) = (& 0us'?)

90(759/»%81/2)

= p(&o,uos'’?)

= ¢o(s)

This is what we need. O

THEOREM 4.17. Let f be a radial function on My, ., so that f(x) = fo(r),
r=a'z. Let Iﬁ/zfo be the Garding-Gindikin fractional integral (2.34). Then

(4.33) Jet) =212 o)), s =1t e P,
provided that either side of this equality exists in the Lebesgue sense.

PRrROOF. The statement follows immediately from (4.10):

(4.34) fiet) = / f(gg{jf])dw: / fo(w'w + ') dw
My My
/2152 g0y (s).

O

REMARK 4.18. The rank of s in (4.33) does not exceed m. If rank(s) = m then
$ € Pp,. If rank(s) < m (it always happens if k& > n —m) then s is a boundary
point of the cone P,,. The fact, that for radial f the Radon transform f is also
radial, follows immediately by Corollary 4.6, Definition 1.14, and Definition 4.15.

Let us pass to the dual Radon transform.

THEOREM 4.19. For (&,t) € Viyn—i X Mp_om, let (&, t) = po(t't). Suppose
that 1 < k <n —m and denote

,n_km/2o.

(I)O(s) = |s|6S00(5), 6= (n—k)/Q—d, d = (m+1)/27 = T On—km '

On,m

Let Ii/QCDO be the Garding-Gindikin fractional integral (2.32) of ®9. Then for any

x € My, m of rank m,
(4.35) plx) = clr[* L Ro) (1), 1 =a'x € P,
provided that either side of this equality exists in the Lebesgue sense.

Proor. By (4.27),

P(x) = / wo(z'v&& ©)d, foz{

S0(n)
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We write 2 in the polar coordinates z = vr'/2, v € V,, 1, 7 € Py, and get

@(x) = / wo(r'/ v/ yEo&ly vrt/?) dy
SO(n)
1

(4.36) = - / 2o (r1/20' €0 o 12) d.
n,m

n,m

Since n — k > m, one can transform (4.36) by making use of the bi-Stiefel decom-
position from Lemma 1.13. Let us consider the cases k < m and k > m separately.

19, The case k < m. We set

a
v = |: ’U,(I _a/a)l/Q :| ’ aei)ﬁhm’ ue‘/n—k,m-
Multiplying matrices and using (1.40), we obtain
@(ﬁv) = C1 / |Im _ a/a|5800(r1/2(-[m _ GIG)T1/2) da
0<a’a<ly,
= C1 / ‘Im _ bbl|ﬁ@0(r1/2(_[m _ bb/),',,l/Q)db7
0<bb! <Ip,

where ¢1 = 0y—g,m/0n,m . Then we pass to polar coordinates

b= Uq1/27 v e Vm,ka q € Pka

and use the equality |I,,, — bb'| = |I;, — b'b|. This gives

o) = ey / dv/|q\(m k— 1)/2|Ik | (Tl/z(lm—qu')rl/z)dq

ey |0 / do / g KD/ 200 (1121, — vgofyrV/2)dg.
Vnzk

Hence, by (2.15),

akm/2 On— km| |d n/Z(Ik/Qq) )(r)

pla) = /2 Tk

)

and (4.35) follows.

20. The case k > m. Let us transform (4.36) by the formula (1.41). We have

o(x) Cs / |s|7 L — s|5cp0(r1/2(lm — s)r1/2) ds
0

= 02/|Imfs|7|s|6cp0(r1/2sr1/2)ds,

27m0'k m On—k,m

g = ———— ﬂ/:k/Q_d'

On,m
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By changing variable 7/2sr'/? = sy (see Lemma 1.1 (ii)) so that |s| = |r|~"|so],
dsg = |r|%ds, and
|1, —s| = |r71/2(r — r1/257'1/2)7’71/2| = |r|7Yr = sol,
we obtain
p) = el [l = soPlsol*o(s0) dso
0
= 02|r|d_”/2/|r—80|k/2_d¢0(so)dso.
0
By (1.37) this coincides with (4.35). O

REMARK 4.20. In Theorem 4.19, we have assumed 1 < k < n — m, although,
Definition 4.10 is also meaningful for k& > n — m. In the last case the integral on
the right-hand side of (4.35) requires regularization. Since the main object of our
study here is the Radon transform f (&,1), and the condition k& < n —m constitutes
a natural framework of the inversion problem (see Theorem 4.9), we do not focus
on the case kK > n — m and leave it for subsequent publications.

4.6. Examples

Formulas (4.33) and (4.35) allow us to compute the Radon transform and the
dual Radon transform of some elementary functions. The following examples are
useful in different occurrences. As above, we suppose

f = f(l‘), T E 2):nn,ma Y= (,0(57t)7 (§,t) € Vn,nfk X EInnflmmz

and write f AN v (¢ AN f) to indicate that ¢ is the Radon transform of f (f is the
dual Radon transform of ¢). Given a symmetric m x m matrix s and a € C, we
denote
[s|* i s € Pm,
(4.37) 5§ =
0 if s & Pp.
LEMMA 4.21. Let

@ RTL (A= k) /2)

The following formulas hold.

Red>k+m—1.

(4.39) AN W (G les
(4.40) L + 2'%| N2 L5 Ay L, + | F0/2)

(4.41) (a — x’z)Sf"“)/Q‘d Lo (a— t’t)j\r/z_d, a € Pp,.
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Proor. We denote

filz) = |a'z|7M2,
fox) = |Ip+2'z|2,
fg(l') _ ((L o l'/.’E)S_)\_k)/Q_d,

Then f;(£,t) = ¢;(£'t) where by (4.34),

p1(s) = / |w'w + s| M 2dw,
M,

pa(s) = / I + w'w+ s| 7N 2dw,
M

p3(s) = / (a —w'w— S)Sf\_k)/Q_ddw.
M

Owing to (A.6), v1(s) = A\1|s|*=2/2 and py(s) = M|, + s|*=2/2. For the third
integral we have ¢3(s) =0 if a — s € P,,. Otherwise,

mo= [ e s,
{weMy m 1 w'w<a—s}
and the formula (A.7) gives p3(s) = A\i|a — s|M/274, O
LEMMA 4.22. Let 1 <k <n—m,
L (n/2)0 (A — k)/2)

4.42 Ao = ReX >k —1.
( ) 2 Fm()\/2)Fm((nfk)/2)’ € +m
Then
(4.43) | A=/2 X 6 o |2,
(449) O L 4 1]V S a2 L + a2,
(4.45) |t/ (k)24 gy a)(+/\—k)/2—d Yy Nolal e |2 (o — a)i/Q—d.
PROOF. Let
e1(&,1) = |t/
pr(Et) = [T, 4,
pal€ ) = (¢ BT — ) PR
By (4.35),

(4.46) Gi(x) = clr| @I (r),  r=a'w, i=1,2,3,
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where ¢ = ﬂkm/Qan_hm/an,m,
(1)1(5) _ ‘S‘ (A\—=k)/2— d
(I)Q(S) _ ‘S‘ (A\—=Fk)/2— d|]— +5| )\/2
By(s) = (s—a)fVP
For ¢4 (z), owing to (4.46) and (2.32), we obtain
@1(1,) _ C|T|d7n/2ﬂ,fkm/2 / |,r, _ w/w|()\7k)/2fddw.

{wemk,m: w'w<r}
Hence (A.7) and (1.37) yield

. L (n/2) Tn((A=K)/2) | (x=n)/2 /
P1(x) = |r| AT r=x'z
L' (A/2) Tin((n — k) /2)
This coincides with (4.43).
For ¢3(zx), according to (4.46), we have
@3(IE> _ C|T|d7n/2ﬂ,fkm/2 / (T W — a)gf\—k)/Z—ddw'

{weMe m: ww<r}
Hence ¢3(z) =0if r —a & Py, and

@3(1,) _ C|7,‘d—n/2ﬂ__km/2 / |7“ Ca— w/w|(>\_k)/2_ddw
{weimk,m: w’w<r—a}
if r —a € P,,. Applying (A.7), we obtain

V (/2 TN = 8)/2) | 4o .
) = T ) Tl —Ryy2) 1 el

This gives (4.45).

