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The following combinatorial problem, which arose in game theory, is solved here: To 
tind a selt of vertices of ;P given size (in t.k nxube) which has a maximal number sf inter- 
connecting edges, 

1. The combinatorial problem 

Let C,l denote the fldimensional cube, and let V = V(Cn) be the set of 
its vertices. 

For any S, TC if, ltrt E(S, T) denote the set of all edges connecting S 
and T, and let E(s) stand for E(S, S). For any finite set A, let IRf be the 
number of elements in ,4. 

Let k be a given intep,er, 3 < k G Zn. 

Problem 1.1. Maximize Il:‘fS)I subject to the condition Isf = k. 

Problem 1.2. Minimize IE(S, V \ S)I subject to the condition IS! = XII. 

We will denote the maximum of Problem 1 .I by&(e) and the mini- 
mum of Problem 1.2 by g,(k). 

Problem 1.2 arose in game theolry in connection with the Banzhaf 
vaIue (see Section 3). The intuitive meaning of the two problems is as 
follows. In Problem 1 a 1, one is looking for a “closely knit” set of verti- 
ces of a given size, i.e., a set with a mnximaI number of inter-connecting 
edges. As for Problem 1.2, the object is to minimize the number of ex- 
ternal connections, again for a set of ver Gces of a given size. 

oblems are equivalent, in ihe following sense. 
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2f (k) + g,(k) = M 4 k . 
n 

t S be any set of k vertices of the n-cube. Then the total num- 
es ‘ emanating” from the members of’S is n 8 k ; hence 

2IE(S)) + IE(S, V \ S)I = fl l k , 

:lkm which the proposition follows imlmediately. 

Far any non-negative integer i, let h(i) denote the sum of its bh-vy 
digt& i.e., the number of ones there, 

‘We will now define a class of sets of vertices which will solve these 
o problems. The definition will be by induction on the number of 

elements of the set. 
The set S with 151 = k lis;good if 
(i) k = f , or 

(ii) 2K < k < r+’ and there is an (r + l)4imensional cube C,+ i 3nd a 
partition of it into two vertex-disjoirft r&imensional cubes c,! and CF, 
such that S is the union of a good set of k -- 2r vertices from ci and of 
the set of at1 2’ vertices of Cf. 

E.g+ 9 if the vertices of Cn * 3 denoted as 0, 1,2, . . . . 2” - 1 in the usual 
way (ix., an edge connects two vertices if md only if their correspond- 
ing numbers differ in the binary representation by exactly one digit), 
then {OT I, ,--, ,k - 8) is a good set of k vertices. 

rem t A. For any n and k satis~j&g 0 < k < 2n s 

k-l 
v f,(k) =flk) = li R(i) , 
i--f 

(k) = n 0 k - 2j”Tk) , 

iewd for all good sets S with 1st = k. 
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Remark 1 h. (i) The two theorems are equivalent by Proposition 1.3; 

hence we will prove only Theorem 1.4 (in the next section). 
(ii) The maximum in Problem 1.1 is independent sr‘n. 

2. Proof of the thawems 

We define inductively the function F on the set of positive integers 

F-(1)=0, 

F(k) = max 
6<m4k/2 

(F(m) Q F(k - pn) + t?l) . 

2. I. Let k be a positi??e irrtuger. a& let 2’ < k < 2’+‘. Then ’ 

(i) the rnusimm in the definitim of F(k) is achieved at m = k - 2’ ; 
(ii) F(K) = Z$__$ /r(i). 

We first have “to sprove the follcwing lemmas. 

Roof. On both sides we have! the sum of the binary digits of I consecutive 
integers. The kth digit appears periodically as 2” zeroes and 2k ones. Hence 
the minimum number of cxxs is attained when beginning with 0, which 
is true for all k, and hence proves the lemma. 

Lemma 2.3. ?%a att 0 C j 6 Y, t 3 0, 

p_ i 

22 h:i) 2 

‘2 . 

h(i) . 
j&p_. I_ 1 +j- I-. 1 

Proof. The proof is the same as for the previous lemma, maximizing here 
the number of ones. 

h(i)=r= 2’-’ . 
i=o 



Roof. Each of the r binary digits is equ1a.l to one for exactly 2’-’ numbers. 

