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Multiple Goods

Revenue maximizing mechanisms:

1. post a price for each good separately

2. post a price for the bundle

3. post prices for each good separately and for
the bundle

4. post prices for various lotteries

Thanassoulis 2004, Pycia 2006,
Manelli & Vincent 2006, 2007, 2012

Pavlov 2011, Hart & Reny 2010, 2012, ...
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2−1

))

−3
√

2
4

sin(1
3
arctan(

√
2+1√
2−1

))
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Multiple Goods, I.I.D. Uniform

X1, X2, ..., Xk ∼ Uniform [0, 1], i.i.d.

k = 1: MENU = {0, x1 − 1
2
}

k = 2: MENU = {0, xi − 2
3
, x1 + x2 − 4−

√
2

3
}

k = 3: MENU =

{0, xi − 3
4
, xi +xj − 6−

√
2

4
, x1+x2+x3 −s}

where s ≈ 1.2257... = solution of 3rd
degree equation with coefficients in Q[

√
2]
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Multiple Goods, I.I.D. Uniform

X1, X2, ..., Xk ∼ Uniform [0, 1], i.i.d.

k = 1: MENU = {0, x1 − 1
2
}

k = 2: MENU = {0, xi − 2
3
, x1 + x2 − 4−

√
2

3
}

k = 3: MENU =

{0, xi − 3
4
, xi +xj − 6−

√
2

4
, x1+x2+x3 −s}

. . .
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Multiple Goods, I.I.D. Uniform

X1, X2, ..., Xk ∼ Uniform [0, 1], i.i.d.

k = 1: MENU = {0, x1 − 1
2
}

k = 2: MENU = {0, xi − 2
3
, x1 + x2 − 4−

√
2

3
}

k = 3: MENU =

{0, xi − 3
4
, xi +xj − 6−

√
2

4
, x1+x2+x3 −s}

. . .

Manelli & Vincent 2006, Hart & Reny 2010,
Giannakopoulos & Koutsoupias 2014,

Daskalakis, Deckelbaum & Tzamos 2017
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BUYER increase
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1.
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⇒ Maximal revenue of SELLER increases

Proof for k = 1. For every y > x:
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1. For every y > x:

q(x) x − s(x) ≥ q(y) x − s(y) (IC: x 9 y)
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1. For every y > x:

q(x) x − s(x) ≥ q(y) x − s(y) (IC: x 9 y)

q(y) y − s(y) ≥ q(x) y − s(x) (IC: y 9 x)

⇒ q(y)(y − x) ≥ q(x)(y − x) (add)
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1. For every y > x:

q(x) x − s(x) ≥ q(y) x − s(y) (IC: x 9 y)

q(y) y − s(y) ≥ q(x) y − s(x) (IC: y 9 x)

⇒ q(y)(y − x) ≥ q(x)(y − x) (add)

⇒ q(y) ≥ q(x) (y > x)
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1. For every y > x:

q(x) x − s(x) ≥ q(y) x − s(y) (IC: x 9 y)

q(y) y − s(y) ≥ q(x) y − s(x) (IC: y 9 x)

⇒ q(y)(y − x) ≥ q(x)(y − x) (add)

⇒ q(y) ≥ q(x) (y > x)

s(y) − s(x) ≥ (q(y) − q(x)) x (IC: x 9 y)

SERGIU HART c© 2012 – p. 24



Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1. For every y > x:

q(x) x − s(x) ≥ q(y) x − s(y) (IC: x 9 y)

q(y) y − s(y) ≥ q(x) y − s(x) (IC: y 9 x)

⇒ q(y)(y − x) ≥ q(x)(y − x) (add)

⇒ q(y) ≥ q(x) (y > x)

s(y) − s(x) ≥ (q(y) − q(x)) x (IC: x 9 y)

⇒ s(y) − s(x) ≥ 0
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1. For every y > x:

⇒ s(y) − s(x) ≥ 0
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1.