In order to prove (4.44), we consider the cases k > m and k < m separately.

19. The case k > m. By (4.46),

ga(w) = ]t /|8|(Afk)/27d Ir — s|*/2 4|1, 4+ 5|72 ds
Im+r
Im

1 =2""0n—kmOk,m/On,m- Owing to (A.3), we obtain
Ba(r) = c1 B (k/2, (A = k) /2) [r|A=D/2 |1, 4 | B2/,

and (4.44) follows.
20. The case k < m. By (4.46) and (2.19),

Go(x) = ¢ [r| 2 Dy) () = ¢ [r| k=212 Ga) (r Y

where
Ga(s) = |s| /270y (s71) = |I,, + | 2.
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Hence, in view of (2.19),

@o(x) = ¢ whm/2 |p|(k=n)/2 / [T + 771+ w'w| ™ 2dw.
M, m
This integral can be evaluated by the formula (A.6), and we obtain
. cTm((A=F)/2)

= ——m\\2 /) g k=n)/2 T —11(k=X)/2
= Ao r|AT/2 T, 4 | RN/2, r=2a'z.

4.7. Integral identities. Existence of the Radon transform

4.7.1. Integral identities. It is important to have precise information about
the behavior of the Radon transform at infinity and near certain manifolds. The
same is desirable for the dual Radon transform. Examples in Section 4.6 combined
with duality (4.28) give rise to integral identities which provide this information in
integral terms. For m = 1, similar results were obtained in [Ru4]; see also [Rub]
for Radon transforms on affine Grassmann manifolds.

We present these results in two theorems. The constants Ay and Ay below are
defined by (4.38) and (4.42), respectively, d = (m + 1)/2, and all equalities hold
provided that either side exists in the Lebesgue sense.

THEOREM 4.23. If 1<k <n—m, ReA>k+m —1, then

1 P —n
[ ae [ Renwdnra
On,n—k
Vian—k Qﬁnfk,m
(4.47)
= A2 / f(@) |2'2|A=/2 da,
mn,?n
1 A
/ dé_ / f(é-,t) |t/t|(/\—77,)/2|Im+t/t|—k/2dt
On,n—k
‘/n,nfk mn,fk,m
(4.48)
=X / f(a) |2'2| A2 | Ly, + a2 F2 da,
M.
1 ~ J— —
[ oae [ Aol - ot
On,n—k
Vin—k mn*k,vn
(4.49)

=X / f(zx) |x’x\d7”/2 (x'z — a)ip—d dz,
mn,m

§=(n—k)/2—d
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THEOREM 4.24. If 1<k<n—m, Re\>k+m—1, then

/ () a2 da
mn,m

(4.50)
= / de / (&, 1) |t't|F=N/2 qt,
On,n—k
nn k n k,m
/ p(@) [ Iy + x| da
mn,m
(4.51)
:U - / d¢ / (&) [ I + t't|(F=N/2 gy
nn k n k,m
/ 3(z) (a — x’x)g‘_k)ﬂ_d dx
mn,m,
(4.52)

- / d¢ / a—t't))* " ar.
On,n— k

'n.

4.7.2. Existence of the Radon transform. In most of the formulas pre-
sented above we a priori assumed that the Radon transform is well defined. Now
we arrive at one of the central questions: for which functions f does the Radon
transform f (&,t) exist? In other words, Which functions are integrable over all (or
almost all) matrix planes £’z =t in 9M,, ,,? The crux is how to specify the behavior
of f(z) at infinity. Below we study this problem if (a) f is a continuous function,
(b) f is a locally integrable function, and (c¢) f € LP.

THEOREM 4.25. Let f(x) be a continuous function on My, ., satisfying
(4.53) f(x) = O(|L, + 2'z|~>/?).
If X > k+m— 1 then the Radon transform f(£,t) is finite for all (£,t) € Van—k X
Mp—k,m- If A < k+m —1 then there is a function fi(z) which obeys (4.53) and
f)\ (fvt) =00

PRrROOF. Tt suffices to consider the function fy(x) = |I,, +z'z|~*/2. By (4.40),
f&t) = MLy 4+ t't|*=2/2 provided A > k +m — 1. This proves the first
statement of the theorem. Conversely, owing to (4.33), the Radon transform fy (&, )
is finite if and only if (If/QfA)(t't) < oo (we utilize the same notation fy both for
|In + 2'z|=? and |I,,, + 7|72, 7 = 2’x). If A < k+m — 1, then I*2 £, = oo; see
Remark 2.20. Thus fy(&,t) = oo for the same A. O
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THEOREM 4.26. Let f be a locally integrable function on My, . If

(4.54) / |y'y|(k7")/2|f(y)| dy < o for all R € Py,

{ye€Mn,m y'y>R}

then f(f,t) is finite for almost all (&,t) € Vo n—k X My—pm. If (4.54) fails for
some R € Pp,, then f(f,t) may be identically infinite.

PrOOF. STEP 1. Suppose first that f is a radial function so that f(x) = fo(r),
r = 2’x. Then (4.54) becomes

(4.55) /|r|k/2_d [fo(r)|dr < oo for all R € P,.
R

By Theorem 4.17,
J(& ) = a2 (152 fo) ('),

and therefore, f(&,t) < oo if and only if (If/gfo)(t’t) < 00. Now the result follows
from Lemma 2.19 and Remark 2.20.
STEP 2. The general case reduces to the radial one. Indeed, let

F@ = [ s
50(n)
be the “radialization” of f. If (4.55) holds, then, by STEP 1, the Radon transform
of F is a radial function of the form F({,t) = ®g(s), s = t't, which is finite for

almost all t. On the other hand, owing to commutation (4.18), ®4(t't) is the mean
value of f(&,t) over all £ € V,, ,,_j, and therefore,

1

Onn—k

/ F(€.1)de = Bo(#t) < oo

Vin—k

for almost all ¢. It follows that f(f, t) < oo for almost all (£,t) € Vi n—k X Mp_k.m.-
U

THEOREM 4.27. Let f € LP(IMy,m). The Radon transform f({,t) is finite for
almost all (§,t) € Vyn—i X Mp_k.m if and only if

n+m-—1
4.56 1<p<py=——"-—.
(4.56) R |
Proor. By Holder’s inequality,
[ Py < AL

{yeM, m y'y>R}
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where

AP = / ly'y[P =72 gy

{yeM, oy’ y>R}
_ C/ |p [P (k=m) /240 /2=d g, (d=(m+1)/2, c=c(n,m))
R

R71
= c/ \r|p,("_k)/2_"/2_ddr<oo
0

provided p < pg. Thus, by Theorem 4.26, the Radon transform f (&,t) is finite for
almost all (£,t) € Vi g X My m. Conversely, if p > pg, then one can choose A
satisfying

n+m-—1

p

For such A, the function fy(x) = |I,, + 2'z|~*/? belongs to LP(M,.,) (use the
formula (A.6)), and f(&,t) = oo; see the proof of Theorem 4.25. In order to cover
the case p = pg, we need a more subtle counter-example. One can show that for
P > po, the function

<A<k+4+m-1.

(4.57) F(x) = |2L,, + o'z|~("tm=D/2p(log |21,,, + 2'2|) 7!
belongs to LP(9M,, ), and F(&,t) = oco. The proof of this statement is technical,
and presented in Appendix B. O

REMARK 4.28. (i) Theorems 4.25 and 4.27 agree with each other in the sense
that all functions satistying (4.53) belong to LP(9M,, ,,,) where
n+m-—1
A
The last statement holds by the formula (A.6), according to which the function
|I,n + 2’x|~*P/? is integrable for such p.