Proof of Brqmsiticm 2.1. For k = 1 the proposition hoids. 
Let k = 2” + S, where 0 < s G 2’) and assume that we have proved (i) 

;mJ (ii) for aJlf integers less than k. ’ 

First: we will prove [i), i.e., for alny 0 < adz G 4 k we have tc show that 

SQ 1: ~n < s. Using the induction.hypothesis we get that ( f ) is equiv- 
alent to 

m-l *f A! -I k - rvt -I- 1 

% h(i) + 22 h(i) + 
i=(j 

z h(i) + n1 < 
i=o r’= y 

m-- 1 s- 1 *f=__ 1 

G c /Iii) + c h(i) 4”. F. h(i) + s , 
i=o i=m *.m 

? 

k -* m - 1 

c h(i) - (s -- tn) < “2 h(i) . 
i= zr i=zifl 

But h(i) - 1 == h(i - P) for all 2’ C i < It’+ l , hence we have to prove that 
S-I&f- 1 s -- 1 

C 
i=O 

itr:i:l G C h(i j , 
i=m 

which is true by Lemma 2.2. 
Ccrse2:s<mG 2rp1 .AsinCase l,wegetfrom(I), 

mtil h(i) + (nz - s) < *iii’ h(i) . 
i=r i=*r - m+3 

Snce It(i) + 1 = Mi + 2’- ’ ) for all i < 2’1’ , and m - 1 C 2f” ’ b it follows 
from Lemma 2.3 &at the inequaiity holds in this case tcro. 

4~ 3: IT’-’ < m C $ k. Let m’ = m -- 2’-- 1 ; then the left-hand side of , 

(1) is eqnd to 

p-1 - 1 m’-1 *f-l -1 

c h(i) + c (h(i) + 1) + c #t(i) 
r=o i=6 i=Q 

s-A-1 

+ C (h(i)+ l)+(m’+2r-‘). 
i=O 
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By Lemma 2.4 and the induction hypothesis we get 

(~--1)~2’-~*+I;;(~~‘)+,~‘+(r--1)2’-*+I;.(~-- m’j+s- m’+r,+t2’-1 = 

But 0 < m’ G 9s and r. P = F( 2’) (by Lemma 2.4 j; hence 

F(m j + F(k - m) + m < F(i) + F(2’j + s , t 

which is (1). 
Hence (i) is proved, and (ii) follows immediately using Lemma 2.4, 

which proves the proposition. 

Remark 2.5. It can be easily computed that the maximum in the defini- 
tion of F( kj is also achieved at rtt = [f k]. 

Proof of Theorem I .4. Let c! 1 arrd Ci I be a partition of C,z into &wo 
vertexdisjoint (~1 - l)dimen&nal cubes. Let S c V(Cn ) Si = s n V(c’n_1) 
fori= 1,2,k = 13, ki = 191. Si nce each vertex of CL_, is connected ii-1 
Cn to exactly one vertex of Ci_+ we get 

(2) E(S)1 G IE(S’j) + I&S* )I + min(k’. k*j. 

Assume by induction that the theorem is true for cubes of dimens!on 
less than pz; then 

1E(Sjl’G F(k*) + F(k*) + min(k! k*) , 

and from the definition of F we get 

IE(S)I < F(k; , 

hence 
f‘,(k) < F(k). 

If S is a good set for k, where 2’ < k < 2’+l, then from the definition 
of a good set and applying the same arguments as above, we get 

IH.SjI = IE(S (1 UC; ))I + IE(S R V(C,” ))I + (k -- 2’) 

= F(k - 2’) + F(2’) t k - 2’ = F(k) , 

which proves the theorem. 



162 S. Hart / The edges of he rr-cube 

3. plication to game theory 

Ltzt (A’, u) be an u-person simple game, i.e., N = ( 1,2, . . . . .I?) is the set of 
, and v : ZN -+ EO, 1) is the characteristio function (v(0) = 0). 
layer i is a su*trrg far the coalition S c N, i 4 S, if u(S) = 0 mb 
) = I w The number of coalitions for which i is a swing is aLnoted 

vi9 and q = Zyzl qa. The &km&f valtct? (or index) of the player i is 

e on this concept (see [ 11) has raised ,some problems 
t the total number of swings G. 
coalition S is winrrifig if u(S) = 1 and Zosittg if u(S) = 0. Let k, de- 

of winn’ng coalitions and kI the number of losing co& 
ple) game (IV, u); then 

k, + k, = y l 

epre:Rnt each coalition as a vertex of the cube Cn; then obvious- 
(k) (and the result follows from Theorem 1 S. 

tetp =*/(n * 2=’ ). Then p is the prcl!kz!GIity of a swing, where 
ch pair of coalitions differing by exactly one player has the same pro- 

et n > 2, and let k = min(k,, k,); then 2’ < k < 2’+) for some 
-- 2. As before, m = k - 27 and we get from Proposition 2.1, 

ij 2 ,p,(k) == k . n -- 2F(k) 

- 2’. n - 2(F(r~) + %;‘*i2’) + m) 
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Since A$? is eq 91 i: lther to k,JY or to kl/2n = 1 -- k,/Y, i.e., k/P is 
the proportion of winning or losing coalitions in the game, we have the 
following corollary. 

This corollary implies that pn cannot decrease faster than 1 /n. 

Added in proof. We thank Prof. M. Perles for poinzing out the Sbklowing 
relevant references to the combinatorial problem: t.H. Harper, Optimal 
assignments of numbers to vzrtices, J. SIAM 12 ( 1?64) 13 
Bernstein, Maximally conne&ed arrays on the n-cube, SIA 
iMath. 15 ( 1967) 1485-- 14IW. 
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