y > x ⇒ s(y) ≥ s(x)
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1.

y > x ⇒ s(y) ≥ s(x)

Every IC mechanism has monotonic s
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1.

y > x ⇒ s(y) ≥ s(x)

Every IC mechanism has monotonic s

⇒ Revenue of every IC mechanism is
monotonic w.r.t. to BUYER valuations
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1.

y > x ⇒ s(y) ≥ s(x)

Every IC mechanism has monotonic s

⇒ Revenue of every IC mechanism is
monotonic w.r.t. to BUYER valuations

⇒ Maximal revenue is monotonic w.r.t.
BUYER valuations
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Monotonicity

Valuations ("willingness to pay") of
BUYER increase
⇒ Maximal revenue of SELLER increases

Proof for k = 1.

y > x ⇒ s(y) ≥ s(x)

Every IC mechanism has monotonic s

⇒ Revenue of every IC mechanism is
monotonic w.r.t. to BUYER valuations

⇒ Maximal revenue is monotonic w.r.t.
BUYER valuations

Proof for k > 1 ?
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Non-Monotonic Mechanism (k = 2)
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Non-Monotonic Mechanism (k = 2)

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}
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x1
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Non-Monotonic Mechanism (k = 2)

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

x1

x2

0

x1 − 10

x2 − 20
x1 + x2 − 40

(10, 24) : x2 − 20

(20, 26) : x1 − 10
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Non-Monotonic Mechanism (k = 2)

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

x1

x2

0

x1 − 10

x2 − 20
x1 + x2 − 40

(10, 24) : x2 − 20

(20, 26) : x1 − 10

x1 increases

x2 increases

s DECREASES !
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Non-Monotonic Mechanism

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}
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Non-Monotonic Mechanism

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

There exist 2-good valuations X for which
this mechanism MAXIMIZES REVENUE
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Non-Monotonic Mechanism

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

There exist 2-good valuations X for which
this mechanism MAXIMIZES REVENUE

(moreover: unique maximizer; robust)
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x1

x2

0
x1 − 10

x2 − 20
x1 + x2 − 40

SERGIU HART c© 2012 – p. 27



Non-Monotonic Mechanism

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

x1

x2

0
x1 − 10

x2 − 20
x1 + x2 − 40

: X
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Non-Monotonic Mechanism

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

There exist 2-good valuations X for which
this mechanism MAXIMIZES REVENUE

(moreover: unique maximizer; robust)
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Non-Monotonic Mechanism

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

There exist 2-good valuations X for which
this mechanism MAXIMIZES REVENUE

(moreover: unique maximizer; robust)

There exist 2-good valuations X, Y s.t.

Y ≥ X and REV(Y ) < REV(X)
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Non-Monotonic Revenue

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

There exist 2-good valuations X for which
this mechanism MAXIMIZES REVENUE

(moreover: unique maximizer; robust)

There exist 2-good valuations X, Y s.t.

Y ≥ X and REV(Y ) < REV(X)

(Y ≥ X: first-order stochastic dominance)
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Non-Monotonic Revenue

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

There exist 2-good valuations X for which
this mechanism MAXIMIZES REVENUE

(moreover: unique maximizer; robust)

There exist 2-good valuations X, Y s.t.

Y ≥ X and REV(Y ) < REV(X)

(Y ≥ X: first-order stochastic dominance)

Hart & Reny 2015
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Non-Monotonic Revenue

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

x1

x2

0
x1 − 10

x2 − 20
x1 + x2 − 40
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Non-Monotonic Revenue

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

x1

x2

0
x1 − 10

x2 − 20
x1 + x2 − 40

: X
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Non-Monotonic Revenue

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

x1

x2

0
x1 − 10

x2 − 20
x1 + x2 − 40

: X

: Y

SERGIU HART c© 2012 – p. 29



Non-Monotonic Revenue

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}
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Non-Monotonic Revenue