<p <Do-

(ii) The equality (4.48) implies part (ii) of Theorem 0.5 and provides alternative
proof of the “if part” of Theorem 4.27 when 1 < k < n—m. Indeed, choosing A = n,
we have

On,n—k

n,n—k

v m

n—Fk,m

(4.58)
“ / £ (@) [T + 2| 5~/ da.
M,

Hence, if |I,,, + 'x|*/2f(x) € L'(M,,.,,) for some a > k — n, then f(£,t) is finite
for almost all (§,t) € Vin—k X Mp_k,m. Moreover, by Hélder’s inequality, the
right-hand side of (4.58) does not exceed A| f|,, where

(4.59) AP = / L + o' z|? =/ 24y,
M,
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By (A.6), the last integral is finite when p’'(k —n) > k +m — 1, i.e., for p < pg.
Thus the left-hand side of (4.58) is finite too, and therefore, the Radon transform
f(&,t) is well defined for almost all (£,t) € Vi, n—k X Mk m.

4.7.3. Existence of the dual Radon transform. The special case A =
k+2d in (4.52) deserves particular mentioning. In this case

(4.60) / @(x)da o / d¢ / #'1)"2 at,

r'rx<a Van—k

nkm

and therefore,

alk/2
(461) [ w@iase [ ae [l o=

On,n—k
r'r<a Vian—k t't<a

Since a € P, is arbitrary, this implies the following.
THEOREM 4.29. If ¢(&,t) is a locally integrable function on the set Vi, i X

Mp—km, 1 <k <n—m, then the dual Radon transform @(x) is finite for almost
all x € My, .



CHAPTER 5

Analytic families associated to the Radon
transform

5.1. Matrix distances and shifted Radon transforms

In this section, we introduce important mean value operators which can be
called the shifted Radon transforms. Here we adopt the terminology of F. Rouviere
[Rou] that admirably suits our case. In contrast to the rank-one case m = 1, where
averaging parameters are positive numbers, in the higher rank case m > 1 these
parameters are matrix-valued.

Some geometric preliminaries are in order. We shall need a natural analog of
the euclidean distance for the space IM,, ,, of rectangular n x m matrices. Unlike
m = 1, when the distance is represented by a positive number, in the higher rank
case our “distance” will be matrix-valued and represented by a positive semi-definite
m X m matrix.

DEFINITION 5.1. A matriz distance between two points x and y in M, ., is
defined by

(5.1) d(z,y) = [(z — ) (@ — y)]"/2.

Given a point z € M, ,,, and a matrix k-plane 7 = 7(€,t) € T (see (4.1)), a matrix
distance between x and 7 is defined by

(52) d(z,7) =[x = 1) (§z = )2
Abusing notation, we write (cf. (3.1))
(5:3) |© = ylm = det(d(z,y)), [ —7|m = det(d(z, 7).

Let us comment on this definition. We first note that for m = 1, (5.1) is the
usual euclidean distance between points in R™. If y = 0, then d(z,0) = (z'z)'/2.
This agrees with the polar decomposition = = vr'/2, r = 2'z, v € Vi 1If
rank(z) = m, then d(z,0) = r'/? is a positive definite matrix. If rank(z) < m — 1
then d(z,0) € OP,, and det(d(z,0)) = 0.

Let us explain (5.2). For £ € V,, ,,—k, let {¢} denote the (n — k)-dimensional
subspace spanned by &, and Prge; the orthogonal projection onto {{} which is a
linear map with n x n matrix ££’. Then, as in the euclidean case, it is natural to
define the distance between the point « € 9, ,,, and the plane 7 = 7(§,t) € T as
that between two points, namely, Prisz = £’z and £t. By (5.1), we have

d(z,) = d(&€'w, &t) = (66w — &0)' (6w — €0]'? = [(€'x — 1)/ (€'z — 1)]'/2.

This can be regarded as a matrix distance between = and the projection Pr, x of x
onto the plane 7.
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LEMMA 5.2.
(i) The group M(n,m) of matriz motions,

Mym DT — yrB+D, v € O(n), B € O(m), be M, m,

acts on the manifolds M,, ,, and T transitively.
(ii) The determinants |x — y|m and |z — 7|, are invariant under the action of
M(n,m). Namely,

192 — gylm = |2 — y|m, |9z — gT|m = | — T|m., g € M(n,m).

iii) The distances d(z,y) and d(x,T) are invariant under the subgroup M(n) of
M(n,m), acting by the rule x — vz +b, v € O(n), b € My, , (i.e. 5=0).

PrOOF. The statements follow immediately from Definition 5.1, by taking into
account that

(5.4) g: 1(&t) — (v, 18+ E'D).
0

DEFINITION 5.3. Let r € P,,. The shifted Radon transform of a function f(x)
on M,, ,, is defined by

A 1 w
65 dien = [ oa [ (] S ])a
Via—k,m M.

1 ~
(5.6) = / f&,t+vrt/?)do,
On—k,m
ank,m

where (§,t) € Vin—k X My_pm, ge € SO(n) is a rotation satisfying (4.9).

If 7 = 0 then f,.(&,t) coincides with the Radon transform f(&,t); cf. (4.10).
The integral (5.5) averages f(x) over all z satisfying ¢’z = t + vr'/2. This means
that f, (€,1) is the integral of f(z) over all z at matrix distance 7'/ from the plane
T =7(&,t) (see Definition 4.1). One can write

(5.7) ho=feo= [ s
d(z,7)=r1/2

DEFINITION 5.4. Let 1 <k <n—m, r € P,,, ¥ be the manifold of all matrix
k-planes

T= T(€7t) = {.T € E):nn,’m : glm = t}7 (5, t) S Vn,n—k X mn—k,m-

Given a point z € IM,,_j ., at distance 71/2 from the origin (i.e. 2’z = r), the shifted
dual Radon transform of a function ¢(7) = ¢(&,t) on T is defined by

1
(5.8) or(z) = . - / o(&,&x + 2)dE.
= Vi mn
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Let us comment on this definition. We first note that (5.8) is independent of
the choice of z with 2’z = r. Indeed, by passing to polar coordinates

z=0ugr'’/?, fe On—k), wuy= [ IO } € Vikms

we have
. 1 / 1/2 /
Prlz) = — . (&, 8w 4 Quor'/*) d¢ (set & =no")
n,n— -
1
= [ e by (e (60,00 = 0(6.0)
n,n— -
1 / 1/2
(5.9) i o(n,n'x +ugr/=) dn.
" Vin—k

If r = 0 then ¢, (z) is the usual dual Radon transform (4.27). Owing to (5.2),
the matrix distance d(x,7) between z and 7 = 7(&, &'z + 2) is r'/2. Hence, ¢,.(2)
may be regarded as the mean value of ¢(&,t) over all matrix planes at distance ri/2
from x:

(5.10) ér(z) = / o).
d(z,7)=r1/2
5.2. Intertwining operators

Given a sufficiently good function w(r) on Ry, we define the following inter-
twining operator

Ga)  WHO=WHED = [ f@uls -t de
m

| 1@wle i)
m

n,m

which assigns to a sufficiently good function f(z) on M, ., a function (W f)(7) on
the manifold ¥ of matrix k-planes 7 = 7(&,t), (§,t) € Vi n—k X Mp_k,m. The dual
operator, which maps a function ¢(7) on ¥ to the corresponding function (W*p)(z)
on M, r,, is defined by

612 W@ = —— [ [elenules i)

Vn,n—k mn—k,m,

1
= /@(T)w(|x—7|m)d7.
On,n—k
T
We recall that |« — 7|, denotes for the determinant of the matrix distance between
x and 7; see (5.3). For m = 1, operators (5.11) and (5.12) were introduced in

[Rud]. The following statement follows immediately from Lemma 5.2.

LEMMA 5.5. Operators W and W* commute with the group M(n,m) of matriz
motions.
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LEMMA 5.6. If 7 =7(§,t), (§,t) € Vi X Mp_k,m, then

(5.13) WH(r) = (Wh(Et) = / F(&, 2 w([t = 2l) da

provided that either side of (5.13) is ﬁmte for f replaced by | f]|.
PRrROOF. Let g¢ € SO(n) be a rotation satisfying

gebo = &, 50—[ L ] Vi k.

The change of variable = gey in (5.11) gives
0

(W )ED / fa i — )ty =] ;| Vo
By setting

we have

=
~
N
Il
—
&
T~
\
2
3
=~
§ N
kﬁ
N
Q
o
[SENESH
N———
Q.
S

LEMMA 5.7. Let 1<k<n—-m,d=n—-k)/2—d, d=(m+1)/2,

T = T(gut)a (§7t) € Vn,nfk X mnfk,nu Ug = |: IO :| € ank,m~
Then
(5.14) (W) 1)

2 "0t [ Il (el ol 0)dr
Pm

615 W) = 20 [l g dr
Pun

PrOOF. From (5.13), by passing to the polar coordinates (see Lemma 1.11),
we obtain

(W) 1)

/ (.t + 2) w(|zlm) dz

nkm

- 2-m/\|5 (r2yar [ fet+ort’)ao

nkm
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By (5.6), this coincides with (5.14). Furthermore, (5.12) yields

ani_k /df /<P(§>t+€'x)w(|t|m)dt

Vit My g m

B oi_nmk /dg/méw('”m)d?“ / p(& ur'/? + €'z)du

Vn,n—k Pm Vn—k,m

(W e)(z)

27m n—k,m
= ko e [t ey dr [ ol uart’ + ) do

On,n—k
Van—k Pm O(n—k)

Now we change the order of integration and replace & by £6’. Since p(£6',6t) =
©(&,t), then

(W) (@) = =Lk / Pl dr [ o6 + ') de.

nn k

By (5.9), this gives (5.15). O

5.3. The generalized Semyanistyi fractional integrals

To avoid possible confusion, we shall discriminate between operators acting on
M,,.m and the similar operators on M,,_j . As before, the notation 1%, A, D, and
‘H will be used for the Riesz potential, the Cayley—Laplace operator, the Cayley
operator, and the generalized Hilbert transform on 9, ,,,. We write I*, A, D, and
H for the similar operators on My —k,m. These will be applied to functlons f (&, 1)
and ¢(&,t) in the t-variable. We assume 1 < k < n — m, and denote by $(%) the
space of functions ¢(&,t) which are infinitely differentiable in the ¢-variable and
belong to the Schwartz space 9,,_j », in the t-variable uniformly in £ € V;, »—k.

Consider the following operators

(5.16) pef=If, P = (%),

where f € S(M,,.m), ¢ € $(%), and

(5.17) aeC, a#n—k-m+1ln—k—-m+2,....

The right-hand sides of equalities in (5.16) absolutely converge for Re « > m—1 and
are understood in the sense of analytic continuation for other values of o. Below

we prove a series of lemmas giving explicit representation of operators (5.16) for
different values of «.

LEMMA 5.8. Let f € S(My.m), ¢ € 8(%). If

Rea >m — 1, afEFn—k—-m+1l,n—k—m+2...,
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then P* and P are intertwining operators of the form (5.11) and (5.12), respec-
tively. Namely,

(518)  (PUED) = —— / f(@) |z — 4o da,

Yn— km

/dg/ (&,1) |z — t|oFk=n dt,
’yn km
'n.km

d¢ is the normalized measure on Vi p_ and Yp_gm(c) is the
normalized constant for the Riesz potential on My,_y m; cf. (3.46).

(5.19) (Po)(x)

1
wheredg—onn &

PrOOF. The formula (5.19) follows immediately from the definitions (5.16),
(4.27), and (3.49). Furthermore, by (5.16), (4.10), and (3.49), we have

PPEn = —— o) /|y\a+k ”dy/f(gg{ de

n k,m

- /f )€z — " d

’Yn km

This proves (5.18). O

LEMMA 5.9. Let f € (M m), ¢ € 8(X), 1 <k <n—m. If{ is a positive
integer so that £ <n —k —m (cf. (5.17)), then
D d,

o f o [ sl 2]
o us f o [ ofee[i]e

(5200 (P& 1)

O

mk+/ m O(nfk)

(5.21)  (P'o)(x)

where

(5.22) (=27 g2, (B2 )/F (% k)
Moreover,

(5.23) (PR = f(E ), (PO)(x) = p(a).

PRrOOF. By (5.16), analytic continuation of P%f and ]Baga reduces to that of
the Riesz potential on 9,,_j . One can readily see that f(&,t), defined by (4.10),
is a Schwartz function in the t-variable. Thus,

(5.24) Pl =1,  plo=(I'p)".

Now (5.21) follows from (3.54), and (5.23) is a consequence of (3.56). Furthermore,
by (3.54) and (4.10),
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Fpen = e [a [ i(aren|d])er
O(n—k)

m( m
“
:Cg/dz/dv/ z dw.

o
O(n—=k) My, L
Since )

w w
I, 0

9e z =&t + ge [ ] z 0,

T+ [ 0 } 0 v 0 |
then (5.20) follows if we change the notation [ t ] — z. O

REMARK 5.10. We call P*f and ]30‘90 the generalized Semyanistyi fractional
integrals; see Remark 5.14 for comments. Formulas (5.18)—(5.23) can serve as def-

*
initions of P*f and P “yp if f and ¢ are arbitrary locally integrable functions so
that the corresponding integrals converge.

LEMMA 5.11. Let f € (M), p € 8(%). If£=1,2,..., then

(5.25) (PT2A)(E ) = (F)™Af (&),
and
(5.26)  (P~)(x) = (~1)™[Alg]Y(x) / Bo() . d&
PROOF. The statement follows from (5.16) and (3.60). O
LEMMA 5.12. Let f € S(My.m), ¢ € 8(F), £=1,2,.... We denote
(=)™ T((n—k —m)/2) (=)™ VT ((m +1)/2)
(527) a = om+1 p(m+n—k)/2 ’ G2 = am?/2

(i) If 1 <k <n—m and Fe(t) = AL f(£, 1) then
(5.28) (PN = ()™ Fo()

/ dv/Fg(t—vy’)dy

Sn—k—1 Rm™

and

(5.29) (P p)(x) = (~)™[I'A%)Y (x)

o [ag [ ao [ M|

Vamok Snokol Bm
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(ii) If k = n —m, then

(5.30) (P2 f) (€, 1) = e (HD* (€, ))(1)
and
(5.31) (P p)(x) = e (HD* 'o(t, )Y (@)
= o / (D2 (€, ) (') duc,
Van—k

H being the generalized Hilbert transform; cf. (8.50).

PRrROOF. (i) follows from (5.16) and (3.61); (ii) is a consequence of (5.16) and
(3.62). O

The following statement is the main results of this chapter.

THEOREM 5.13. Let 1 < k<n-m,a€C,a#n—k—-m+1l,n—-k—m+2,....
(i) If f € 8(Sm) then

(5.32) (PP)(@) = cppm (I f)(2)
(the generalized Fuglede formula), where

— okm__km/2 B n—k
(5.33) Crbm = 2FMkm/2T, (2) /T (2 ) .

(ii) Let Lo = min{m — 1,n — k — m},
A=10,1,2,.... 4o} U{a: Rea>m—1; a#n—k—-m+1l,n—k—m+2,... }.

Suppose that f € Li,.(M,,m) and a € A. Then equality (5.32) holds provided
that the Riesz potential (I®T* f)(x) is finite for f replaced by |f| (e.g., for f € LP,
1<p<n/(Rea+k+m—1)).

PROOF. (i) Let f € 8(S,,). We make use of the equality (4.47) with A = a+k
and Rea > m — 1. This gives

[ oae [ deoona

Van—k Mg

1
On,n—k
(5.34)

_ Ty (n/2) T (a/2) "
_de+kvmnAm_kvmm/ 00 ol dy.