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

Xα ∼



















(10, 0) w/probability 1/4

(0, 20) w/probability 1/4 − α

(20, 20) w/probability α

(20, 30) w/probability 1/2
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Non-Monotonic Revenue

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}

Xα ∼



















(10, 0) w/probability 1/4

(0, 20) w/probability 1/4 − α

(20, 20) w/probability α

(20, 30) w/probability 1/2

REV(Xα) = 27.5 − α (0 ≤ α ≤ 1/12)
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When the willingness to pay of BUYER increases:
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Non-Monotonicity: Questions

When the willingness to pay of BUYER increases:

How large can the loss in revenue be?
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Non-Monotonicity: Questions

When the willingness to pay of BUYER increases:

How large can the loss in revenue be?

Is there a way for SELLER to avoid this loss in
revenue?
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Non-Monotonicity Loss
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Non-Monotonicity Loss

QUESTION. How large can the loss in revenue be
when the willingness to pay of BUYER increases?
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when the willingness to pay of BUYER increases?

λ := inf
Y ≥X

REV(Y )

REV(X)
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Non-Monotonicity Loss
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when the willingness to pay of BUYER increases?

λ := inf
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REV(Y )

REV(X)

(0 ≤ λ ≤ 1)
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Non-Monotonicity Loss

QUESTION. How large can the loss in revenue be
when the willingness to pay of BUYER increases?

λ := inf
Y ≥X

REV(Y )

REV(X)

(0 ≤ λ ≤ 1)

1 good: λ = 1
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Non-Monotonicity Loss

QUESTION. How large can the loss in revenue be
when the willingness to pay of BUYER increases?

λ := inf
Y ≥X

REV(Y )

REV(X)

(0 ≤ λ ≤ 1)

1 good: λ = 1

2 or more goods: λ = 0

SERGIU HART c© 2012 – p. 32



Non-Monotonicity Loss (k ≥ 2)
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Non-Monotonicity Loss (k ≥ 2)

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0
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Non-Monotonicity Loss (k ≥ 2)

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

For every ε > 0 there are random valuations

X and Y in [0, 1]k such that

SERGIU HART c© 2012 – p. 33



Non-Monotonicity Loss (k ≥ 2)

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

For every ε > 0 there are random valuations

X and Y in [0, 1]k such that

Y ≥ X

REV(Y ) < ε · REV(X)
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Non-Monotonicity Loss (k ≥ 2)

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

For every ε > 0 there are random valuations

X and Y in [0, 1]k such that

Y ≥ X

REV(Y ) < ε · REV(X)

Hart & Nisan (2023)
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Non-Monotonicity Loss: Proof

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0
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λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

Z :=
∑

i Xi
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Non-Monotonicity Loss: Proof

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

Z :=
∑

i Xi

Y := (Z, ..., Z)
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Non-Monotonicity Loss: Proof

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

Z :=
∑

i Xi

Y := (Z, ..., Z) ≥ X
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Non-Monotonicity Loss: Proof

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

Z :=
∑

i Xi

Y := (Z, ..., Z) ≥ X

REV(Y ) = REV(Z, ..., Z) = k · REV(Z)
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Non-Monotonicity Loss: Proof

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

Z :=
∑

i Xi

Y := (Z, ..., Z) ≥ X

REV(Y ) = REV(Z, ..., Z) = k · REV(Z)
= k · REV(

∑

i Xi) = k · BREV(X)
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Non-Monotonicity Loss: Proof

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

Z :=
∑

i Xi

Y := (Z, ..., Z) ≥ X

REV(Y ) = REV(Z, ..., Z) = k · REV(Z)
= k · REV(

∑

i Xi) = k · BREV(X)

Take X s.t. BREV(X) < (ε/k) · REV(X)
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Non-Monotonicity Loss: Proof

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

Z :=
∑

i Xi

Y := (Z, ..., Z) ≥ X

REV(Y ) = REV(Z, ..., Z) = k · REV(Z)
= k · REV(

∑

i Xi) = k · BREV(X)