Replacing f(y) by the shifted function f,(y) = f(z + y) and taking into account
(4.19), we get

1 fle ¢ "
L / de / F& €xtt) |t dt
Von—k mnfk,'m
(5.35)
Ty (1n/2) T (/2)

- T at+k—n
T T ((a+k)/2) T((n — £)/2) / Flz+y) lyly ™" dy,

n,m



5.3. THE GENERALIZED SEMYANISTYI FRACTIONAL INTEGRALS 87

cf. (5.19) and (3.49). Hence, (5.32) follows when Re a > m — 1 with the constant

- _ Lo (n/2) T (a0/2) Yo m (a0 + k)
K, Co((@+ k) /2) Do (0 — k) /2) Y eoom ()

(346)  Skm_km/2 n n—k
29 ghmy rm(2)/rm< 5 )

By analytic continuation, it is true foralla € C, a« #n—k—m+1,n—k—m+42,....
(ii) Suppose f € L}, (M, ;). For Rea > m — 1, (5.32) follows from (5.35) by

taking into account that (5.35) was derived from (4.47), and the latter is also true
for locally integrable functions. For a = ¢, £ =1,2,... ¢y, we have

w

Fhw = [ae [a [ar [1{o-g 7[3] o

On,n—k

Van—t M, Om—k) M, ..

w

—cz/dﬂ/dz/dﬂy/f:r—ﬂ W[g} dw,

om)  M,,, Ok M,

where ¢y is the constant (5.22). We write

BIRERE

I

Then the change of variables (3 [ ‘gc 3 ] — [ gives

w
(P“f)() ¢ / dz / dw/f c—p| 2z | |dp
Mo Mo O 0

NI RICUHT
Mo Oln)

= Cn,k,m(le+kf)(x)a

where

—l{—k
e = o(t+kym _(E+k)m/2 T, (Q) T, (n )
Crk, ) T 5 / —

gkmkm/2p (ﬁ) /T (" 3 k) :

[\
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REMARK 5.14. Some comments are in order. The idea to study Radon trans-
forms as members of the corresponding analytic families goes back to Semyanistyi
[Se] who considered the hyperplane Radon transform on R™ (the case m =0, k =
n — 1). This approach was extended by Rubin to Radon transforms of different
kinds, see, e.g., [Ru2]. In the rank-one case m = 1 the formula (5.32) is due to
Fuglede [Fu] for & = 0 and to Rubin [Ru2], [Ru4] for any «. In the higher rank
case m > 1, it was established for a = 0 in [OR] (for sufficiently good functions)
and justified for f € LP in [RuT].

The formula (5.32) has the same nature as the classical decomposition of dis-
tributions in plane waves. To see this, one should formally set = 0 in (5.32) and
regard this equality in the framework of the theory of distributions. The idea of
decomposition of a function in integral of plane waves amounts to Radon [R] and
John [Jo], and has proved to be very fruitful in PDE. For the distribution |z|* on
R™ an account of this theory is presented in [GSh1, Section 3.10]. This method
was generalized by Petrov [P2] for the matrix case for k = n — m, and briefly
outlined by Shibasov [Sh2] for kK < n —m. Our way of thinking differs from that
in [Sh2], [P2], and [GSh1], and the result is more general because we allow f to
be a “rough” function.

For the sake of completeness, we also present the following statement which
follows from Theorem 5.13 and the semigroup property of Riesz potentials. Con-
cerning this property, see [Kh] and [Ruf].

THEOREM b5.15. Let
Rea>m—1, Ref3>m—1, Re(a+8)<n—k—m+1.
If the integral I®TP+E f absolutely converges then
(5.36) POPAf = o g IPHOR,
Cn k,m being the constant (5.33).
Proor. By (5.32) and (5.16), we have

Cn g VTR f=p otPf = (TP )Y = (I°1P f)V =p * PP .



CHAPTER 6

Inversion of the Radon transform

6.1. The radial case

Theorems 4.17, 4.27, and the inversion formula (2.51) for the Garding-Gindikin
fractional integrals imply the following result for the Radon transform of radial
functions.

THEOREM 6.1. Suppose that f(z) = fo(r), © € My m, r=2a'x, and let
(6.1) ferLP(M, ), 1<p<

Then the Radon transform f(&,t) is well defined by (4.10) for almost all (€,t) €
Vin—k X My_k.m and represents a radial function, namely,

(6.2) Flety =a 212 fo)(s) = o(s), s =1tEPp.
If 1 <k <n—m, then fy can be recovered from @y by the formula
(6.3) folr) = m k(DM 00) (1),

where D¥/? is defined in the sense of D' (Py,)-distributions by (2.52).

REMARK 6.2. The condition (6.1) can be replaced by the weaker one. Indeed,
owing to Theorem 2.19, it suffices to assume that

(6.4) /|7~|<’€—m—1>/2 fo(r)|dr <o forall Re Py,
R

Furthermore, we know that by Theorem 4.9, the assumption & < n—m is necessary
for injectivity of the Radon transform. One might expect that once we restrict to
radial functions, then this assumption can be reduced. However, it is not so, because
the function ¢ in the proof of Theorem 4.9 can be chosen to be radial. Note that
if K > n — m, then the exterior variable s in (6.2) ranges on the boundary of the
cone, and we “lose the dimension”.

In the same manner, Theorem 4.19 and Lemma 2.23 allow us to obtain an
inversion formula for the dual Radon transform.

THEOREM 6.3. Let ¢(&,t) = @o(s), (§,t) € Vam—i X My_pm, s = t't. We
assume 1 < k <n —m and denote

Do (s) = [s°p0(s), d=Mn-—-k)/2—d, d=(m+1)/2.
If ®o(s) € L}, (Py) then the dual Radon transform ¢(x) is well defined by (4.27)

loc
for almost all x € M,, ,, and represents the radial function

(6.5) p(x) = cr I 0) (1) = folr), v =1z € Pp,

89
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km/20.

c=m n—k,m/On,m- The function pg can be recovered from fo by the formula

(6.6)  wols) = s P(DLET P R)(s), Fo(r) = "2 fo(r),
for any integer j > k/2. If k is even, then
(6.7) o(s) = ¢ s (DY Fy)(s).
The differential operator Dy in (6.6) and (6.7) is understood in the sense of
D' (Pp,)-distributions (cf. (2.48) and (2.49)).
6.2. The method of mean value operators

As it was mentioned in Introduction, after the 1917 paper by Radon [R], the
following two inversion methods have been customarily used for reconstruction of
functions from their integrals over affine planes. These are the method of mean
value operators, and the method of Riesz potentials. The third classical method
presented in [GSh1] is the method of plane waves. Below we focus on the first
method and extend it to functions of matrix argument.

DEFINITION 6.4. Given a function f(x) on 9, ,,, we define

1

On

(6.8) (M, f)(x) =

/ f(ort/? + z)dv, 7 € P

,m
Vn, 3

This is a matrix generalization of the usual spherical mean on R™.

We say that r € P, tends to zero when tr(r) — 0.

LEMMA 6.5. If f € LP(IM,, 1), 1 < p < o0, then
(6.9) lim (M, /)(2) = /()
in the LP-norm. If f € Co(Mp.m), i.e., f(x) — 0 as ||z]| = (tr(2'x))Y/? — oo, this
limit is uniform on M, .

PRrROOF. By the generalized Minkowski inequality,

= Sl < —— [ U2 4 = £ do
,,mvnm

Since the integrand does not exceed 2|| f||,, by the Lebesgue theorem on dominated
convergence, one can pass to the limit under the sign of integration. Let y =
vrl/? e My.m. We represent the corresponding nm-vector § = (y1,1,- .-, Yn,m) il
polar coordinates
g="0p,  p=lyll=(ry)? oS5
so that
lig | £or'/2 ) = £l =t [ |$(6p+2)  f(@)Pda =0,
R’n?n

This gives (6.9) in the LP-norm. The proof of the second part of the statement is
the same. g
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The following lemma which combines the Radon transform and the shifted dual
Radon transform (5.7) is the core of the method. It reduces the inversion problem
for the Radon transform to the case of radial functions. Thus “dimension of the
problem” becomes essentially smaller.

LEMMA 6.6. For fized x € My, p, let Fi(r) = (M, f)(x), 7 € Pp,. Then
(6.10) (F)Y (@) =" 2IEPR)(s), 5 € Py
provided that either side of this equality exists in the Lebesgue sense.

PROOF. We denote @(€,t) = f(£,1), foly) = f(z+y). Let 2 € M, g be a
matrix at distance s'/2 from the origin. By (5.8) and (4.19),

DY (@) = / fr(€.2)

On,n—k
'rL

= / fo(€, 2)dy
SO(n)

Interchanging the order of the Radon transform and integration over SO(n), and

using (4.18), we get
ole)= [ f h(v[de%

M, SO

Hence, z — ¢s(z) is the Radon transform of the radial function

/ fo(yy)d / fl@+yy)dy,  y€Mpym.
SO(n) SO(n)
In other words,
(6.11) gs(@) = (f2)" (& 2),

where

fx(y) =

/fac—i—furl/Q)dv—F()7 r=yy.
On,m

n,m

Owing to (6.11), the desired equality (6.10) follows from the representation (4.33)
for the Radon transform of a radial function. O

COROLLARY 6.7. Let f € LP(M,, ), L<p<(n+m—1)/(k+m —1). Then
(6.10) holds for almost all x € My, . In particular, (6.10) holds for any continuous
function f satisfying

f@)=O0(In+2'x|7?),  A>k+m-—1.

PRrOOF. It suffices to show that the right side of (6.10) is finite for almost all
x € M, whenever f € LP(M,, 1), 1 <p < (n+m—1)/(k+m—1). By Theorem
2.19, the integral (Iﬁ/QFm)(s) is well defined provided

(6.12) I= / [r[¥/2=4|Fy(r)|dr < oo for all R € Py,
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The proof of (6.12) is simple. Indeed, taking into account (6.8) and using Lemma
1.11, we obtain

1 o0
I < —/|r|k/2_ddr / |f (vr/? + 2)| dv
On,m
R Vnm
2m 1 (k=n)/2
= ly'y| |f(z+y)| dy.
On,m

{yeM,. . :y'y>R}

By Holder’s inequality, I < Al f||,, where the constant A is the same as in the
proof of Theorem 4.27. If p < (n 4+ m —1)/(k+ m — 1) then A < oo, and we are
done. |

Now we can prove the main result.

THEOREM 6.8. Let 1 <k <n-—m,

n+m-—1
k4+m-—1"

Then the Radon transform @(&,t) = f(&,t) is well defined by (4.10) for almost all
(&,t) € Vit X Mp_k.m and can be inverted by the formula

(6.13) feLP(OM, m), 1<p<

(LP)
(6.14) F(@) = 752 N (D20,) (), Bu(s) = pa(a),

r—0

where DY s defined in the sense of D'(P,,)-distributions by (2.52). If f is a
continuous function satisfying

(6.15) f(x) = O(| Ly, + a'z|~?), A>k+m—1,
then the limit in (6.14) can be treated in the sup-norm.
PROOF. By Lemmas 6.6 and 2.24, one can recover F,(r) = (M, f)(x) and get
(M, f)(z) = n *m2(D*20,)(r),  re P
Now the result follows by Lemma 6.5. ]

6.3. The method of Riesz potentials

The second traditional inversion method for the Radon transform reduces the
problem to inversion of the Riesz potentials. This method relies on the formula
(5.32) where « is in our disposal. The case @ = 0 corresponds to the Fuglede
formula

(6.16) (f)v<x)zcn,k7m(lkf)($)v
which together with Theorem 3.17 implies the following.

THEOREM 6.9. Let f € LP(M,,1), 1 <p <n/(k+ m —1). Then the Radon

transform ¢ = f is well defined, and f can be recovered from ¢ in the sense of
@’ -distributions by the formula

(617) Cn,k,m(fa d)) = (@a Iﬁkgb)y

—k
¢ € @7 Cn,k,m = kaﬂ'km/anl (g) /Fm <n ) > s
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where the operator I=F is defined by
(I"9) (@) = (FylmFo)(@).

In particular, for k even,

(6.18) Cn o (f,9) = (=1)"/2(p, A2 ),
A being the Cayley-Laplace operator (1.44).
REMARK 6.10. For k£ odd, the Radon transform can be inverted under more

restrictive assumptions as follows. Let k < n —m. We choose o = 1 in (5.32) and
get

(6.19) I'f = cppmI®f.

If feLP(M,m), 1 <p<n/(k+m),then f can be recovered from ¢ = f by the
formula

(6.20) Cngon (o 8) = (—1)mEFD2([1p ARTD2) € @,

6.4. Decomposition in plane waves

This method was developed in [P2] for the case k = n — m, and outlined in
[Sh2] for 1 < k <n —m. It is based on decomposition of distributions in (matrix)
plane waves. As we have already noted in Remark 5.14, our formula (5.32) has the
same nature. Together with (5.26), (5.29), and (5.31), it enables us to invert the
Radon transform of functions f € S(M,, 1,).

THEOREM 6.11. Let 1 < k < n—m, f € 8(Sn). The Radon transform
w(&,t) = f(&,t) can be inverted by the following formulas.
(i) For k even,

(621) f(x) — ( mk/2 :Li . / Ak/2 5 t

n n—k

n n—=k
et (15

(we recall that d.& stands for the invariant measure on V,, ,_j of total mass 1).
(ii) Fork odd and k <n—m

(622)  fl@)=c / d.¢ / dv / RU+0/20(c, )| dy,

t=¢'z—vy’

d.§ ,
t=¢'z

Van—k Sn—k-1 Rm

—k
e1 = (=1)mEFD/2g—kmom—1 1 (k=n)/2=m(k/2A D (n . > T, (@) .

(iii) For k odd and k =n —m,

(6.23) f(@) = e / (D (€, ))(€'x) dut,

Van—k

o = (_l)m(k+3)/22—kmﬂ_—m(k+m)/2rm (%) r, <m + 1) /F ( )
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PROOF. We write (5.32) with o = —Fk so that
(6.24) F(@) = ¢ m(PTF0) (@),

where ]X—:’*’C is the operator (5.16). Now it remains to apply formulas (5.26), (5.29),
and (5.31).
O

Formulas (6.21)—(6.23) differ from those in [P2] and [Sh2].



APPENDIX A
Table of integrals

Let k,m € N; «a,83,7 € C; d = (m + 1)/2. We recall that S,,, Py, and P,,
denote the set of all m x m real symmetric matrices, the cone of positive defi-
nite matrices in S,,, and the closed cone of positive semi-definite matrices in S,,,
respectively. The following formulas hold.

b
(A1) / I — "o — r|?~%dr = Bou(a, B)lb — a0,

a €Sy, b>a, Rea>d—-1, Ref>d-1,;

b
a— — dr B (Oé,ﬁ) a+B—
(A.2) /|b—r| Ay — P d|r|a+ﬂ = |Zi°‘\b|ﬁ |b— a|oF—4,

a€8m, b>a, c¢=0b"2a"*"1a'?'/?, Rea>d—-1, ReB>d—-1;

b
(A3) / |b — r|a_d|7= _ Im|ﬁ—d dr _ Bm(aaﬂ) |b _ Im|a+5—d,
I

[rlats ]|

m

b>1I,, Rea>d-—1, Ref>d-1,;
(A4) / [l — s|*~tdr = |5/~ Byn(, v — a0,

S€Pm, Rea>d—-1, Re(y—a)>d-1,

(A.5) / [T, + 7|7 |r — s|a_ddr = |I;n + 8|7 "B (a,y — @),

SE€EPn, Rea>d—1, Re(y—a)>d-—1;

Em/2T, (A~ k)/2)
A. Tl =22y = & m (k=X)/2
(A.6) m/ b+ o'y 2dy el

bePn, Rel>k+m-—1;

95



96 A. TABLE OF INTEGRALS

k) /2 Tkm/20,, (A — k) /2 _
(A?) / |b_y/y|()\ k)/2 ddy: - Eg\/Q) )/ )|b|>\/2 d,
{yeIMy m: v'y<b}

beP,, Rel>k+m-—1.