Take X s.t. BREV(X) < (ε/k) · REV(X)
(Hart & Nisan 2013 and Briest & al 2010)
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Non-Monotonicity Loss: Proof

λ = inf
Y ≥X

REV(Y )

REV(X)
= 0

Z :=
∑

i Xi

Y := (Z, ..., Z) ≥ X

REV(Y ) = REV(Z, ..., Z) = k · REV(Z)
= k · REV(

∑

i Xi) = k · BREV(X)

Take X s.t. BREV(X) < (ε/k) · REV(X)
(Hart & Nisan 2013 and Briest & al 2010)

⇒ REV(Y ) < ε · REV(X)
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Non-Monotonicity Loss

λ := inf
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REV(Y )

REV(X)
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λ := inf
Y ≥X

REV(Y )
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Independent Goods

λ := inf
Y ≥X

REV(Y )

REV(X)

INDEPENDENT goods:

k = 2 λ ≥ 0.62
( √

e√
e+1

)
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Independent Goods

λ := inf
Y ≥X

REV(Y )

REV(X)

INDEPENDENT goods:

k = 2 λ ≥ 0.62
( √

e√
e+1

)

k = 2 regular λ ≥ 0.73
(

e
e+1

)
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Independent Goods

λ := inf
Y ≥X

REV(Y )

REV(X)

INDEPENDENT goods:

k = 2 λ ≥ 0.62
( √

e√
e+1

)

k = 2 regular λ ≥ 0.73
(

e
e+1

)

k ≥ 2 λ ≥ 1/6
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For every Y ≥ X:
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For every Y ≥ X:

REV(Y ) ≥ SREV(Y ) ≥ SREV(X)
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Independent Goods: Proof

For every Y ≥ X:

REV(Y ) ≥ SREV(Y ) ≥ SREV(X)

REV(Y ) ≥ BREV(Y ) ≥ BREV(X)
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Independent Goods: Proof

For every Y ≥ X:

REV(Y ) ≥ SREV(Y ) ≥ SREV(X)

REV(Y ) ≥ BREV(Y ) ≥ BREV(X)

⇒ λ ≥ max{SREV(X), BREV(X)}
REV(X)
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Independent Goods: Proof

For every Y ≥ X:

REV(Y ) ≥ SREV(Y ) ≥ SREV(X)

REV(Y ) ≥ BREV(Y ) ≥ BREV(X)

⇒ λ ≥ max{SREV(X), BREV(X)}
REV(X)

k = 2: Hart & Reny 2016/2019

SREV(X)
REV(X)

≥ 0.62,
SREV(X)
REV(X)

≥ 0.73 (regular)
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Independent Goods: Proof

For every Y ≥ X:

REV(Y ) ≥ SREV(Y ) ≥ SREV(X)

REV(Y ) ≥ BREV(Y ) ≥ BREV(X)

⇒ λ ≥ max{SREV(X), BREV(X)}
REV(X)

k = 2: Hart & Reny 2016/2019

SREV(X)
REV(X)

≥ 0.62,
SREV(X)
REV(X)

≥ 0.73 (regular)

k ≥ 2: Babaioff & al 2014

max{SREV(X),BREV(X)}
REV(X)

≥ 1/6
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Non-Monotonicity

Define GREV(X) := inf
Y ≥X

REV(Y )

SERGIU HART c© 2012 – p. 37



Non-Monotonicity

Define GREV(X) := inf
Y ≥X

REV(Y )

Theorem. There exists a mechanism µ such that

R(µ; Y ) ≥ GREV(X)

for every Y ≥ X.
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Non-Monotonicity

Define GREV(X) := inf
Y ≥X

REV(Y )

Theorem. There exists a mechanism µ such that

R(µ; Y ) ≥ GREV(X)

for every Y ≥ X.