PROOF
(A.1). We have

b c
I= / Ir —al*= b — r|P~ddr = / |s|*4]c — s|P~ds,
a 0
c=b—a. Let s = c'/?tc'/?. By Lemma 1.1 (ii),
L,
I= el [, e = B o, 9)
0

(A.2), (A.3). Let us write (A.1) from the right to the left, and set
r= a2 2rp1 /212, dr = (|a||b])%dr.
This gives

—1

Bonlar )b = al 4= (allo) 2 [ r b7t rf?
b1

Then we set 7 = s~1, dr = |s|2%ds, and get

ds
|3|a+ﬁ

b
Bm(a,ﬁnb—a|a+ﬂ—d=|a|‘*lblﬁ/lb—s\“—dls—clﬂ—d

which was required. The equality (A.3) follows from (A.2).
(A.4), (A.5). By setting r = ¢~1, dr = |¢| "™~ 'dg, one can write the left-hand
side of (A.4) as

o1
B o . (A
|5|a d/\qp « d|8 1—Q|a ddq = |5|a ’YBM(O‘W_O‘)’
0

and we are done. The equality (A.5) follows from (A.4) if we replace s and r by
I, + s and I, + r, respectively.
(A.6), (A.7). By changing variable y — yb'/2, we obtain

/ b+ y'yl > dy = bl V2,

/ |b _ ylyl(k—k‘)/Q—ddy — |b|)\/2_dJ2,

{y€My s y'y<b}
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where

Ji o= /\Im+y’y|‘”2dy7
mk,m

J2 _ / |Im _ yly|()\_k)/2_ddy~

{yeMy i y'y<Im}
Let us show that
TEm2T, (A = k) /2)
L' (A/2)
The case k > m. We write both integrals in the polar coordinates according
to Lemma 1.11. For J; we have

Ji=Jo =

Ji = 270k m / |r|¥/2=2| 1., 4 r| 7 2dr
Prn
k A=k
= 27m0—k mBm <7 >
’ 2 2

(the second equality holds by (A.5) with s =0, a = k/2, v = A/2). Similarly,

I,

J2 _ 27mgk7m/|rlk/27d|lm7,,,|()\7k;)/27dd7,
0
k A=k
= 2™ mBm | 5, —— -
ot (5 25°)

Now the result follows by (1.13) and (1.37).
The case k < m. We replace y by v’ and pass to the polar coordinates. This
yields

Ji = /Iferyy’l’Wdy
= ot [ o [ 10 a2l 2,
Vi, k Ph

([ m + qul| = [Ix +q|)
= Q_kam,k/|Q|(m_k_l)/2|fk+Q|_V2dCI~

Pk
By (A.5) (with s =0, m =k, v = A/2) and (1.10),
m A—m
Ji = 27%0,, 1By (2, 5 >
_ amET (A= m)/2)
Lr(A/2)
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Similarly,
Jo = / I = yy | A2y
{weM, 1 yy'<Im}
= 27k dv / | I — quf|(A—k)/2—d|q|(m—k—1)/2dq
Ve {q€Pk: vqu/'<Im}

Iy,

_ 2_k0'm,lc/|lk _ g A=mk=1/2) g (m—k=1)/2g,
0

— Q_kam,kBk <T§, )\—2m> ,

and we get the same.



APPENDIX B

A counterexample to Theorem 4.27

Let us prove that the function
(B.1) F(z) = Fy(z'z) = |2L,, + «'z|~"m=D/2P (log |21,,, + 2'z])
belongs to L? (M, ,,), but
(B.2) F(,t)=00 for p>po=n+m—1)/(k+m—1).

We shall put “~7 “<” and “ 2> ” instead of “=", “<” and “>”, respectively, if
the corresponding relation holds up to a constant multiple. To prove (B.2), owing
to (4.34), we have

F(gt) = / 120, + w'w + 8| "D/ (log |21, + w'w + 8|) T dw,
mk,wt
where s = #'t. This gives ( set w = y(2@,, + s)'/2, dw = |21I,, + s|*/%dy)

P t) = |20y + 8"V (2), 2 = log |21, + 5],

L(2) / L + 'y~ T2 (2 4 log |1y, + yy|) " dy.
mk,m

For k > m, by Lemma 1.11, we obtain
L(z) ~ / P52 L 4 e[~/ (4 g [T+ r])
Pm

dyr = |r|=(m+1/2dr, Let us pass to polar coordinates on P, :

(B.3) r=v'ay, v€O0(m), a=diag(a,...,am), a;>0.
Then
B.4 dir = ¢, U (@ a7 M2 g4 d,
9 J
j=1
where
w@= J[ lai—al, k=2....m e =a+AT]510/2),
1<i<j<k j=1

[T, p. 23, 43]. By (B.3) and (B.4),
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-1

Li(z) =~ 7...7vm(a) z+§:log(1+aj)
0

0 j=1

S

% [H a;kfmfl)/2(1 + aj)—(n+7n—1)/2pdaj

Jj=1
The transformation a; 4+ 1 = b; yields

0o -1

bgdbz.../vm(b) 2+ logb; | b),dbn,
j=1

2m

B5  L()2 / bidby

where A = (k—m —1)/2 — (n+m — 1)/2p. Note that in (B.5),

e

m—1
vm®) = JI 1bi=bil= ] 1bm -0l J[ 105 —0il 2 (b —2m)™"
=1

1<i<j<m 1<i<j<m-—1

and logb; < ... <logb,,. Hence, for p > po,

Li(2) 2 /b;\n(bm —2m)" [z 4+ mlogbp] " dby, = co.

2m

If K < m then

Li(z) = / | I + w! |~ =028 (4 4 log |1, + ww'|) " Hdw
M,
~ /dv |q|(m_k_1)/2|lm + qu’\_("+m_1)/2p(z +log |I,,, +vquv'|)~tdg.
Ve P

Using the equality |I,,, + vqv'| = |Ix + ¢q| [Mu, p. 575], and setting ¢ = 5’03,
B8 € O(k), b=diag(bi,...,bx), bj >0, we have

12

L(z) / jal ™R L+ g 2R (2 4 log [T+ gl) Mg

Pk
oo

®°  k
it sy
5 =

0 J=1

12

-1

X |z+> log(1+b;)|  vk(b)dbs...dby.
Proceeding as above, for v =(m —k —1)/2 — (n+m —1)/2p, p > po, we obtain

Li(2) 2 /bZ(b,c — 2k)* 1 [z + klog by " dby = oc.
2k
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Let I = ||F||2. To complete the proof it remains to show that Iy < co. As

b.
above, we have
L =~ / e[/ Fy ()P
Pm
- / (|72 (21, + |~ 2 (log (21, + 7)) Pdur
P”L
~ / [ QN2 (g aj)f<n+m71)/2}
R:L J=1
m P
X Z log(2 + a;) vm(a)day .. .dapy,
where R is the set of points a = (a1, ..., a,) with positive coordinates. Let us
split R™* into m + 1 pieces o, . .., Qy,, where

Q = {a: 0<a;<1 forall j=1,...,m},

Q,
and Q, (¢ =1,2,...,m — 1) is the set of points a € R having £ coordinates > 1
and m — ¢ coordinates < 1. Then I5 ~ Z Ay, where Ay = fm()

{a: a;>1 foral j=1,...,m},

as A
2 Qo (The case m = 2)
1
Qo Q
0 1 a

For p > 1, we have

1 1
AO = / .. / H n/2 (m+1) /2(2 + aj)_("+m_1)/2
0 0

Jj=1

-p
m

log(2 + a;) vm(a)day .. .dany,

j=1

X
1

A
jamf

1

1
/an/2 (7n+1)/2daj < .
=l 7
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In order to estimate A,,, we first note that the integrand is a symmetric function

of ai,...,a,,. Hence, A,, = (m!)B,,, where B,, is the integral over the set {a :
a € Qu; a1 > ag > ... > ap}. Using obvious inequalities
(B.6) a;L/Q_(TrL+1)/2(2 4 ;)" (mtm=D/2 o a; ",
we have
[e'e] d ai Am —2
a1 — _
Bm 5 / miPlo L /a2 mda2 . / amTl H |Cli — aj| dam_l
/N log"(2 + a1) 1 1 1<i<j<m—1
Am—1

m—1
X / a,™ H |a; — G| da,.
i=1

1

Since

Ay —
m—1 m—1

m—1
/ a, " H la; — am|dan,
i=1

1

(A
/N
S

N
N———

/ dam,
m
a’m
1
m—

1 m—1
% S Qs

i=1 i=1

it follows that

oo al Am —2

day 1— 1—
B, < — a; "dag . .. a, " | | la; — a;| dam—1.
a? " logP (24 aq)
1N 1 1 1 1<i<j<m—1

Repeating this process, we get

7 da1
B, S | ————— <.
~ / alog’ @ ta)
Let us estimate Ay, £ =1,...,m—1. Owing to the symmetry, it suffices to consider
the integral
[ee] al Qp—1 ¢
By = /dal/dag... / |:Ha;‘/2*(m+1)/2(2+aj)—(n+m—1)/2
1 1 1 g=1
X J(ala 7a€) daf,

where

1 1
J(ay,...,ap) = //[ H a;}/2—(m+1)/2(2_~_a’j)7(n+m71)/2}
0 0o J

X Z log(2 + a;) vm(a) dagss ... dap,.
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We use the inequality

4 m 4
vm(@) =[] lei—ajl <] II lei—ajl < ] lai—agl [J(ai+1)™"
=1

1<i<j<m i=1 j=i+1 1<i<j<e

This gives

4
J(ar, ... a0) < flog2+a))]™” ] lai— a;l H(ai +1)mt

1<i<j<e

and, owing to (B.6),

o0 ay ag—2
S Ry a— /a;edag... / a, [1 I | la; — aj| dag—1
af log 2 +ay) L
1 1 1 1<i<j<i—1

/ ‘I/H |a; — ael day.

i=1

Proceeding as above (see the argument for B,,), we obtain

T da1
B L | ————— <.
ZN/allogp(QwLal) o0
1

Thus, I, < 0o, and we are done.






APPENDIX C

Some facts from algebra

We recall some well-known facts repeatedly used throughout the monograph.
We do this for convenience of the reader by taking into account that the literature
on this subject is rather sparse. More results from matrix algebra can be found,

i.e., in [Mu] and [FZ].
Notation:

o M, ,, is the space of real matrices z = (a?i’j) having n rows and m columns.
e 7’ denotes the transpose of z.

e rank(z) = rank of .

e [, is the identity m x m matrix.

e tr(a) is the trace of the square matrix a.

e |a| is the absolute value of the determinant det(a).

e O(m) is the group of orthogonal m x m matrices.

o Vi ={veM, m : v'v=1I,} is the Stiefel manifold.

Some useful facts:

. Ifzism x m and y is m x n, then |I,, + zy| = |I,, + yz|.
. If a is a square matrix and |a| # 0 then (a=!) = (a’)~%.
. rank(z) = rank(2’) = rank(za’) = rank(2'z).
. rank(zy) < min(rank(z), rank(y)).
. rank(z + y) < rank(z) 4 rank(y).
. rank(axb) = rank(z) if @ and b are nonsingular square matrices.
. tr(a) = tr(a’).
. tr(a + b) = tr(a) + tr(d).
. If 2 is n x m and y is m x n then tr(zy) = tr(yz).

10. Let S,,, be the space of m xm real symmetric matrices r = (r; ;), 7i,j = Tj.i-
A matrix r € S, is called positive definite (positive semi-definite) if w'ru > 0
(u'ru > 0) for all vectors u # 0 in R™; this is commonly expressed as r > 0 (r > 0).
Given ry and 79 in S,,, the inequality r1 > ro means r; — o > 0.

(i) If 7 > 0 then = > 0.

(ii) 2’z > 0 for any matrix x.

(iii) If » > 0 then r is nonsingular if and only if > 0.

(iv) Ifr >0, s> 0,and r — s > 0 then s7! —r=1 > 0 and |r| > |s|.

(v) A symmetric matrix is positive definite (positive semi-definite) if and only
if all its eigenvalues are positive (non-negative).

WO Utk WM
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106 C. SOME FACTS FROM ALGEBRA

(vi) If r € S,,, then there exists an orthogonal matrix v € O(m) such that
v'ry = A where A =diag(A1,...,\p). Each A; is real and equal to the jth eigen-
value of 7.

(vii) If r is a positive semi-definite m x m matrix then there exists a positive
semi-definite m x m matrix, written as r'/2, such that r = r'/2r1/2, If r = yAy/,
v € O(m), then r'/2 = yAY/24/ where A'/2 :diag()\i/z, ce %2)

11. If z is n X k and y is m X k, n > m, then 2’z = y'y if and only if there
exists v € V,, , such that x = vy. In particular, if x is n x m, n > m, then there

exists v € Vj, ,n, such that = vy, where y = (z'z)"/2,
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Carding-Cindikin distribution, Ga, 35 Spherical mean (matrix generalization), 90

of half-integral order, 35 Stiefel manifold, Vi, m, 1, 21, 105

Garding-Gindikin fractional integrals
left-sided, I§ f, 28, 37
inversion, 42

Wallach-like set, Wy m, 11, 58
Wallach-like set, Wy, 9, 37

of half-integral order, 31 Zeta integrals, 45

right-sided, I¢ f, 28, 38 functional equations, 49
inversion, 42 analytic continuation, 46, 49
of half-integral order, 34 normalized, 50

semigroup property, 40 of integral order, 50, 52

Intertwining operators, 81
Inversion formula
for the Radon transform, 13, 66, 92, 93
of radial functions, 89






Greek

B (a, 8), 17
Yn,m(c), 56
Yn (@), 5
I'm(a), 17
A, 24

A, 83

éij, 16

Cal(x), 50

¢a (), 50
Ay, 33

On—1, 4
On,m, 22

T, 18
7(£,1), 1, 61
@(x), 66
&r(z), 80
O(Mn,m), 59
U(Mym), 59

Latin and Gothic

lal, 15

b(a), 20
C*®(Pm), 16
C*(Pm), 16
CM,m), 16
Ce(Mnm), 16
D, 48

D, 83

Dy, 19
det(a), 15
D(Pm), 16
Pm, 15

dyr, 15

d.€, 12, 84
dts, 16
d(z,y), 79
d(z, 1), 79
Ff, 16

]i(T), 62
fT(T)7 30
ga(f), 35

gg, 62
GL(m,R), 15

Index of symbols

Hf, 56

Hf, 83
Iof. 5 56
I¢f, 4, 28, 37, 38
Tap, 83

Im, 15

Ju(r), 21
Tu(r), 20

Lf, 18
Llloc(Pm)’ 16
LP(M, m), 16
M(n,m), 15
M, m, 15
Mo, 15
M, f, 5,90
O(n), 15
Paf 83
Pof, 83

P, 15

Pm, 15

Ry, 16

s}, 15

Sm, 15
8N, m), 16
S¢, 18
SO(n), 15
8(Pm), 16
8(%), 83

T, 16

tr(a), 15
Vi, 21
Wom, 58
Wi, 37

Wi, 81
W, 81

|z |m, 45

|z —Tlm, 79
lz —ylm, 79
Z(f,aa—n), 45
Z4(f,a—mn), 45