Proof. MINIMAX theorem (assume: X integrable)
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Guaranteed Revenue

Define GREV(X) := inf
Y ≥X

REV(Y )

GREV = guaranteed Revenue

Theorem. There exists a mechanism µ such that

R(µ; Y ) ≥ GREV(X)

for every Y ≥ X.

Proof. MINIMAX theorem (assume: X integrable)
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Guaranteed Revenue

GREV(X) := inf
Y ≥X

REV(Y )
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Guaranteed Revenue for 2 Goods

GREV(X) := inf
Y ≥X

REV(Y )

For k = 2:
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Guaranteed Revenue for 2 Goods

GREV(X) := inf
Y ≥X

REV(Y )

For k = 2:

GREV(X) = MONREV(X) = the maximal
revenue obtainable from X using monotonic
mechanisms

For X with finite support: GREV(X) is
computed by Linear Programming, using the
“conical grid” generated by X
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Non-Monotonicity: Answers

When the willingness to pay of BUYER increases:

How large can the loss in revenue be?

Extremely large ! (almost all revenue)

Is there a way for SELLER to avoid this loss in
revenue?

No way ! (?)
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⇛
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⇛
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⇛
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Committing to Overbid

ex ante:

⇛
BUYER announces Y ≥ X

and commits to act according to Y

SELLER chooses mechanism µ̃ = (q̃, s̃)

ex post (X realized):

BUYER payoff = b̃(Y |X) = q̃(Y ) ·X − s̃(Y )

SELLER payoff = E[s̃(Y )]

PROFITABLE to BUYER :

b̃(Y |X) ≥ b(X) with some strict inequalities
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Prob

0.3

0.3

0.4
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Committing to Overbid: Example

Prob

0.3

0.3

0.4

X

(10, 0)

(10, 20)

(20, 30)
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Committing to Overbid: Example

Prob

0.3

0.3

0.4

X

(10, 0)

(10, 20)

(20, 30)

b(X)

0

0

10

µ = unique optimal mechanism for X:

MENU = {0, x1 − 10, x2 − 20, x1 + x2 − 40}
REV(X) = 25
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Prob
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0.3

0.4

X
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Prob

0.3

0.3

0.4

X

(10, 0)

(10, 20)

(20, 30)

b(X)

0

0

10

Y

(10, 0)

(12, 20)

(20, 30)
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Committing to Overbid: Example

Prob

0.3

0.3

0.4

X

(10, 0)

(10, 20)

(20, 30)

b(X)

0

0

10

Y

(10, 0)

(12, 20)

(20, 30)

b̃(Y |X)

0

0

20

µ̃ = unique optimal mechanism for Y :

MENU˜ = {0, x1 − 10, x1 + x2 − 30}
REV(Y ) = 24
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Committing to Overbid: Example

Prob

0.3

0.3

0.4

X

(10, 0)

(10, 20)

(20, 30)
0

b(X)

0

0

10

Y

(10, 0)

(12, 20)

(20, 30)
0

b̃(Y |X)

0

0

20
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Committing to Overbid: Example

Prob

0.3

0.3

0.4

X

(10, 0)

(10, 20)

(20, 30)
0

b(X)

0

0

10

Y

(10, 0)

(12, 20)

(20, 30)
0

b̃(Y |X)

0

0

20

COMMITMENT TO Y IS PROFITABLE FOR X:

b̃(Y |X) DOMINATES b(X)
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Committing to Overbid: Example

BUYER commits to higher valuations

BUYER : no types lose and some types gain
(according to the original valuations)

SELLER : loses
(revenue non-monotonicity)

MARKET : is more efficient
(allocations increase)

Gonczarowski & Hart 2024
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Non-Monotonicity
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Non-Monotonicity

Working with Phil is

as exciting and NON-MONOTONIC

as it can get !
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Non-Monotonicity

Working with Phil is

as exciting and NON-MONOTONIC

as it can get !

Thank you, Phil
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